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ADVERTISEMENT* 



The following treatise was selected from Biot's Traite 
Elementaire iP Astrononnie Physiqtie^ 2d edition, printed 
at Paris in 1811. Although the original is in three vol- 
umes octavo, all the body of the work is retajned in this 
translation, except what relates to a description of astro^ 
Domical instruments, the construction of tables, the tem- 
perature of the earth, the determination of certain astro- 
nomical periods, used in chronology, and two or three 
other topics anticipated in the parts of this course already 
published. A few only of the notes are given, and these 
are subjoined at the end in the form of an Appendix. 
The centesimal notation of the original has been changed 
to the sexagesimal ; and alterations and additions have, 
in a few instances, been made for the purpose of adapt- 
bg the work to the latest discoveries and improvements,. 

Cambridge, Much, 1827. 
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ELEMENTARY TREATISE 



ASTRONOMY- 



GENERAL PHENOMENA. 



Jippearance of the Heavens* 

1« LsT ti8 imagine ourselves on an elevation, in an open coun- 
try, where the view is uninterrupted on every side. Upon the 
setting of the sun the western sky is faintly ifluminated. This 
light fades away by degrees, the darkness increases, night comes 
on, and the sky seems a vast dome studded with a multitude of 
brilliant points. These are the stars which the too strong light 
of the sun has prevented us from perceiving during the day. 
The disposition of these stars seems to be immutable. It is 
essentially the same now that it was in periods the most remote. 
The different clusters are such in their configurations as the an* 
cients described them, when they grouped them together under 
the name of constellaiions^ and, to assist the memory, associated 
them with the figures of men, animals, &c. But these stars, 
while they preserve the same order, are carried round the 
heavens as by a common motion. Those towards the west, 
decline more and more, and disappear where the sun sets ; while 
others, presenting themselves in the east, seem to come from 
beneath the horizon. Rising to different heights in the heavens, 
they descend again and set in their turn, like those which pre* 
Qeded them. But if, in our latitude, we place ourselves in such 

Astrcn* 1 
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^ General Phenomena. 

a manner as to have the east on our right and the W|B6t on oar 
left, we shall see, in that part of the heavens which is before us 
and which we call the north, some groups of stars which never 
set; such, for example, is the remarkable collection called the 
Great Bear. This constellation, and the greater part of .those 
which are found in that part of the heavens, disappear only 
when their light is lost in that of the sun. They may be 
*secn during the whole of the night, and followed through the 
lowest part of their course, for they never descend to the hori- 
zon. If obsei'ved at different times of the night, they will be 
found to have I heir positions in the heavens reversed, the na- 
tural effect of the rotatory movement which they have in com- 
mon with all the other stars ; and the centre about which they 
move is a point of the heavens situated directly north. 

The light which appears in the east at the approach of day, 
soon becomes strong enough to eclipse the stars which have 
just risen in that direction ; the west is now in darkness, and the 
scene is the reverse of that which happens at the beginning of 
the night. The light continuing to increase, the stars grow 
fainter and fainter till they at length disappear, and day sheds 
its brightness upon every object. The sun now presents itself, 
is seen in the east like the stars ; it ascends, and passing through 
the heavens, declines to the west and disappears in the part op- 
posite to that in which it rose, when all the phenomena of night 
are repeated in the manner just described. 

The moon, of which we have not yet spoken, and which is 
remarkable for the magnitude of its disc, its splendor, and its 
phases, or the changes which take place in the form of the 
enlightened part,' presents also analogous phenomena. 

This rotatory motion common to all the heavenly bodies, and 
which is completed in the space of one day or twenty-four hours, 
is called the diurnal motionm 

2. Since the stars situated in the north, near the centre of gen- 
eral motion, remain always far above the horizon, while others 
farther from this centre descend nearer to the horizon, and 
others still more distant sink below it, we see that their setting 
results from the magnitude of the circles which they describe, 
and which carries them below the horizon, so that they disap- 
pear from oqr sight. We are led by the most obvious analogy 
to extend this explanation to stars situated in the opposite part 
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Appearance of the Heavens. 3 

of the heavens, namely, the south. These stars, after setting, 
continue their motion below the horizon, and, like the sun, re- 
appear in the east. If then we conceive a physical line, or axis 
of rotation^ around which all these motions are performed, we 
must suppose that in our latitude this axis appears elevated 
towards the north, and oblique to our horizon, or the plane 
which passing through the eye, and touching the surface of the 
earth, separates the visible from the invisible part of the heavens/ 

We are not to consider this axis as any thing material, actually 
existing in space ; it is to be regarded as an imaginary line, de- 
signating a series of points in space, which appear to be station- 
ary amidst the general motion. It is the same with the circles 
which the stars seem to describe about the axis, in their diurnal 
revolution ; by these circles we are to understand only different 
series of points where the stars successively appear; and upon 
the supposition that the diurnal motion is truly and exactly cir- 
cular, we only employ this as a hypothesis proper to fix our 
ideas ; for although it be true in all the rigor of geometry, the 
complete proof can only be given by means of instruments which 
are very exact, and principles which we cannot now consider. 

3. By examining the heavens for a number of nights, we ob- 
serve certain stars change their places with regard to the rest ; 
passing from one constellation they approach toward some and 
recede from others, each day by imperceptible degrees. Qut these 
small changes at length become apparent, and the stars in which 
they take place are transferred to different parts of the heav- 
ens ; they are on this account called planets^ or wandering stars, 
to distinguish them from those which preserve the same relative 
situation, and which are called faced stars. 

The number of planets known at present, is ten ; they have 
received particular names, and have also characteristic signs 
whicli serve to designate them in an abridged manner. They are 
Mercury 5, Venus 9, Mars <J^, Jupiter jj^, Saturn h,Herschel 
or Uranus 9, Ceres ?, Pallas $, Juno 5? Vesta jBl. The first 
five may be perceived by the naked eye; these have been 
known from the remotest times. Uranus, discovered more re- 
cently, can be perceived by the naked eye only under the most 
favorable circumstances; the other four cannot be seen at all 
except by the aid of the telescope ; they are hence sometimes 
called iekscopic planets. It will be readily seen that their dis« 
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4 General Phenomena, 

cover J is not to be ascribed to accident, or to a simple inspection 
of the hearens ; it is very recent, and is the result of delicate 
observations, made methodically, and with the most perfect 
instroments. We shall speak particnlarly of them hereafter.* 

The change of place of the planets among the stars is called 
their proper motionsA The moon and the sun have also their 
proper motions, which are recognised in the same manner ; those 
of the sun are particularly remarkable for the effects with which 
they are attended. 

4. If we obsei*ve this luminary near the time of its setting, for 
several days in succession ; and, when it is below the horizon, 
examine the stars which follow it and which set immediately 
after ; they are easily recognised by the figures under which they 
appear in the heavens ; after several days they are too faint to be 
seen. There are other stars which follow the sun and which 
set immediately after it. These same stars, on the preceding 
days, did not set till some time after the sun ; the sun has there- 
fore advanced towards them from west to east, in a direction con- 
trary to the diurnal motion* If we observe the heavens in the 
morning some time before the rising of the sun, the appearances 
will be the reterse of these. The stars which rise to-day, at 
the same time, or nearly at the same time with the sun, after 
several days will ris^e some time before it. They will appear to 
have receded in the heavens from east to west, or which is the 
same thing, the sun will have removed from them in the direc* 
tion from west to east ; for it is more simple to suppose the sun 
to have a proper motion, than to suppose that all the stars have, 
with relation to the sun, a common motion. By this proper 
motion, the sun seems to describe the whole circle of the heav- 
ens from west to east. 

5. So also by observing the heavens at night they are found, 
in different seasons, to be altogether changed ; the arrangement 
and disposition of the stars are different. This is a very simple 

* The planet Uranus was discovered by Dr Herschel on the 13th 
of March 1781 ; Ceres by Piazzi, January 1, 1801 ; Pallas by Olbers, 
March 28, 1802 ; Juno by Harding^ September 1, 1803 ; Vesta, also 
by Olbers, March 29, 1807- 

t Proper motion here denotes not an absolute motion secessarilyi 
but a motion relatively to the fixed stars. 
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Appearance of the Heavens* 5 

e^Dsequencf of the proper motion of the sun. In that part of the 
heavens where it is found, the splendor of the light prevents our 
perceiving the stars with the naked eye ; since with a telescope 
they may be seen during the day ; but as the sun in its apparent 
course recedes from these stars, they will arrive above the hori* 
zon during the night, and will thence become visible. We dis* 
cover already in this circumstance, the imperfection of those rude 
notions which we are led to form from the first view of these 
phenomena, and from which we might be tempted to believe that 
the heavens are divided into two portions that appear succes- 
sively above the horizon, one being occupied by the stars, and 
the other by the sun. Accurate and continued observation 
of celestial phenomena will make known other illusions, and 
teach us to correct them. 

Those stars only which appear in the north, and which do not 
set, remain visible at all seasons ; but we see them successively 
in different positions at the same hour, according to their situa- 
tion with respect to the sun ; from this circumstance the proper 
motion of the sun becomes very sensible. 

6. The motion of the sun, is not however exactly in the direc- 
tion from west to east, for it is universally known that at cer- 
tain times the sun rises much farther above the horizon, than at 
others, which becomes particularly observable by the variations 
of its heat, whence results the difference of the seeisom* Also 
by observing the points where the sun rises and sets, it will be 
seen that they do not answer always to the same terrestrial obt- 
jects* The first motion of the sun, from west to east, is the 
more considerable, since by this motion it passes successively 
through the whole circle of the heavens ; while the second mo- 
tion above mentioned, appears to be confined within certain lim- 
its of elevation and depression which are never passed. From all 
which it results that this luminary describes in the heavens an 
oblique path which is not exactly from east to west, but varies 
from this direction within certain determinate limits. 

7. The proper motions of the planets with respect to the stars, 
are also directed, like that of the sun, from west to east, at least 
in a great part of their course. It happens, however, to each 
planet, at certain different and determinate epochs, that its pro- 
per motion is slower and slower, till it becomes altogether imper- 
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Q General Phenomena* 

ceptible, and the planet appears stationary among the stars. 
After which it begins to move from east to west, that is, in a 
direction opposite to its general course; this produces in the 
planet an apparent retrograde motion with respect to the stars. 
After some time this retrogradation is diminished, the planet be- 
comes stationary again, and afterwards resumes its direct course 
from west to cast. These phenomena, observed from the ear- 
liest times, are called the stations and retrogradations of the 
planets. 

The proper motions of the planets, like that of the sun, are 
not exactly from west to east ; they depart from this direction 
within certain limits which they never pass ; they are all com- 
prehended within a certain zone of the heavens called the 
zodiac. 

8. We observe besides, from time to time, in the heavens, cer- 
tain bodies which have not been before perceived ; and these at 
first appear very small and very dull ; they are usually accompa- 
nied by a kind of nebulous appearance or luminous tail. They 
have, in like manner, proper motions among the stars; but 
their course is very variable ; they traverse the heavens in all 
directions. It often happens that their brightness increases from 
their first appearance for a certain time, after which it decreases 
by the same degrees ; and at length, after an interval more or 
less considerable, they cease to be visible. From this nebulous 
appearance which accompanies them, they are called comets^ or 
hairy stars. 

9. The heavenly bodies of which we have now spoken, taken 
together, make the subject of the science called astronomy. To 
observe and determine exactly their positions in the heavens, to 
trace their paths and measure their motions with precision, to 
ascertain the constant laws by which they are governed, to apply 
these laws to the determination of their future positions, or those 
which they have occupied at any past time, — these are the lead- 
ing problems which present themselves for our solution. 

10. We are not to place among the number of real stars, those 
luminous meteors whose appearance continues only a few mo- 
ments, which are not visible in the heavens at the place from 
which they depart, except at the instant of their shooting, and 
which leave no trace of themselves in the part where they dis- 
appear. Such are the Jire balls which sometimes present them- 
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'Roundness of the Earth. 7 

selves aaddenlj in the heavens, and are followed by a luminous 
train, sending out brilliant sparks, and which, after a rapid 
course of a few seconds, often burst with great noise. Such also 
are the transient meteoric appearances which are commonly 
called shooting slars^ and which seem to be nearly related to the 
preceding. I'hese phenomena have been long regarded as 
effects purely physical, produced by vapours which are raised 
into the air, and which are accidentally inflamed by causes of 
which we are ignorant. 



Of the Roundness of the Earth. 

11. We have now described the most obvious phenomena 
which the heavens present to an insulated observer ; but among 
these phenomena, that of the rising and setting of the stars is 
one of the most remarkable, and merits our first attention. What 
then is that limit which hides from us one half the heavens, and 
which we call the horizon ? Is it the same for all countries, or 
is it different ? Is it possible to arrive at it ? And what shall we 
find beyond it ? % 

These questions and many others, are easily solved by travel- 
lers. When navigators depart from a coast they observe that 
edifices and mountains sink by degrees and at length disappear 
as if immersed in the ocean. This effect is not to be ascribed to 
distance, which causes objects to appear smaller ; for, when we 
lose sight of land from a ship's deck, we perceive it again by 
ascending the masts. The same takes place with respect to the 
ship also as seen from the shore. It declines by little and little, 
and finally disappears, descending below the horizon like the 
sun at its setting. These phenomena, which are observed con- 
tinually and in all directions, prove that the surface of the sea is 
convex, and that it is by its interposition that distant objects are 
concealed. If it were a plane surface, a single mountain or a 
tower elevated above it, would be perceived from every quar- 
ter, at least if the spectators were not so far off as to render 
its dimensions insensible on account of the distance ; and this 
would not be the case except at very great distances. The 
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8 Genetal Phenommu. 

bases of elevated objects would not disappear before their sum* 
mits. They would not seem to sink by degrees; and when 
they disappeared from the deck of a vessel they would not be 
visible fi*om the top of the mast. 

The horizon of the sea, which seems to terminate its surface, 
is only an apparent limit with respect to the situation of the 
observer, and is produced by the convexity of the surface of the 
water. Navigators whom we see depart from the shore, seem to 
us to go beyond that limit, but their horizon moves on with them. 
When they have disappeared from our view, we may ascend a 
mountain near the shore and see again for some time the same 
vessel which had before appeared to sink into the waters. 

It would be a' bold and important undertaking to ascertaiB 
what becomes of this apparent barrier as we advance towards 
it continually in the same direction. Ferdinand Magellan, a 
Portuguese, was the first who executed this enterprise. He em- 
barked from a port in Portugal, and directed his course towards 
the west. After a long voyage he descried the continent of 
America, which had been previously discovered by other naviga- 
tors, pursuing the same route. Not finding an opening to enable 
him to continue his course in a westerly direction, he sailed along 
the coast toward the south, till coming to its southern extremity 
he sailed round it and found himself in the great Southern Ocean. 
Then he pursued his course toward the west ; after some time 
he arrived at the Molucca Islands ; and sailing continually to- 
wards the west, he made Europe from the east, and thus arrived 
at the place from which he set out. 

12. This great achievement, since repeated by several naviga- 
tors, proves that the whole surface of the water and land is con- 
vex, returning into itself, that the heavens do not touch any 
part of it, and that into whatever country we travel, the gen- 
eral system of stars is seen to revolve round the earth in con- 
sequence of the diurnal motion. 

13. From this we conclude that the heavens do not rest upon 
the horizon of the sea, as one might be led to believe from 
a hasty observation. This illusion arises from our always 
supposing objects in the direction of the visual rays which ren- 
der them sensible to the eye. When the rays which come from 
a star just graze the surface of the sea, it seems to us that the 
star is at the extremity of that surface. If we conceive a plane 
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passing through the eye of the spectator, and touching the 
horizon of the sea, all the points of the heavens situated in this 
plane, must appear contiguous to the surface of the water, as if 
the heavens rested upon it. 

14. These results show us that the earth is convex not only 
from east to west, but also from north to south, as is shown by 
voyages undertaken in this direction. On the land it is difficult 
to make the same experiment, because the horizon being almost 
always terminated by mountains more or less elevated, we might 
suppose that they alone hide from us all that is beyond them. 
But we may supply the place of such proofs by a consideration 
more general ; and one which applies as well to the land as to 
the sea. It is this; the same stars attain different heights above 
the horizon, according to our change of place. When, for ex- 
ample, we depart from any place upon the land, and travel 
towards the south, we observe the stars situated in that part of 
the heavens to become more and more elevated above the hori- 
zon. The arcs which they describe in consequence of the diur- 
nal motion are more extended. Some also which are not seen 
ID the place from which we depart, become visible. On the 
contrary, the stars situated towards the -north are depressed; 
those which described very low arcs withdraw from the view 
and are concealed below the horizon, precisely as in commencing 
a voyage edifices and mountains sink lower and lower, and 
finally, when we have departed a certain distance, disappear. 
The reverse of this takes place when we travel from south to 
north. By changing, therefore, our position upon the earth, and 
passing from north to south, or from south to north, we can 
always change the aspect of the heavens. These phenomena 
give us the clearest indications of the convexity of the terrestrial 
surface. The stars are here with respect to us, what edifices 
and mountains are with respect to navigators who depart from the 
coast. The only difference is that the view of the navigator is 
free in every direction, while ours upon the land is limited. 
This obliges us to have recourse to the heavenly bodies in order 
to avoid the objects which obstruct our view on the surface of the 
earth and prevent our observing its convexity. It is from the 
sapae cause, that the most elevated objects on the earth^s surface, 
as the summits of mountains and the tops of towers, are the first to 
receive the sun's light in the morning, and the last to part with 
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it in tbe evening. Accordingly, while the sun is setting vriih 
respect to some countries, it is at the highest point of its course 
with respect to certain regions farther to the west, and at the 
same time just rising to others still more westerly. 

1 5. The convexity of the earth is proved in a very striking 
manner, by certain phenomena which the moon presents ; but 
the evideiKe derived from this source requires certain prelimi- 
nary considerations. There are remarkable variations in the 
moon's disc which we call her phases. She appears successively 
in the form of a crescBut, of a semicircle^ and of a complete circle^ 
after which her disc is diminished again by degrees, in the same 
manner as it increased^ These periodical variations, that is, 
variations which take place always in the same order, are so 
obviously connected with the position of the sun, as to leave 
no doubt that the moon is a round opake body, receiving its 
light from the sun, of which the side turned towards us is some- 
times illuminated, sometimes dark, or a part of it is illuminated 
and the rest dark, according to the situation, of the sun with 
respect to us and the moon* This supposition so fully explains 
these appeai-ances, as we shall see hereafter, that it becomes 
impossible to doubt its truth. 

The moon then appearing bright only in consequence of the 
light received from the sun, if in its revolution round the earth it 
pass between us and the sun, it is evident that the sun must be 
concealed cither wholly or in part* This is precisely what takes 
place. The moon interposed between us and the sun, appears 
like a black spot, and prevents our seeing the sun,, or at least 
deprives us of a part of its light. This phenomenon is called an 
eclipse of the sun. 

Sometimes also the moon is suddenly obscured in the heavens, 
and in the course of a few hours successively loses and regains 
its light. That side of the disc which first disappears, is the first 
to reappear, precisely like what happens to a body illuminated 
by a candle, if it pass through the shadow projected by another 
body. This phenomenon, which is called an eclipse of the moon^ 
takes place at the time when the moon appears as an entire 
circle, and opposite to the sun. It is natural to conclude that 
the earth enlightened on one side by the sun, projects into space 
on the opposite side, a shadow into which the moon enters 
when it is eclipsed. 
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The form of this shadow projected upon the disc of the moon, 
^hows us that the earth is round. When the moon is just enter- 
ing this shadow, the greatest part of the disc is still illuminated hj 
the sun. This illuminated part does not appear to be terminated 
by a straight line, as would happen if the contour of the earth's 
shadow were rectilinear. It has the form of a crescent whose 
convexitj is turned towards the enlightened part. This coiv 
vexity is an evident indication of the roundness of the shadow, 
and' consequently of the roundness of the earth which projects 
it. The same appearance is also produced while the moon is 
emerging from the earth's shadow. 

16. Comparing the results of these observations with the phe- 
nomena presented to navigators, we conclude with certainty that 
the land and water together form a mass rouTided on all sides and 
instdated in space, 

17. This conclusion is .very certain, since it rests upon well 
Yslablished facts ; still it is difficult to conceive that the earth is 
insulated and self-sustained in the midst of space. We are apt 
to generalize improperly, in this case, the idea of gravity which 
we have remarked in bodies situated on -the surface of the earth. 
But it does not hence follow, that the earth itself must tend 
towards either this or that point in space. And when we learn 
from observation that the earth is self-sustained, free and insu- 
lated, there is nothing in the phenomena of gravity that ought to 
surprise us. 

18. Moreover, since the earth is round, the different people 
"who inhabit it have their heads directed towards different points 
of the heavens. There are people, therefore, who are directly 
opposite to us, and who have their feet opposite to ours. Places 
thus situated opposite to each other, are called antipodes. This 
seems a very singular arrangement, but it is nevertheless real. 
1 have mentioned these considerations to show that we ought not 
to be surprised at new truths which observation and experience 
make known. Our surprise usually arises from this, that we 
are apt to regard as general what we are accustomed to. This 
ift a prejudice which we ought to dismiss, and which vanishes in 
proportion as we acquire the habit of observation. 

When we shall have advanced farther in astronomy, the 
roundness of the earth will appear by no means extraordinary; 
for in examining the heavenly bodies with telescopes which mag- 
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nify very much, we observe in many of them phenomena which 
prove that they also are round. Of this number are the sun, 
the moon, and the planets. The roundness of the earth, there- 
fore, which at first view, appears so singular, is only a property 
which it has in common with many other bodies, insulated like 
itself in the infinite expanse of the heavens. 

1 9. The earth being convex, perpendiculars drawn to differ- 
ent points of its surface, are far from being parallel to each other ; 
they converge towards the interior. If they all crossed each other 
at the same point, the earth would be spherical. In general, the 
manner in which they incline the one to the other, indicates the 
^ 1* form of the curvature ; for if we conceive a straight, inflexible 
line AB^ to which arc drawn in the same plane several perpen- 
diculars Pp, Fj/, P'y^ &c., at the points M, M\ M\ &x:. ; as 
long as this line remains straight, these perpendiculars will be 
parallel to each other. But if it becomes curved, as in figure 3, 
the perpendiculars will approach each other on the concave 
side, and they will diverge from each other on the opposite side ; 
and the degree of convergence or divergence, will depend upon 
the degree of curvature. The direction of these perpendiculars 
with respect to the terrestrial surface, is therefore an important 
circumstance to be determined. This is indicated in each place 
by the direction which heavy bodies take when freely exposed 
to the action of gravity. For it is observed that bodies always 
fall perpendicularly to the surface of tranquil waters, which 
every where indicate the form of the earth's surface, its inequali- 
ties being left out of consideration. 

30. In the mean time, as this circumstance is the basis of all 
our knowledge respecting the figure of the earth and the celes- 
tial motions, it is important to know that its truth can be rigor- 
ously demonstrated. Experience proves that the particles of 
water are heavy like those of all other bodies. If we suppose 
the direction of gravity unknown, it is not the less certain that 
this force urges each *of the particles in a certain direction. 
And when we see that they are in equilibrium^ it is a proof that 
they arc so disposed as not to be able to yield to the action of 
gravity ; so that the particles at the surface, for example, are 
sustained by the incompressibility of the particles in the interior. 
To this end it is absolutely necessary that the direction of grav- 
ity should be perpendicular to the superior surface of the water ; 
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for if it were oblique to it, the particles would move upon this 
surface, those in the interior having no power to prevent il, and 
the equilibrium would not be maintained. The direction of grav- 
iiy, therefore^ w every where perpendicular to the surface of tranquil 
waters ; and this result is altogether independent of every hyt 
pothesis respecting the figure of the earth. Only, if it is spheri- 
cal, all these perpendiculars tend to its centre and indicate the 
direction of its radii. 

21. To ascertain this direction by experiment, we suspend a 
heavy body at the lower extremity of a line, the other end being 
fixed. This line takes a direction perpendicular to the terres- 
trial surface. The instrument is called a plumb line. The per- 
pendicular thus determined is called a vertical. The point of 
the iieavens directly above it is called the zenith. The opposite 
point, situated on the other side of the earth, is called the nadir. 
These too words are Arabic, and designate the two opposite 
points of the heavens, where the vertical would pass if pro- 
duced. 

22. Since all the verticals converge towards the interior of the 
earth, their directions are different, but this difference is by no 
means appreciable in places near each other, and the directions 
of the plumb line are sensibly parallel. They appear so be- 
cause tl)e angle which they make with each other is very small, 
the earth's convexity not being perceived for so small a distance. 

As a consequence of this convexity, in proportion as we are 
elevated above the terrestrial surface upon high mountains, for 
example, or in a balloon, we discover a larger part of this sur- 
face; and the visual rays drawn to the extremities of the hori- 
zon make a greater angle with the vertical. This is confirmed 
by experience ; and every one has frequent opportunity to make 
the experiment. 

33. The depression of distant objects being different according 
to the heights from which they are viewed, the extent of the 
horizon will vary with these heights* It would be reduced to a 
mathematical point if the eye of the observer were placed at 
the very surface of the sea* For the sake of exactness amid 
these irregularities, it is agreed in astronomy, to consider the hori- 
zon as a plane passing through the eye of the observer perpen- 
dicularly to the vertical. This plane is supposed to be indefi- 
aitely extended in every direction. In figure 3, HO h represents 
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the horizon, and the angle HOH\ the inclination of the visual 
ray below this plane, called the apparent dq^ression or dip. This 
angle is always much smaller than it appears in the figure, where, 
in iorder to render it sensible, it is necessary to enlarge the 
4dimensions of the mountain compared with those of the earth. 

24. As we change our place upon the earth, the summit of the 
vertical answers successively to different points in the heavens, 
so that different stars are seen in the zenith. The plane of the 
horizon which is always perpendicular to the vertical, takes all 
possible directions in -space. This is a necessary consequence 
of the roundness of the earth. 

25. If we conceive a visual ray extending from the point O, 
the eye of the spectator, to the star 5, the angle SOZ^ which the 
ray makes with the vertical OZ^ is called the zenith distance .of 
the star, and the complement of this angle or HOS is called the 
altitude of the star above the horizon^ or simply the altitude. 

26. By accurate observations repeated 4n different directions, 
the surface of the earth has been proved to be nearly spherical. 
We are enabled also to measure very exactly the variation of 
the eartfa^s curvature from that of a sphere, but these results 
suppose operations which we cannot now explain. Our object 
has been to prove by phenomena that the earth is round and tn« 
sulated in space ; for the knowledge of these important truUis must 
precede the very idea ''of a geometrical determination of its cur- 
«raturc* 



Of the Transit Instrument or Meridian Telescope and the Manner 

of using it. 

27. The first instrument which we have occasion for in astro- 
nomical observations, is called a transit instrument ; it is used to 
note the passage of the heavenly bodies over the meridian at the 
highest or the lowest point of the circles which they describe. 
It consists of an astronomical telescope furnished with a fixed 
f'^' 4. micrometer, and mounted upon a nicely formed axis at right an- 
gles to it. This axis, remaining always horizontal, rests at its 
extremities in two sockets perfectly even, and set in two blocks 
of stone of a size and weight sufficient to prevent all agitation^ 

Digitized by LjOOQ IC 



Transit Instrumentm fl^ 

Prom this description it will be perceived that the telescope of 
the transit instruoieDt when turned about on its horizontal axis, 
describes a vertical plants that is, a plane perpendicular to the 
plane of the horizon ; only the direction of this vertical plane 
ii?iU be different according to the points of the horizon towards 
which the axi&of the telescope is directed. And as all the 
planes which pass through the vertical are necessarily vertical, 
there is ibr each point of the terrestrial surface an infinite num- 
ber of planes which possess this property. 

Now in which of these directions must the telescope be placed, 
so that the heavenly bodies, carried round by the diurnal motiony 
may be seen with it at the instant of passing their highest or lowest 
point ? As all these bodies seem to have one common motion, it will 
be sufficient to find this position for one of them only. The sun, 
by the unequal length of the shadows which he casts at different 
times of the day, affords us a means, if not very exact, at least 
very ^mple, of approximating this direction. 

28. To make these observations, we place upon the ground a 
table of polished stone or marble which we render perfectly ho- 
rizontal by means of a spirit level placed upon it in different 
directions. In this we fix a straight stHe, making it exactly per- 
pendicular by means of a plumb line. This stile represents the 
vertical of the place. About the foot of it, as a centre, we de*- 
scribe upon this horizontal plane, several concentric circumfer- 
ences, whose radii are taken at pleasure. The shadow projected 
by the stile, in the morning very long, becomes continually * 
shorter and shorter as the sun rises ; its extremity reaches suc- 
cessively the different circumferences which ha^e been describ*- 
ed^ and we mark exactly the points where It crosses them. 
liThen the sun has passed its greatest height, it begins to descend 
towards the horizon, and the shadow increases again by the 
same degrees, and its extremity crosses successively the differ- 
ent circumferences, in a contrary order and at different points^ 
But these i>oints evidently correspond to heights of the sun 
respectively equal to those belonging to the points on the other 
side. We note them with care, and bisect the arc of each 
circumference comprehended between the two observations-. 
A straight line drawn through the middle points of these arcs, 
and the foot of the stile, determines the vertical plane in which 
the suo 18 at its greatest hejght» This plane is called the 
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meridian^ and the straight line in question the meridian line^ 
a name derived from the word which signifies the middlt of the 
day^ because when the sun reaches this plane it has performed 
half the arc which it describes on that day above the horizon. 

The extremity of the shadow is so indistinct, that it is always 
difficult to determine it. To avoid this inconvenience, we can 
substitute in the place of the stile, an inclined metallic plate with 
a round hole in the upper end, to allow the sun^s image to pass. 
The centre of this image can be more exactly determined than 
the extremity of the stile's shadow* But then the concentric 
circumferences would have for their centre the foot of the per- 
pendicular let fall from the centre of this aperture. The direc- 
tion of the lower part of this plate is then altogether immaterial. 
Such an instrument is called a gnomon* 

There is an inaccuracy in these methods, arising from that 
proper motion of the sun by which it daily advances from north 
to south, or from south to north, a motion whose existence has 
always been recognised. For, in consequence of this phenome- 
non, the arcs which the sun daily describes above the horizon 
are not strictly parallel to those which it would describe by 
the diurnal motion simply* But as this change takes place very 
gradually and slov.Iy, its effects arc hardly sensible in the inter- 
val of two observations made on the same day, and may be neg- 
lected in the preceding process, which is only an approximation, 
especially near the time of the sun's reaching the point of great- 
est departure north and south. 

29. When the meridian line is thus drawn it is easy to place 
the transit instrument by means of two plumb lines let fall upon 
this line from the two extremities of the telescope, one passing 
through the centre of the object-glass, the other through the 
centre of the eyeglass. When this position is/ound the sockets 
which support the axis, are firmly fixed in the stone pillars. The 
axis is rendered horizontal by means of a spirit level which is 
attached to it ; and the telescope in turning describes the plane of 
the meridian, so far as we are able to approximate it by these 
first trials, which, as will be seen, are only a necessary prepa- 
ration for the use of methods more precise. 

•30. The micrometer of the transit instrument, or meridian 

telescope^ (for it is called by both names) should be placed in 

Fig. 5. such a manner that the visual ray OCS^ which passes through 

Digitized by LjOOQ IC 



Transit Instrument* 17 

the centre of the wires, may be exactly perpendicular to the 
axis of rotation. To effect this, the telescope is directed to 
some distant object ; we observe the point of this object that 
corresponds to the centre of the wires which determines the 
direction of the visual ray OC ; the instrument is then taken 
out of the supports and inverted, so that that end of the axis 
which was toward the west, will be east, and that which 
was east will be west. The telescope is then directed to 
the same object ; if the centre of the wires answer to the same 
point S, it is a proof that the insl rumen t* is properly placed, 
and that the visual ray passing through it is perpendicular 
to the axis of rotation ; but if this centre correspond to any 
other point S', the visual ray is oblique to the axis, and its 
deviation, doubled by reversing the instrument, will have for 
its measure half the angle SOS'^ formed by the two visual 
rays. The micrometer is to be moved by means of the adjust, 
screw so far that the centre of the wires shall correspond to 
the middle of the apparent interval of the two objects, and if 
this be exactly bisected the instrument will be rightly placed. 
But in case of a small error, which is almost unavoidable, we go 
over the process again with this new position of the micrometer, 
choosing another object, or if we please, directing the telescope 
again to the first by means of the adjusting screws of the sup- 
ports. If this second trial indicate any deviations, it will be 
very much less than before, and may be corrected in the same 
manner; in this way the centre of the wires may be placed 
upon the visual ray perpendicular to the axis of rotation. 

31. We have not yet determined the direction of the wires; 
it is most convenient for the observation of transits, to have 
a transverse wire perpendicular to the plane which the tele- 
scope describes ; and the others, generally five in number, should 
be all parallel to this same plane, cutting the first wire at right 
angles. The place of the micrometer in the telescope is regu- 
lated by the artist in such a manner that this disposition of the 
wires takes place of itself, in regulating the optic axis, but it may 
nevertheless be useful to verify it, and nothing is more easy. It 
will be sufficient to render horizontal the axis of rotation by 
means of its spirit level, after which, directing the telescope to" 
some fixed object, and moving it, we observe whether those 
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points of the object which are behiDd the wires, depart from 
them in this motion, or whether they follow them without sensi- 
ble deviation. In the first case the wires have not the required 
parallelism ; in the second case, they have the direction sought 
as perfectly as is necessary for the nicest observations. 

33. The meridian telescope, being thus, regulated, describes 
a vertical plane, which, if it is not exactly the plane of the meri- 
dian, differs very little from it. Let us direct it to the heavens 
at night, and begin to observe the stars situated to the south. A 
star enters the field of the telescope from the right. We bring 
it to the transverse wire of the micrometer ; it follows the wire 
and, without quitting it, traverses successively the several inter- 
vals of the different parallel wires, and after a few seconds leaves' 
thte telescope on the left. 

' We here see immediately the effect of the diurnal motion 
which we have before noticed in a general way. The apparent 
course of the star from right to left in the telescope, indicates a 
real motion from left to right, or from east to west ; for astro- 
Opt 203. nomical telescopes reverse the objects. 

Moreover, the continuance of the star upon the transverse 
wire of the micrometer shows that its motion is sensibly perpeiH 
dicular to. the vertical plane which the telescope describes. 
This direction is therefore horizontal. And the star b at the 
highest point of its revolution. 

Nevertheless we are not to give to this conclusion a rigor 
too absolute; it will be sufficient, if the motion of the star 
is nearly horizontal to make it appear to us quite so, in the 
small interval which is occupied by the horizontal wire of the 
micrometer. 

The different stars situated to the south, and whose transits 
we wish to observe, present themselves in the same manner. 
The meridian determined by means of the sun answers in like 
manner for the stars also. 

We now turn the telescope to the north, towards the stars 
which do not set. We see some of them move in the teles- 
cope from left to right ; these are the highest ; those which are 
lowest, pass from right to left. The first in reality move from 
^ right to left, or from east to west, and the last from west to east. 
These are the effects of their circular revolution ; the superior 
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stars are at the highest point of their course, and the inferior at 
the lowest* 

Moreover we shall observe a very great difference in the 
rapidity of the transits. The stars situated towards the south 
pass much more rapidly through the field of the telescope than 
those which are found to the north. One of the latter especial- 
ly, has so slow a motion that during the time it remains in the 
fie\d of the telesbope, the transit of a large number of the south- 
ern stars might be observed. 

These dilferences evidently indicate that the general motion 
of the stars is performed about an axis one of whose poles is 
situated in the north part of the heavens ; indeed the general 
aspect of the heavens would lead to such a conclusion. 

53. But the admirable invention of pendulum clocks gives us 

the precBe measure of these different motions. At the time we 

observe the transit of a star we note exactly the hour, minute, 

second and fraction of a second, by the clock, when the star 

passes each wire. 

If the&e wires arc at equal distances (and they are always 
ioCended to' be so placed), an arithmetical mean between the ob- 
served epochs, gives, m time hy the clocks the precise instant 
ar which the star passes the wire at the middle of the microme- 
ter.* The passage is determined more exactly by the five ob- 
servations than by one, because it is probable, in all cases, that 
the same mistake will not be made in each, but that the mis- 
takes would be on different sides ; so that, by uniting the five 
results, the errors would very probably serve to correct each 
other. 

If the intervals of the wires arc not exactly equal, and it is 
very difficult to avoid making some mistake in this particular, 
the arithmetical mean of the five observations will not corres- 
pond to the wire at the middle of the micrometer, but to a lino 
which will be extremely near the truth. This will constitute a 
kind of ideal wire which will be the same for all the stars, and 
no very considerable inconvenience will result from the use of it, 

* Let T be the time the star passes the wire at the middle of the 
aiicrometery t the time employed in going from one wire to another ; 
the epochs of transit for the five successive wires will be T — 2 f ; 
T — t\ T; T+t; T+2t; the mean of which is T. 
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so long as we do not derange the micrometer ; an indispensable 
condition, the neglect of which would lead to the greatest errors* 
Having thus learned to combine the indications of the meri- 
dian telescope with the measure of time by the clock, we form 
by means of the two instruments, a system of observations in- 
volving principles which we now proceed to make known. 



Of the Uniform Motion of the Heavens and its Use in Measuring 

Time. 

34. The transit instrument being thus regulated, if we direct 
it for several successive nights towards the same star, and note 
each time, with a good clock, the hour, minute, second and frac- 
tion of a second, at which the transit takes place, we shall find 
the intervals of these returns to be perfectly equal. This result, 
continually verified by every observer, is the foundation of 
astronomy. 

For the sake of an eirample, and also to show that the uniform 
mity which is here supposed, is not imaginary, I will state the 
following transits of the star, called a arietis, observed by Arago 
and myself, in the small island near the desert Formentera. 



Dates of 


Times of the transit of 


Intervals of two succes- 


Observations. 


« Arietis by clock. 


sive transits. 


1807, Dec. 24 


d^4^ 32,36'' 




26 


9 41 29,70 


23^58' 57^4" 


26 


9 40 26,72 


23 58 57,02 


S7 


9 39 23,90 


23 58 57,18 


28 


9 38 21,38 


23 68 57,48 


30 


9 36 15,74 


23 58 57,18 


1808. Jan. 2 


9 33 7,68 


23 58 57,31* 


5 


9 29 69,06 


33 58 57,13 


6 


9 28 55,88 


23 58 56,02 


9 


9 25 47,66 


23 58 57,26 



' * When several days pass without any observation, we divide the 
difference of time by the number of diurnal revolutions which have 
taken place in the interval. For example, from the 30th of Decem- 
ber to the 2d of January, the difference of time is Zl'' 56' 51^4'', 
which divided by 3, gives 23"^ 58' 57,31/' for the mean time of one 
diurnal revolution. ^^^^^^^^^ by L^OOglC 
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The intarvals of these transits agree so nearly, that h is very 
natural to suppose them exactly equal, and to attribute the small 
variations here noted to slight irregularities in the clock, or to 
errors in the observations. 

35. As a confirmation of the above position it may be observed, 
that the interval between two successive transits is constant, not 
for one star only but for all. In the following table are the 
transits of several other stars, observed in like manner at For- 
mentera, and with the same instruments. 



Dutetof 


Times of obMsrved tnuuit by 


Intervals of 


Obserrations. 


clock. 


transit 


1808. Jan. 10 


a Arietis 


^24' 43 fi^' 






Aldebaran 


11 63 11,10 






Rigel 
p Tauri 


12 33 37,92 






12 43 6,20 






a Orionis 


12 59 21,30 




Jan. 11 


a Arietis 


9 23 40,53 


23"»58' 67,51'' 


Aldebaran 


U 52 8,34 


23 58 57,24 




Rigel 
(3 Tauri 


12 32 35,26 


23 58 57,34 




12 42 3,52 


23 58 67,32 




tf Orionis . 


12 58 18,60 


23 58 57,30 



36. The equality of these intervals takes place not only in the 
plane of the meridian, but also in all other vertical planes. This 
truth is confirmed by the general experience of all astronomers. 
A proof of it may also be seen in these last observations which 
we have given ; for, when they were made, the instrument was 
purposely placed in a vertical plane a little different from that in 
which it was before situated. 

37. Whatever be the vertical in which we wish to observe 
these phenomena, it is necessary that the wires of the microme- 
ter to which the transits are referred, should be exactly parallel 
to the vertical plane which the telescope describes. This condi- 
tion is necessary in order to avoid the effect of refraction, which, 
as we shall soon see, increases the apparent altitudes of the hea- 
venly bodies above the horizon, and not always to the same de- 
gree ; so that they might, on this account, be brought earlier or 
later to the wires of the micrometer, if they were inclined to the 
horizon. This inconvenience will not exist, if the wires are par- 
allel to the vertical plane of the star ; for then the instant when 
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it reaches any one of them, will be the same as if there were no 
refraction, the only effect of which is to cause it to pass at a 
higher or lower point. 

38. We ought, in the mean time, to state that, if we thus ol> 
serve a star situated very near the axis of diurnal rotation, the 
one, for example, which we call the pole star^ and if these obser- 
vations are made with great accuracy, we shall find between the 
consecutive transits some appreciable differences, which may 
sometimes amount to half a second of time ; that is, to about 
jj-^j-^-^ of the duration of an entire revolution. These differences 
are produced by very slight changes which take place in the 
apparent position of all the heavenly bodies, even the fixed stars, 
according to laws of which we shall speak hereafter ; at present 
it is sufficient to say that the cause is well known, and the 
amount exactly determined. 

39. This constant equality does not hold with respect to those 
heavenly bodies which have a proper motion, such as the planets 
and comets ; the duration of their diurnal revolution is longer 
or shorter than that of the fixed stars ; longer, if their proper 
motion is from west to east, in a direction contrary to the diur- 
nal motion ; shorter, if their motion is from east to west. It will 
be perceived, moreover, that these differences ought to be un- 
equal for the different planets, according as their proper motions 
are more or less rapid; but however small these differences 
may be, if the observations are continued for several days, they 
will so accumulate as to become perceptible ; and it is thus that 
we distinguish those heavenly bodies which have a proper mo- 
tion from those which have not, or which have only a very 
slight one. For there is not a star in the heavens in which a 
proper motion, nearly imperceptible, may not be discovered by a 
long series of observations. But, although these motions are con- 
tinual, their extreme slowness is a reason for distinguishing them 
from other proper motions, as those of the planets and comets, 
which are incomparably more rapid. The latter, after two days^ 
observations, become sensible ; the others are hardly recognised 
after intervals of a month, and the changes which they produce 
upon two successive returns of the same star, or of any two stars 
compared together, cannot be directly perceived by any means 
whatever. 

40. This constant equality in the revolutions of the fixed stars 
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is observed in all countries and at all times. In suf^posing it per- 
fectly exact, and it is natural to adopt this supposition, allowance 
being made for slight inaccuracies of observation, it affords us a 
unit of time as perfect as can be desired ; for the representa- 
tive of this unit is common to all parts of the earth, and is always 
present to observers, and, what is of the greatest importance, it is 
absolutely unchangeable. This point is established by theoreti- 
cal considerations, by which it appears that there has been no 
appreciable variation from the time of the ancient astronomers to 
ibe present. 

TTu unit of time then, exactly defined, will be the interval be- 
tween two successive returns of a star to the same vertical plane, 
corrected for precession^ aberration, and nutation, of which we shall 
speak hereafter. This interval is called a sidereal day, and is 
divided into twenty-four hours. 

41. The mathematical connexion which we have been able to 
establish between all the results of the celestial motions, shows 
that the sidereal day, is by its nature, one of the most invaria- 
ble elements of the solar system. In order to conceive how 
astronomers have been able thus to reduce all these phenomena 
to a calculable theory, it is necessery to know that the motions of 
the heavenly bodies are subject to several great general laws, 
which were made evident by a comparison of observations, and 
which are susceptible of mathematical calculation. They are 
called Kepler'^s laws, because they were discovered by that great 
astronomer. Guided by these laws, Newton was able to detei^ 
mine ihe expression for the mechanical forces, which are neces- 
sary io give rise to them. He discovered that, in order to produce 
the results which Kepler had observed, it is necessary that the 
heavenly bodies should mutually attract each other, in the direct 
ratio of their masses, and in the inverse ratio of the squares of 
their distances. This discovery, the most important that has 
ever been made in the sciences, enables us to calculate a priori 
all the motions of the heavenly bodies, as being the consequences 
of a general law ; and the results of calculation are always found 
to correspond so exactly with observation, that a more wonder^ 
ful agreement can hardly be conceived. Universal attraction 
then is to be regarded as a primary fact, more exact than the 
observations themselves, and we are induced to follow out its 
consequences as affording a clew to all the phenomena of the 
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solar system. This is the leading object to wbifiii the ablest 
geometers, Euler, Lagrange, and Laplace, have directed the 
labors of their lives. Laplace has combined the fruits of these 
researches in his great work entitled Micanique CUesU, all the 
celestial phenomena being there deduced from the primary fact 
of attraction, according to the laws of mechanics. The same 
author, in another work entitled Exposition du Sysieme du Monde, 
has brought together all the results demonstrated in the Ml- 
canique Celeste, and has undertaken to develope their relations 
without the aid of calculation, yet always by mathematical 
reasoning. 

43. It is to the revolutions of the fixed stars, as a unit of 
time, that we are to refer all astronomical clocks. If we thus 
consider the observations of article 34, we shall see at once 
that the clock gives less than twenty-four hours for the interval 
between two successive returns of the same star, or a sidereal 
day. Thus the clock hses with respect to sidereal time. To ob- 
tain the amount of this loss, it will be sufficient to take the dif* 
ference of the times of the successive transits ; for, if the clock 
had given exactly twenty-four hours for a sidereal day, the suc- 
cessive transits would have returned always at the same hour, 
minute, &c. We shall thus find for the daily loss the following 
values ; 





Timeioftbe 


Diflcrencea of 




Duel. 


traniitaof* 


the timet or 






Arietis. 


daily loM. 




1807. Dec. 24 


9*42' 32,36" 




25 


9 41 29,70 


1' 2,66" 




26 


9 40 26,72 


1 2,98 




27 


9 39 23,90 


1 2,82 




28 


9 38 21,38 


1 2,62 




30 


9 36 15,74 


1 2,82 


mean of 2 days. 


1808. Jan. 2 


9 33 7,68 


1 2.87 


mean of 3 days. 


5 


9 29 69,06 


1 2,87 


do. 


6 


9 28 55,88 


1 3,18 




9 


9 25 47,66 
Mean lo 


1 2,74 


mean of 3 days. 


ss 1'2,72" 



Here the times of the transits are earlier each day than the 
preceding, since there is less than twenty-four hours between 
two transits. It would be the reverse if there were more than 
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tirenty-four hours ; and the time of each successive transit would 
be later. The sigo of these differences, therefore, shows whether 
the clock loses or gains with respect to sidereal time, the differ- 
ences themselves being the amount of loss or gain* 

By taking the mean of all the preceding observations, the daily 
loss of the clock in a sidereal day will be 62,27'^ The variation 
of the particular results from this mean, are so very inconsider* 
able that we ought to attribute them less to the clock than to 
errors of observation. 

43. The consecutive returns of a star to the same ver- 
tical, will thus show us the daily average rate of going of the 
clock. The successive transits of different stars, show whether 
this rate is uniform ; for, in this case, the interval of these tran- 
sits, whatever stars be taken, are equal among themselves. 

If by observations of this kind, we note carefully the general 
rate of gain of the clock, and its going for particular intervals, 
it is evident that we shall be able to judge of its performance 
with exactness, and infallibly detect the smallest irregularities. 
We shall see hereafter that the same purpose may be effected 
without the aid of the transit instrument. 

44. From what has been said, it will be seen that the constant 
revolution of the stars gives us a unit of time, and that their 
succession which is also constant, gives us the parts of this unit. 
All clocks regulated by this common measure, may be compared 
with each other, whatever be their rate of going ; and we can 
always substitute for them an ideal clock that shall exactly 
divide the sidereal day into 34 hours. 

Thus far we have the transits of the stars observed by means 
of the meridian telescope. Indeed no other element is neces- 
sary in determining the duration of the sidereal day, and the 
measure of time. The meridian telescope serves also for observ- 
ing the transits of all the heavenly bodies ; but as many of them 
exhibit a disc of a sensible extent, the transits of their centres 
over the several wires of the micrometer, are not so easily deter- 
mined as that of the stars which appear only as points. To 
avoid this inconvenience, we observe the transit of the first limb 
of the disc over each wire, and the transit of the second limb. 
The arithmetical mean between these two observations, is evi- 
dently the time of the transit of the centre. We make these 
two observations for each of the wires of the micrometer, and the 
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arithmetical mean of all the results gives the transit of 4h« 
centre of the heavenly body over the middle wire. In the case 
of the sun, we must place before the eye a coloured glass to 
diminish the intensity of the light which, concentrated by the 
telescope, would be liable to injure the sight. Ordinai*ily 
the coloured glass is fitted to the tube of the telesci^e con* 
taining the eye-glass, to avoid the inconvenience of holding it in 
the hand. 

In night observations it is necessary to illuminate the wires 
of the micrometer. For the feeble light of the stars whose 
transits are to be observed is not sufficient to enable us readily 
to distii^ish the wires. Sometimes we place before the object- 
glass of the telescope, an inclined mirror, perforated in the cen- 
tre to allow the rays of the stars to pass ; and which by its 
obliquity, reflects bto the telescope the light of a lamp properly 
situated. But it ia much more convenient to have an opening 
ia the horizontal axis of the instrument, and to place before 
this opening a lamp, the light of which may be reflected upon the 
wires of the micrometer, by means of a small plane mirror, plar 
ced obliquely in the tube of the telescope. By this means the 
Rg. 12. light is always in a right direction, whatever be the position of 
the telescope. We place also before the lamp a prismatic glass 
whose position, variable at the will of the observer, enables him 
to r^;ulate the intensity of the light by the variatipn of its thick* 
ness. 



tixcu^t Peterminatum, of the Meridian by the Measure of Time, Jixis 
of Rotation of the Heavens. 

45. TfrK transit instrument being placed in a vertical plane 
as above explained, and the clock being well regulated to sidereal 
tunC) if a superior and inferior transit of a star which does not set, 
be observed, there w411 almost infallibly be found a difference of 
time in the intervals of tbeee transits ; that is, one will be longer 
and the other shorter than a semi-revolution of the heavens, 
by the same quantity. Yet if the process which we have 
described be exactly followed^ in placing the instruBient, the 
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dfierence of the intervab ^f At traosks cinndt b^ verj connd- 
erable ; it would amount at the most to only a kw miautes 6f 
tkue^ But It is easy to render it less by altering a yerj little the 
supports of the axis, so as to tarn the telescc^ a little towards 
the east or west, in the directton necessary to establish the equafr 
ty. This alteration of the supports is not made with the hand, 
bat with a screw fornished with a graduated dial plate, and an 
index which ponte out upon this dial the smallest motbn which 
can be given to it As by means of this apparatus the suppOTts 
may at any time be moved in any direction and to any amount^ 
a few trials will be sufficient to place the telescope in the po8t»' 
tion required. Care should be taken to keep the axis always 
horizontal; this is done by means of a regulating scfew by 
wbicb the supports of the axis are elevated or depressed till the 
spirit level shows the axis to be perfectly horizontal. All tbest 
conditions being fulfilled, the telescope of the instrument, or to 
speak more exactly, the centre of the wires of the micrometer, 
will be fotmd in a vertical plane which will divide the revolution 
cf ifae observed star into two parts corresponding to intervals of 
lime perfectly equal. 

But it is also found that this bisection, thus determined by a 
tingle star, is the same for all those stars of which the two oppoi* 
site transits can be observed ; so that the intervals of the transits 
over the centre of the wires is twelve hours for these, as well as 
for the first. This result is the same in whatever part of the 
earth we may be placed. Consequently, if it be supposed th^t 
the rotatory motion of the heavens is uniform and circular, a 
supposition which, as we shall see hereafter, is fully confirmed 
by the phenomena, the vertical plane, determined in this manner, 
will contain the axis of rotation of the heavens ; for it is only 
with respect to a plane drawn through this axis that the equality 
of the intervab of the transits can take place. 

This plane is the meridian. We at first determined it by 
approximation ; but it is now fixed with all the precision that can 
be desired for the measure .of time. 

4£. This property of dividing the revolution of the stars into 
two parts.of equal duration can be directly verified with respect 
to the stars which do not set. The others, if we suppose the 
j^ne of the meridian indefinitely produced, make their inferior 
ttanats below the earth whose interposition prevents our obserr- 

Digitized by ^OOQ IC 



S8 Omtral Phenomena* 

ing them. Bat in following their course above the horizon, 
through the whole extent of the arcs which they describe, we 
discover on each side of the meridian, a symmetry, a corres- 
pondrace, which evidently shows that the second transit, though 
it cannot be seen, actually takes place, like that for stars which 
are still visible, after a semi-revolution. 

One very simple and very exact proof of this symmetry, is^ 
that the time of the transit of any one star over the superior 
meridian, as observed by the clock, is exactly intermediate be- 
tween the times when the star is at the same height above the 
horizon on each side. 

47. The meridian, the perpendicular to the meridian, and the 
vertical, form at each place on the surface of the earth, three 
rectangular axes to which all points in space may be referred. 
Bui as observations in astronomy are always made by means 
of angles, we make use of angular co-ordinates in preference to 
rectilinear co-ordinates. 

The direction of a visual ray, produced to any object, is deter- 
mined by its distance from the zenith, and by the angle which 
the projection of this ray upon the horizon, forms with the meri- 
dian line. This latter angle is called the azimuth of the object. 
It is reckoned either from the north or from the south point, and 
each way from the meridian. So also the angle formed by a 
vertical plane with the plane of the meridian, is called the azimuth 
of the vertical plane. It is readily seen that this angle is equal to 
that which is formed by the horizontal projection of the meridian 
and that of the vertical plane, since these projections are always 
perpendicular to the common intersection of the two planes. 

48. When the laws of the diurnal motion are known, the azi- 
muth of a star may be found by a very simple calculation from 
the observation of its altitude and the time which elapses be- 
tween its meridian transit and its arrival at the vertical plane in 
which it is observed. The azimuths may thus be directly meas- 
ured by means of a graduated horizontal circle upon which the 
direction of the meridian is determined. 

49. If there were a star precisely m the axis of rotation it 
would appear constantly stationary in the plane of the meridian. 
There is none seen exactly in this situation ; but we discover a 
conspicuous one in the northern part of the heavens, whose mo- 
tion is so very slow and the changes of position so inconsider- 

Digitized by LjOOQ IC 



Axis ofRotaAm ofihe Heavens. 99 

able, that they can hardly be perceived without the aid of inatnh 
ments. This atar is theiefiM^ not br from the axis of rotatioo. 
It is called the poU slmr. It is readily recognised by its vicinity Hs* 7. 
to the Great Bear, which contains seven very bright stars, four 
being disposed nearly io a square, while the other three form a 
kind of toil.' If through the two stars of the square the farthest 
from the tail, we conceive a straight line to be drawn, or rather 
a visual plane, this line or plane will pass very near the pole 
star, which is des^ated by P in the figure. 

The pole star terminates another group composed of seven 
stars sinilar to the Great Bear, except that the two have opposite 
positions in the heavens. This is called the IaUU Bear ; and the 
pole star is the brightest of the collection. Among the different 
gitwps of stars which are observed in the heavens, there are 
none which present figures like these. 

We propose now to inquire iuto the laws of the diurnal motion ; 
and shall first endeavour to ascertain the axis of revolution of the 
heavens. 

50. If, by the diurnal motion, all the stars describe circles 
about the axis of rotation of the heavens, as appearances seem 
to indicate, an observer placed precisely upon this axis, would 
see all the stars in their meridian transits, pass equally distant 
above and below it ; so that the direction of the axis would be 
exactly in the middle between the two zenith distances. Let 
HZHf be the plane of the meridian containing the axis of rota- f^ g. 
tion ; HH* its projection upon the plane of the horizon, or the 
meridian line -, OZ the vertical ; OS, 0S\ the visual rays drawn 
from the observer at O to the star in its two transits ; and let 
OP be the direction of the axis of rotation which is also sup- 
posed to pass through the eye of the observer. This being sn> 
posed, if the star describe a circle about the axis OP, the diam- 
eter SS^ of this circle will be divided by the axis at the .point P, 
into two equal parts, and the angles POSj POS^, the one above 
and the other below this axis, will be equal. Whence it follows 
that the angle POZ^ or the distance of the axis of rotation from 
the zenith, will be equal to the half sum of the zenith distances of 
the star at its two meridian tran»ts, or what amounts to the same 
thing, will be an arithmetical mean between these two distances. 
51. This reasoning will apply to all the stars whose entire 
revolution can be observed. Thus in comparing their superior 
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and inferior transits, they M^t all to give the same mean readlt, 
and consequently the same eenith distance to the axis of rotation. 
It will be readily seen that this circumstance is peculiar to the 
position of the observer which we have supposed. If the axis of 
rotation did not pass through the eye of the observer, the result 
would be different, and the half sum of the zenith distances 
would not be constant. These distances, observed at different 
places on the earth, will show whether any one point of its sur- 
face is situated in the axis of rotation of the heavens* 

52. It is very remarkable that these results are not peculiar 
to any one place. In whatever part of the earth we make the 
observation, and many places have been used for this purpose, 
the same agreement is constantly found, allowance being made 
for small errors in the observations ; tht axi$ of rotation of tha 
heavens seems always* to pass through the eye of the observer* 

53. This singular appearance can be explained only in one 
way ; and that is, by supposing that the axis of rotation of the 
heavens passes through the interior of the earth ; it being ad* 
mitted at the same time that the dimensions of the earth, com- 
pared with the distance of the stars, are almost infinitely smalL 
Then indeed, the visual rays drawn from the different points of 
its surface to the same star, ought to appear parallel ; or, what 
amounts to the same thing, the earth, as seen at the distance of 
the stars, would seem but a point. 

54. This result is confirmed by all astronomical phenomena^ 
The stars, when seen through powerful telescopes, those, for 
instance, which magnify 200 times, do not present a disc of any 
appreciable extent. They appear as brilliant points, exhibiting 
no sensible difference in their apparent magnitude, when seen as 
if they were 200 times nearer, which proves that their distance 
is immense. The disc of the sun and that of the moon, being 
seen in the same manner, appear very much larger than they do 
to the naked eye, especially the moon, upon whose surface are 
perceived mountains and cavities. The discs of the planets likO' 
wise, when seen through a telescope, are conaiderably enlarged, 
and some of them, as Mercury and Venus, present phases like 
those of the moon. These bodies are, therefore, very much 
nearer to us than the stars. Also, by observing them in different 
parts of the earth, we discover in their respective positions, sen- 
•sible cBfferences of aspect. Thus, when the son is eclipsed by 
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Ibe moon, the'«clipse is nevtr general fcr the whole earth, as it 

ooght to be if the sun aad moon were at an infinite distance* 

There are always certaia places where the entire disc of the 

sun is aceii ; in others it k seen partially edipsed, as by the 

imerpoeition of a round body upon one portion of its sarfoce ; in 

others, it is seen noie eclipsed, according as wt approach nearer 

to the straight line which joins the centres of the sun and smkmi* 

55. OheervalioDS of the meridian altitudes of circumpolaf 

slam, win deienDioe the distance of the zenith of the observer, 

fram the aik of rotation of the heavens, the complement of 

wliich disttnce will be the inclioation of this axis to the horizon 

of the place, or the alHiude of the pole* And as, on account of 

the roundness of the earth, the plane of the horizon of each 

place takes different directions, the axis of rotation appears dif* 

ferentJy iDcIined to the horizon in different places. 

If the diurnal motion of the stars be really circular about 
this axis, there ought to be between the successive positions of 
die same star above the horizon, certain geometrical relations 
depeodiog on this law* And this is what actually takes place 
with the greatest exactness, as we shall see hereafter* 



Caaci DtUrminaium. of the Lttw$ of Diumal Motion* Proof tKtU 
Urn Moikn is cirealar^ and Aa^ it is umform* MeasMtt of Tun* 
by CeUstial Ares. 

56* At any fdace on the earth, let XEM be the plane of the Fig. 9. 
horixon, NOM a meridian line, £0 a perpendicular to the meri- 
dian line, OZ the vertk:al ; and let OP be the axis of rotation of 
the heavens passing through the eye of the observer at O* Fro- 
unce the visual ray OS to any star S\ the angle PObS, formed 
by this ray with the axis of rotation, is called the polar distance 
oi the star. If the star move in a circle about the pole, this dis- 
tance will be invariable, and the angle POS will remain constant 
in every situation of the star above the horizon. 

57* We propose to find this angle for any situation. This is 
easify^ done when we know the azimuth of the star, its distance 
from the zenith, and the distance of the zenith from the pole, 
that is, the aa|^ NOAy Z0&^ and ZOP^ It consists simply in 
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tberesoiotion of a spherical triangle. For if, from the point O 
as a centre, we suppose a sphere to be formed whose surface 
cuts the axis of rotation, the visual ray and the vertical, in the 
points P, £>, and Z ; the arcs PZ, ZS, PS, which jdn these points 
upon the sphere, will constitute a spherical triangle in which we 
know the sides ZP and ZS, or the' distances of the pole and the 
star from the zenith, and the angle PZS, formed by die meridian 
PZ with ZS, the arc of a vertical circle passing through the star, 
for this angle is equal to the azimuth J^OA of the star reck<med 
from the north. With these data, we find by calculatbn the 
third side PS^ or the polar distance of the star* 

58« In performing this calculation for any star in any point 
whatever of its course, the same value is always found for the 
polar distance PS ; the diurnal motion of Ae stars about tlu foU 
is therefore exactly circular. 

We have indeed a very simple verification of this conclusion, 
in the fact that the constant value in question is precisely the 
polar distance of (he star when observed directly in the plane 
of the meridian ; for then the vertical plane of the star is the 
meridian itself. If the star pass the meridian to the south of the 
zenith, the angle PZS or J>rOA is equal to two right angles, and 
the polar distance PS is the «um of the zenith distances of the star 
and of the pole, as in figure 10 ; if, on the contrary, the star 
pass the meridian to the north of the zenith, the angle JfOA is 
nothing, and the polar distance is the differmu of the zenith 
distances of the star and the pole, as in figure 8. 

59. Having thus proved that the diurnal motion is exactly cir- 
cular, we can make use of this result as a principle or a geometri- 
cal condition in calculating the situation of a star a^ any instant, 
its altitude simply being observed at that instant ; provided its 
polar distance, as observed in the plane of the meridian, is known* 
For then in the spherical triangle PZS, we know the three sides 
PZ, PS, and ZS the zenith distance of the star at the moment of 
observation. We can, therefore, calculate the three angles of 
this triangle, namely, PZS or J^OA, the azimuth of the star, and 
the angles ZSP and ZPS, namely, those at the star and at the 
pole, 

60. The polar distance PS of each star being constant during 
the whole of its diurnal revolution, as we have just shown, it 
follows ihoa the visual ray OS extended to any star^ ducribes in its 
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JHumal m^tion^ the convex tuffaee of a righi cone oAote base is a 
cireU^ formed by the revobiiimofa perpendicular let fall from the 
star to the axis of rotation <f the heavens* The apex of this cone 
seems io be Bituated io the eye of the observer, but is readily 
referred to the centre of the earth, since we know that when 
compared with the cbcaoce of the stars, the dimensions of the 
earth are insensible* 

61. The result io which we have now arrived, indicates simply 
% geometrical relation among the visual rays, drawn to the same 
star, in the Jiflerent parts of its diurnal course, but it does not 
determine any thing with respect to the distance of the stars in 
the direction of these rays. We are left then in complete un- 
certainty as to this point, and ought consequently to form no 
ofHoioD on the subject* But as the mind inclines to dwell on 
some Gxed idea, we involuntarily suppose all the stars placed at 
a great distance in the direction of the rays by which they are 
seen ; as our senses aflford no means of comparison by which we 
aro able to infer that some of them are farther and others nearer, 
we unconsciously suppose them at the same distance. Hence 
the spectacle of the spherical starry vault, so beautiful in a calm 
clear night. If, in conformity to this illusion, we conceive a 
plane passing through the apparent place of each star, perpen- 
dicular to the axis of rotation of the heavens, the star in its diur- 
nal motion will not depart from this plane ; and its course thus 
projected upon the heavens, will be the circumference of a circle. 
In this sense it may be said, that the circles which the stars appear 
io describe in consequence of the diurnal motion^ are situated in 
planes perpendicular to the axis of rotation of the heavens. 

62. It only remains to ascertain whether the circular motion 

in question be uniform or variable. To discover this, let S, <S^, 5^^, iig. n. 
be the successive positions of a star upon its circle, after it passes 
the meridian at the point M. The arcs MS, MS', MS'', will be 
perpendicular to the plane of the meridian and to the visual 
planes passing at each instant through the star and the axis of ro- 
tation. The angles ZPS, ZPS', ZPS'\ formed by these planes 
with the plane of the meridian, will therefore have for their meas- 
ure the arcs MS, MS', MS". 

The values of these angles are easily found by means of the 
spherical triangle ZPS, the three sides of which are known. 
By performing the calculation, the angle ZPS^ or the angle at 
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the pole, is fovnd to be proportional Co the time elapsed after the 
meridian transit of the star ; so that the entire circumference is 
to the number of degrees contained in this angle, or in the arc 
MS' which measures it, as the time of an entire revolution, or a 
sidereal day, to the time elapsed after the meridian transit. Each 
of the arcs MS^ JlfS', JlfS'', is therefore described by the star, 
like the entire circumference \ that is, the diurnal motion of tke 
ttars is uniform throfv^kout the whole extenJt of their reoohtiion. 

63. This truth once ascertained, it may be used as a principle 
or a geometrical condition in finding the angle ZPS at the pole, 
having the time elapsed from the starts passing the meridian, 
without recurring to an observation of its altitude. For, let D 
be a sidereal day, and t the interval of time between the star's 
passing the meridian and its arriving at the place proposed, we 

shall have the value of P by the formula P = 360^ -. Recip- 
rocally, if the angle at the pole be obtained from an observation 
of the star's altitude, we can find the time ; thus, 

S6$P 

64. To the visual planes POS, POS'^ POS"^ we give the 
name of horary planes^ because the arcs MS^ SS\ S'S'^ which 
they intercept upon the diurnal circle of the star, answer to 
hours and the fractions of ah hour into which the time of the 
entire revolution, or the sidereal day, is divided. For example, 
if the angles of the horary planes be 15^, they will intercept 
upon the diurnal circle of the star, arcs which are equal to 16°. 
There will therefore be 24 of these arcs in the entire circumfer- 
ence, since 24 X 15 is equal to 360; consequently, each of 
these will be described by the star in the twenty-fourth part of 
a sidereal day. This is readily seen from the formula 

P = 360^; 

fbr, making P = 15°, it gives t = — . 

65. Generally, if we wish to represent the divisions of the day 
by the angles of the horary planes, or by the arcs which these 
planes intercept upon the diurnal circle described by the star, it 
will be found that 16° answer to one hour, 16' of a degree to 
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one minute of time, and W of a degree to one second of time. 
Thus to convert any number of degrees, minutes, and seconds 
of an arc, into hours, minutes, and seconds of time, we divide 
them bj 15. On the contrary, to convert the time into an arc, 
we must multiply by 15. 

The divisions of the circle and of the day having this connex- 
ion, they may be represented the one by the other, so that we 
have the measure of a celestial arc if we know the time in which 
it is described. 

Thus, the diurnal arc intercepted between the meridian and 
the horary plane of a star, or which amounts to the same thing, 
the angle formed by the plane of the meridian with the horary 
plane of a star, being converted into /tme, will express the hours 
and parts of an hour which have elapsed from the meridian tran- 
sit of the star, or which must elapse before the transit. It is for 
this reason that these angles are called horary angles. 

66. There is nothing in these relations which determines the 
time at which the horary reckoning is commenced. By general 
consent, we begin in civil reckoning at the time the sun passes 
the inferior meridian, and count twenty-four hours to the next 
inferior transit. But the motion of the sun being subject to varia- 
tion, as we shall see hereafter, this system is likewise variable, and 
requires some modification to render it applicable to astronomy* 
Since we are obliged to confine ourselves to sidereal time till we 
have explained these inequalities, we may always take for the 
commencement of sidereal time the meridian transit of a known 
star, or of a determinate point in the heavens, and continue to 
count the hours from the instant of this transit. 



Of the Celestial Sphere and its principal Circles. 

67. Tbb different questions which we have discussed in the 
last section will be found to depend upon the solution of spheric 
cal triangles. It is the same with all which have for their object 
the angles formed by the visual rays extending from the eye to 
the different points of the heavens. If, about the observer, con- 
sidered as a centre of celestial motion, we conceive a sphere of 
any radius whatever, whose surface cuts perpendicularly all ;he 
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visual rays drawn to the different stars or other heavenly bodies^ 
the points of intersection of these rays being united by arcs of 
great circles, spherical triangles will be formed upon the sphere. 
The different parts of these triangles being calculated and con- 
nected together by the known ratios which constitute spherical 
trigonometry, will give the relative situations of the stars thus 
observed. 

68. It is of no consequence at what distance the visual rays 
are cut by this sphere ; the same relations of position and mag- 
nitude will subsist between them. We may, therefore, easily 
conceive it to be described with an immense radius extending 
beyond all the stars, and we may in imagination attach them to 
the concave surface of this same sphere, the centre of which is 
occupied by the observer ; this construction forms what is called 
by astronomers the celestial sphere. 

Each observer being placed in the centre of his sphere, there 
may be as many centres as there are points upon the terrestrial 
surface ; and the apparent situations of the stars, that is, the 
points of the celestial sphere to which they are referred ought to 
be different for each observer. This is true in fact with respect to 
most of those heavenly bodies which have a proper motion. 
But as to the fixed stars of which we ought first particularly to 
treat, since all the visual rays leading to them at the same instant 
from all points of the earth are considered as parallel, it follows 
that the different observers would project them upon these spheres 
in points exactly corresponding. Or, which amounts to the same 
thing, if we give to the sphere in question a radius so large that 
the radius of the earth may be considered as nothing in compari- 
son with it, and the earth itself be considered a point, there will 
be but one celestial sphere for all these observers, and the visual 
rays drawn from their eyes to one and the same star, infinitely 
distant, must be considered as meeting at the same point in its 
surface. But if these visual rays, being directed to a heavenly 
body which is nearer, make among themselves sensible . angles, 
they will tend to different points upon the surface of the celes- 
tial sphere. 

69. We must not forget that the spherical form which we here 
suppose does not actually exist with respect to the absolute dis- 
tances of the different heavenly bodies. They may be, and are? 
placed at very unequal distances. The celestial sphere is a 
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purely geometrical conception intended to fix our ideas and faciU 
itate our reasoning, whenever we wish to compare the angles 
formed at the eye of the observer by the different vbual rays. 

70. We shall now present, under this point of view, the geo- 
metrical constructions which we make use of in fixing the posi- 
tions of the heavenly bodies. 

All planes passing through the eye of the observer, pass 
through the centre of the celestial sphere ; and ihe sections of the 
sphere thus formed are great circles. Such, for example, is the 
plane of the horizon, that of the meridian, and those of the hora- 
ry and vertical circles. The visual angles observed in these 
planes, are measured upon the great circles which result from 
their intersection with the celestial sphere; and hence the arcs 
may be substituted for the angles in the course of reasoning 
which we have occasion to employ. 

Moreover, all the circles of the celestial sphere are conceived 
to be divided into degrees, minutes, and seconds, and the mea- 
sure of the visual angles is indicated by means of these divisions. 
If, for example, the visual rays extending to two stars situated 
in the meridian, make an angle of 10 degrees, we say that they 
are formed in the meridian at 10 degrees distance from each 
other. It is the same with respect to all visual angles. Each 
has its vertex in the eye of the observer, that is, in the centre of 
the celestial sphere ; they will, therefore, always intercept, upon 
the surface of the sphere^ arcs of great circles which serve 
to measure them, and by means of which they may always be 
compared. 

71. This is not the case with the circles which the stars de- 
scribe in their diurnal motion. These have all their centres 
situated in the axis of rotation of the heavens, but not in the cen- 
tre of the celestial sphere ; they are therefore not great circles 
Only one of them answers to this character ; it is that whose 
plane, always perpendicular to the axis of rotation of the heavens, 
passes at the same time through the centre of the celestial sphere. 
This is called the celestial equator and its plane the plane of the 
equator. It is so called because it divides the celestial sphere 
into two symmetrical portions, relative to the extent of the cir- 
cles which the stars describe. These circles have a less radius 
thao that of the celestial sphere, and are called small circles. 
They are called celestial parallels^ because their planes being 
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peipendicular to the axis of rotation of the heavens, are parallel 
to the plane of the equator* 

These celestial parallels may indeed be considered as result- 
ing from the intersection of the celestial sphere, and the conical 
surface described by the visual ray, directed to a star during 
the whole of its revolution. 

72. We can now fix, by geometrical daia, the position of the 
plane of the equator and that of the parallels which we have 
just described. 

The position of the equator is determined by its intersection 
with the plane of the horizon, and its aUUude, that is, the angle 
which it makes with the horizon. It$ interseetum OCV with the 
plafu of the horizon^ is a straight line perpendictdar to the meridiatu 

It is scarcely necessary to remark, that a degree of a parallel 
b not equal in length to a degree of the equator, or of a great 
Top. 35. ciccle; still the arc of a parallel is readily compared with the arc 
of a great circle or with the arc of another parallel. 

73* The cUtiiude of. the equator above the horizon^ or the angle 
EOH, is the complemmt of the altitude of the pole. For, the angle 
ifiOP being a right angle, the angles H0£, POH\ are together 
equal to a right angle. 

74. The zenith distances and azimuths afford the means 
of determining the positions of the stars at any place upon the 
earth ; but these are inconvenient on account of being different 
iu different countries. For, in consequence of the roundness of 
the earth, the planes of the horizon and meridian to which alti- 
tudes and azimuths are referred, take all possible directions in 
space, and accordingly the positions of the heavenly bodies, 
thus expressed, do not admit of being compared. The equator 
and horary planes present us a far preferable system of co<ordi- 
joates, since, occupying a determinate situation in the heavens, 
they offer to astronomers, situated upon every part of the earth's 
surface a uniform means of expressing the results of their ob- 
servations. 

75. To determine then, the situation of any star upon the 
celestial sphere, it is sufficient to know the horary plane or ho- 
rary circle in which it is found, and its position upon that circle 
4>r in that plane. The whole is, therefore, reduced to determin- 
ing these two elements. 

The position iA the star upon its hiwary circle, is detennmed 
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wlien its polar Stance is known, or its complement, that is, its 
distance from the equator^ which is called the declinatum ; for this 
reason the horary circles are called circles of declination* 

The position of the horary plane is determined by the angle 
which it makes with a known horary plane, assumed at plea- 
sure and which is supposed to be fixed. I'fais, for example, may 
pass through any star that shall be designated. If we sup- 
pose several horary planes to be drawn through different stars, 
they will make greater or less angles with the first* Each of 
these will, therefore, be distinguished by the angle which is 
peculiar to it, and which has for its measure the arc of the 
equator comprehended between it and the first horary plane. 
This arc is called the right ascension. It is determined by ob* 
serving the time which elapses between the passage of the star 
in question over the meridian, and that of the horary plane from 
which right ascension is reckoned. This time, converted into 
degrees, is the right ascension of the star ; it is counted always 
from west to east, and from zero to an entire circumference. 
The declination is reckoned from zero to 90^, and is called 
northern or southern, according as the star is north or .south of 
the equator. 

76* When these two co-ordinates, the right ascension and decli- 
nation, are known, we can find by trigonometry all the relations 
of position and distance which exist among the points to which 
they are referred. 

For example, if we would know the arc which measures the 
distance between two stars, we find, by means of their declina- 
tions, their distances from the same pole. We then take the 
difiere»ce of their right ascension ; this will be the angle com- 
prehended between the horary planes in which they are found. 
Thus, the two polar distances and the arc which joins the 
stars, will form a triangle of which we know the sides and the 
included angle. The third side is easily calculated. The dis- 
tance of two stars may also be calculated from their polar dis- 
tances and their azimuths. 

77. The point of the equator from which right ascension is 
reckoned, depends upon the motion of the sun, or rather, upon 
its situation at some determinate epoch ; for it is to the sun, as 
the natural regulator of days, years, and ages^ that astronomers 
refer all their observations* Bui this choice, purely arbitrary) 
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does not in the least affect the relative situations o! the heavenly 
bodies ; it has no influence on their declination, or the difference 
of their right ascension. It determines only the absolute right 
ascension. It ought not, therefore, to occasion any change in the 
laws of their motion as deduced from their relative situations at 
different times. Accordingly until we have the data by which 
this origin is fixed, we may suppose the right ascensions of all 
the heavenly bodies to be referred to one, as to a fixed and 
determinate origin. 

78. By observing the meridian transits of the stars, and meas- 
uring their meridian zenith distances, their right ascensions and 
declinations are determined. Tables may therefore be construct- 
ed, showing the situation of all the stars thus observed, and the 
order in which they succeed each other in their transits. These 
are called calalf^es of the stars, 

79. The right ascension of all the stars being determined rela- 
tively to one of them, in the above manner, if we wish to refer 
them to that point of the equator upon which astronomers have 
agreed as the origin, it will be sufficient to know the difference of 
right ascension between this point and any star ; this difference 
added to the relative right ascension of the several stars, will give 
their absolute right ascension. For example, it is sufficient to know 
that, on the first of January 1810, this point of the equator passed 
the meridian 1** 56' 29'',63 before the star a arietis, or in other 
words, that the true right ascension of this star, at this instant, 
expressed in sidereal time, was I'' 56' 29'',53, or 29° V 22^^,95 ; 
we say at this instant, because the precession, nutation, and aber- 
ration, render the right ascension variable. 

80. That point which is the origin of right ascensfon, is also 
the origin of sidereal time ; that is, the time is reckoned zero 
when this point is on the meridian. It is generally desig- 
nated by the sign T, the characteristic of the constellation aries. 
This will be explained hereafter. 

81. From these definitions, nothing is easier than to find for 
any instant the sidereal time in any place where the altitude of 
the pole is known. It will be sufficient for this purpose, to ob- 
serve the zenith distance of an^ known star, and to calculate its 
horary angle, which we suppose to be reckoned from the supe- 
rior meridian in the direction of the diurnal motion from to 
360^. By adding this angle to the right ascension of the star^ 
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aDd subtracting an entire circumference if there be one, the 
remaiDder, conrerted into time, will express the distance from 
the meridian to the point in tke heavens which is assumed as 
the origin, that is, the sidereal lime/^ 



Terrestrial BSgutUor.r'^Mendians (md Pctralleh.'^Differmt Aspects 
of Ae CeksHal Sphere above the Horizon of different Ccuntries, 

82. The principal circles of the celestial sphere being defined, 
find their respective positions determined, the aspect under which 
thej arc presented to observers, depends upon the inclination of 
the hori2on of different countries, and consequently upon Its 
direction in space ; moreover this last particular depends upon the 
curvature of the terrestrial surface. On this account it is im- 
portant to consider the variable situation of the celestial sphere. 

This application of our results is general, whatever be the 
figure of the earth ; but it is so much simplified by considering 
the earth as spherical, that we shall begin our explapation upon 
this supposition. 

As we have perceived that the form of the earth is convex in 
all directions, we may always regard it as nearly spherical. 
We are confirmed in this conclusion by observing the horizon of 
the sea from a mountain or any other elevated situation ; its de- 
pression is always found to be the same on all sides^ in whatever 

* Let MVM' he the equator ; MM' the projection of the plane of Fig. 14 
the meridian ; OS the projection of the meridian of the star ; VS 
will be the right ascension which we call j4j and MS will be the arc of 
the equator corresponding to the observed horary angle^ which wa 
call P ; adding these arcs we have F -|- A = M^. This sum^^ con- 
verted into sidereal time, will give therefore the distance from Y to 
the meridian. We have no entire circumference to reject, as we 
should have had, if the star had been on the other side of the meri- 
dian, at 5' for example ; in this case we should have MSM'S' = P*^ 
TMS' = A' ; consequeutly, F + ^' z= 360 — MS' + fMS' ; and 
by subtracting 8fiO<>, the remainder will be VMS' — MS', or YM, 
ts before. The formula will apply in either quadrant, as the ares 
STQ always counted in the same direction from to S60^. 
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counti^y it is observed. This is peculiar to a spherical curvature, 
since it is only a sphere that can thus be touched on all sides by 
the surface of a right cone having a circular base ; which surface 
would be formed by the visual rays extending to the different 
points of the horizon from any elevated station. The horizon of 
the sea is particularly favourable, on account of the uniformity 
of its surface, being interrupted by no inequalities, an advantage 
which the land does not afford. But even in the latter case also, 
there seems to be an equal depression in every direction, espe- 
cially when one is elevated to a great height ; for then the dis- 
tant mountains which border the horizon, cause only small undu- 
lations, that do not prevent our recognising the sphericity of the 
curvature. And though this observation cannot be considered 
as strictly rigorous, on account of the small extent which the 
visual rays embrace, yet it is sufficient for a first approximation, 
or rather for a first enunciation ; since, after having established 
what would take place, if the earth were spherical, we shall pro- 
ceed to determine, in general, the results which must take place, 
whatever be its curvature. 

83. If the earth be spherical, its centre may be regarded as 
the centre of the celestial sphere; for, from what we. have 
already observed with respect to the immense distance of the 
stars, the centre of that sphere may be supposed to be placed at 
any point whatever of the earth. Tlxen, an observer at th^ very 
centre of the earth would see all its points projected upon the 
surface of the celestial sphere, each following its vertical ; and 
the geometric divisions which we have Just traced upon this 
sphere, would apply also to the terrestrial surface. We shall 
begin, therefore, by developing these relations upon the hy- 
pothesis that the earth is a sphere. 

In this case, the plane of the equator and that of the meridian 
being drawn through the centre of the celestial sphere, which is 
here that of the earth, will cut the terrestrial surface, forming great 
circles to which we have given names analogous to those which 
correspond to them in the heavens. The intersection of the sur- 
face of the earth by the plane of the equator, is called the ierres' 
trial equator. The axis of rotation of the heavens, considered 
in this relation, is called the axis of the earth ; it passes through 
the earth's centre, and the two opposite points where it meets 
the surface, are called the poles of the earth. Finally, the inter- 
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section of "this same surface by the horary planes, gives the <er- 
restrial tneridiana^ or simply the meridians ; which cut each other 
at the poles, since they all pass through the axis of rotation. 

84. The earth is so small that two planes which touch it at its 
two poles, and which are parallel to the equator, would pass 
through the same stars, and meet the celestial sphere in the 
equator itself; or, at least the arc intercepted by them upon 
this sphere, as seen from the earth, would be too small to be per- 
ceived. The planes of the celestial parallels, which intercept 
considerable arcs upon the celestial sphere, on either side of the 
equator, will not, therefore, cut the surface of the earth ; they 
will pass infinitely without it. But if we imagine cones which 
have their common vertex at the centre of the earth, and for 
their bases the different celestial parallels, these cones will cut 
the surface of the earth, considered as spherical, in circles whose 
planes will be parallel to that of the equator, and for this reason 
they are called terrestrial parallels. 

B5. These different parallels may therefore be classed and 
distinguished from each other, according to the celestial parallels 
to which they correspond ; or, what amounts to the same thing, 
according to the angle which their vertical makes with the plane 
of the celestial equator. This angle is called the latitude of the 
parallel. 

In figure 15, ZO is the vertical at the point O upon the par- 
allel OO. The line OE being supposed to be parallel to the 
equator, the angle ZOE^ or its equal Z«Y£, is the latitude of the 
point O. If the earth be spherical, the vertical ZO passes 
through the centre, for all the verticals will meet in. this point. 
Bat this circumstance is peculiar to a spherical figure. What- 
ever be the form of the earth, the latitude is nothing at the equa- 
tor, since the vertical will be found in the plane of the celestial 
equator, if the earth be spherical, or parallel to this plane, let the 
figure be what it may. At the pole, the latitude is equal to 90^, 
because there the vertical CP is parallel to the axis of rotation* 
The latitude varies between these limits from 0^ to 90^. 

86. To find the latitude of a place, it is sufficient to measure 
the altitude of the pole above the horizon. Let P be the pole, 
OH the horizon, perpendicular to the vertical, and OE a straight 
line parallel to the equator, and drawn in the plane of the meri- 
dian POZ. The angles EOP, ZOHy are equal, each being a 
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rigfal oDgle. Taking away the common part ZOP^ there rematos 
EOZ iequal POH ; that is, generally, the huitude of a plau is 
equiU to the athhide ofihepok above Uu horizon* 

87. The north pole of the earth is situated in the icy sea be- 
tween northern Russia and Greenland. The south pole is oppo* 
site to it beyond New Holland. They are both fiurrounded wkb 
ice which has hitherto baffled all attempts to reach thena* 

The places which lie in the equator are better known This 
circle cuts the island of St Thomas in the Gulf of Guinea, croase» 
Africa, passes through Sumatra, Borneo, and the north part of 
New Guinea ; thence it traverses the Paci6c Ocean to Peru, over 
Sooth America through the mouth of the river Amazsons, and 
crosses the Atlantic Ocean to the place first mentioned. 

88. The axis of the earth, which is that of the diurnal modon, 
bebg differently inclined to the horizon in different countries, 
there hence results a remarkable difference of appearance in the 
general motion of the stars, which, from what has been said, 
may be easily foreseen. 

At the equator, for example, those stars which arc in front of 
an observer facing the east, will rise vertically in the heavens, 
pass his zenith, and set directly behind him. The arcs which 
they describe will all be in the same plane perpendicular to the 
horizon ; this plane is that of the equator. 

The stars situated on the right and left will move in circles 
parallel to the equator. They will therefore describe circles 
of the celestial sphere, but small circles, since their planes 
do not pass through the centre of the sphere. The magnitude 
of these circles is less as they are farther from the equator. 
The stars, therefore, which describe these small circles do not 
rise so high above the horizon. Finally, towards the south and 
towards the north, are stars discovered which describe arcs so 
small that their motion is hardly sensible ; and the points of the 
heavens where they are seen, appear to remain at rest amid the 
general motion. These are the celestial poles. 

89. Such are the phenomena which the motion of the heavens 
presents to an observer at the equator. But in most parts of the 
civilized world the appearances are different, as will be readily 
seen ; for, by changing our place on the earth, the direction of 
our horizoTi is changed, and we have our zenith successively at 
different points in the heavens. Under the equator the observer 
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sees the two poles. He ceases to see both upon advancing towar 
the north or south. If he travel towards the north, for exanple, 
his zenith approaches the north pole, and recedes from the south 
pcAe, which sinks beneatli the horizon and is hidden by the con- 
yexity of the earth. By continuing his progress towards the 
north, the stars which surround the south pole, decline by de- 
grees, M>d become invisible. The other pole, on the contrary, 
mes by t!he same degrees above the horizon, and the stare which 
suTTound it are more a^d more elevated, till the entire circles 
whick they describe appear above the horizon. Thus these 
stars wiM not set ; and were it not for the two great light of the 
sun, they would be constantly visible. The phenomena are 
leversed if we travel towards the south. 

9(K These diSerent appearances have suggested to astron- 
omers different dencKninations for designating the different coun- 
tries, from the position of the celestial sphere in relation to the 
horizon. A country is said to be in a rights an Miqut, or a par* 
aUel sphere^ according as the celestial equator is perpendicular, 
obiiqae, or parallel to the plane of the horizon. The first takes 
place at the terrestrial equator, the last at the poles, and the 
«cher m every other part of the earth. 

91. The altitude of the pole above the horizon is always the 
same at any given place. The earth's axis and equator, there- 
foire, answer always to the same points of its surface. But they 
answer successively to different points of the sphere of the fized 
stars* The star which is situated at the extremity of the Little 
Bear, and which is called the pole star, because it is in the 
vicinky of the pole, was very far from it in the time of Hippar- 
chas, about 3000 years ago. It gradually approaches during a 
hmg period, and will at length recede in the same manner. In 
consequence of this change, the stars situated in the celestial 
equator, recede from -it, and others are brought into their place. 
In the mean time the altitude of the pole ab|l>ve the horizon re* 
mans the same* This progressive motion is one of those which 
we have already indicated as altering the positions of all the 
dtars. It is called the pneessian ; we shall determine the Iaw«^ 
of (has motion hereafter. 
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Deiermiiiation of the Figure of the Earth and its Magnitude. 

d% In the preceding sections, we have recognised and estab* 
lished the convexity of the earth ; we are now to inquire how 
the form of its curvature can be exactly determined. 

This problem would seem at first view to be very difficult, and, 
in some respects, incapable of solution when we consider the irreg- 
ularities of the terrestrial surface, intersected as it is by so many 
rivers, mountains, and vallies. But these variations which to us 
appear so great, are in fact extremely small and as nothing in 
comparison with the entire dimensions of the earth. We shall 
by and by see a mathematical proof of this truth ; we shall here 
confine ourselves to the physical considerations which render it 
sensible. 

We remark, in the first place, that the figure of the habitable 
earth difiers little from that of the waters of the ocean, and is 
only a kind of continuation of the same surface. We have in 
fact already shown that the surface of continents is convex. 
This is evident from the progressive manner in which daylight 
advances. It is also perceived by the apparent elevation and 
depression of the stars, as we approach the north or south. But 
continents are surrounded on all sides by the sea, and indented 
by innumerable creeks and bays. Thus, for example, the con- 
tinent of America is separated into two parts which are joined 
by only a narrow neck of land. So also the eastern hemisphere 
is separated into a great number of parts by seas, as the Mediter- 
ranean, the Red Sea, the Euxine, the Baltic, &c., which are 
only ramifications of the oceans with which they communicate. 
The interior of a continent, therefore, is nearly on a level with 
the waters which surround them. It hence follows that the gen- 
eral surface conforms very nearly to the convexity of the ocean. 

This becomes more evident, if we consider the course of the 
rivers by which continents are intersected, many of which, as 
the Amazons, the Mississippi, the Rhine, the Danube, the Wolga, 
and the Nile, flow through a very great extent of country. 
These show the small degree of inclination of the surface of the 
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countries through which thej flow, that is, the inconsiderable 
difference of curvature of these countries from that of the sea. 

It will now be seen that an inquiry into the form of the earth 
is by no means so difficait as might at first appear ; the small 
inequalities of the terrestrial surface have comparatively no 
influence on its general figure. 

9S* To obtain an exact idea of this figure, it is necessary to 
measure it successively in different directions. We begin, there- 
fore, by examioing it in the direction of the meridian, since this 
direction is the first with which observations make us acquainted. 
The process would be easy if the terrestrial meridians were 
plane curres. For the very simple considerations presented 
in the second section, teach us that the curvature of a plane 19. 
curve, is always indicated by the angles, more or less acute, 
wbkb Sire formed by perpendiculars drawn to its different points. 
To apply this principle to the earth, it will be sufiBcient to take 
upon the same meridian several points at any known distances 
from each other, for instance, at equal distances, and determine 
the angfes which their verticals form with each other ; for these 
verticals are perpendicular to the curve of the meridian. 

If the earth be exactly spherical, the curvature of its meridi- 
ans will be every where the same. All the verticals will meet 
at the centre ; and when the angles formed by these verticals 
are equal, the arcs which they intercept upon the terrestrial sur* 
face, must also be equal in whatever part of the meridian they 
are observed. In figure 16, let C be the centre of the earth, 
AA^^ A'A"^ &c., equal arcs measured upon its surface in the 
direction of the meridian. In general, if the meridians are cir- 
cular, the angles made by the verticals with each other are pro- 
portional to the arcs comprehended between them. 

On the contrary, if the earth is not spherical, it will be made 
manifest ; for where the convexity is greatest the verticals will 
meet at a less distance from the surface, and where it is least 
convex, they will meet at the greatest distance from this surface* 
So that, to measure the same angle between these verticals, it 
will be necessary to take a greater arc in the second case than 
in the first. In the curve AA'BB\ the angle C formed by the Fig. n. 
perpendiculars AC^AfC^ is equal to the angle C formed by the 
perpendiculars BC\ B'O ; but the curve being more convex in 
E than in P, the arc BB is greater than AA'. 
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94. Although we do not know a priori, whether the terrestrial 
meridians are plane curves ; yet, as this is the most simple hj- 
pothcsis, it is natural to .begin with it, and then see if it agrees 
with observation. But we can at the outset foresee that it ap- 
proaches so near to exactness, that we have never been able to 
measure the quantity by which it deviates, or even to be very 
certain that it does really deviate. We ought, moreover, to men- 
tion that the form of the earth, deduced from observation, deviates 
so little from that of a sphere, that the difference is by no means 
sensible for any small extent, even from the most accurate obsep* 
rations; so that to perceive this difference, it is necessary to 
compare the results of observations made in very distant parts 
of the same meridian, or in places whose latitudes are very dif> 
ferent. To find, therefore, in each place, the value of a degree 
of the meridian, that is, the length of the terrestrial arc corres* 
ponding to an angle of 1^ between the verticals, it is not neces- 
sary to take two points whose verticals make just an angle of 
one degree ; this would be very difficult and almost impossible* 
fiut we shall proceed upon the sup[)osition that the earth is 
spherical for a small extent about the points of observation, 
which will allow us to consider she arcs of the meridian propor- 
tional to the angles formed by the verticals. If, therefore, the 
angle observed between the verticals is a, and if .If is t)ie length 
of the terrestrial arc comprehended between them, we shall have 

the proportion a: M : : l® : — * — , and the quantity — - — will 

express the length of a terrestrial degree, in that latitude, such 
as it would he were it directly measured. 

95. The measurement of a degree of the meridian requires 
therefore, two distinct operations. The first consists in deter- 
mining the direction and length of an arc on the terrestrial meri- 
dian. The second has for its object the measure of the angle 
contained between the verticals at the extremities of this arc. 

We shall commence with this last, because the process which 
it requires is easily described. We have only to observe the 
latitude of each of the extreme points of the arc to be measured* 
The difference of these latitudes is the angle which the two ver- 
ticals make with each other. 
Fig. 18. For, let ZO, ZC, be two verticals at the points O, O, of the 
meridian 00*^ and let us suppose that the verticals produced 
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towards the interior of the earth, meet at the point 0. Draw 
the horizons Off, OH^, perpendicular to these verticals, and the 
yisual rays OP, OF, whicbi being directed towards the same 
celestial ^)ole, will be parallel. The angles POH, FOH', will 
represent the altitude of the pole above the horizon of each 
place ; and, if OH'' be drawn parallel to OIP, the angle HOW 
will be the difference of these two altitudes. But the angle ^^ ^^ 
HOH" is equal to the angle UCO or Z'CZ. Consequently, if 
at two points nkuUed on the same terrestrial meridian, the Mttid^ 
of the pok, or latitude of the place he measured, the difference of 
these altitudes or latitudes^ will give the angle formed by the two ver^ 
ticals at these points* 

96. We proceed now to trace the meridian line. It is pro- 
posed to continue it for a considerable extent over the earth's 
surface* The transit instrument placed exactly in the meridiaUi 
affords a very simple and exact means of effecting this object. 

The instrument having been regulated by observing circum- 
polar stars, or by any other method, direct it towards some dis- 
tant terrestrial object. Upon this object note the point which is 
on the vertical wire in the middle of the telescope, and this point 
will be in the meridian. A line drawn from the observer, or 
from the centre of the telescope, to this point, will therefore 
mark the direction of the meridian. We may thus note two 
points A" and S, in a horizontal direction, the one north and the 
other south of the instrument. 

Remove the instrument to the vertical of the point JV, and fix 
it at the foot of this vertical, that is, at the point where it meets 
the terrestrial surface, and direct the telescope to the signal 5 
or to the point of the first station. When the point falls on the 
wire of the telescope direct it towards the north, and place in 
the direction of the wire another signal JV' ; this will be in the 
first meridian produced. By removing the instrument to the 
foot of the vertical Ji', and regulating it as beforet we can deter- 
mine towards the north a third signal Jf'\ and so on to an indefi- 
nite extent. If we designate by w9 the first station, and by F, 
P, F', the feet of the several verticals, the series of points •/!, 
F, P, P'j will indicate upon the terrestrial surface the meridian 
of the first station produced, which may be continued from oo^ 
side of a continent to the other. 

Astron* 7 
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97. The line drawn in this manner will be a terrestrial meri- 
dian only when these meridians are plane curves ; in any other 
case the celestial meridians of the points A^ F, P, P\ will be 
different. But, we shall soon see by the results of the observa- 
tions, the difference is so inconsiderable that it may be neglected 
in the small extent ordinarily embraced by observations made 
in the same country. 

It is moreover necessary to suppose that the surface of the 
country is throughout horizontal, that is, that its convexity is the 
same with that of the surface of the sea, and without interruptioa 
from elevations or depressions. This circumstance may take 
place, though rarely, upon the borders of the sea. It is thus, 
that the direction of the meridian has been traced in Pennsylva- 
nia ; and the interval of the two stations being measured by a 
chain was found to be 538077,94 feet, the temperature being 
61^,25 by Fahrenheit's scale. 

The latitude of the northern extremity of the arc> „go ^g, ^^, 

was found by accurate observations to be y 

The latitude of the southern extremity . ... 38 37 34 



Difference, or the arc of the meridian compre- ) -^ ^q/ 45// 
hended between the two stations > 

98. Now, if we suppose the earth sensibly spherical for a 
small extent about the observed points, the angles may be sup- 
posed proportional to the arcs, and the length of a degree will be 

^^^sTy^^ ^ or 363771 feet, or 68,896 miles. 

. If the earth were exactly spherical, we might hence calculate 
its dimensions ; for the value of a degree being 68,896 miles, the 
entire circumference would be 360 X 68,896 = 34803 miles. 
This, divided by 3,1416, gives for the earth's diameter 7895 
miles. But these results must be considered as conditional till 
we have compared the values of degrees in different latitudes. 

99. The above process is undoubtedly the most simple that 
can be imagined ; but the circumstances under which it is to be 
employed very rarely occur. It requires a level open country 
of considerable extent. And when this cannot be met with, 
astronomers are obliged to resort to a different method to attain 
the same end. For this purpose, a series of spherical triangles 
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is constructed extending nearly in the direction of the meridian 
The first triangle ABC has for its vertex the point of departure f «• i^ 
A. The two other angles B and C have for their vertices any 
two visible objects. This first triangle is horizontal. We ob« 
serve its angles, measure one of the sides AB, and determine the 
angle which it makes with the meridian. From these data we 
readily calculate the two other sides j4C, J9C, the point M, 
where BC meets the meridian, and the distance AM compre- 
hended between this point of meeting and the point of departure 
A. We then form a second horizontal triangle CBD, with the 
two objects C, J3, and a third D, which can be seen at these two 
stations. On account of the roundness of the earth, the second 
triangle is not in the same plane with the first, and has nothing 
in common with it except the side EC. The meridian lineAM^ 
in the first triangle, if produced, will be elevated above the plane 
of the second. But it can be reduced to this plane by making 
it turn. about BC as an axis. In this motion the angle M'MC is 
not changed, because MM' describes a conical surface, and as 
the two triangles ABC^ BCD^ are very nearly in the same plane 
each point of MM' describes only a very small arc of a circle, 
which may be considered as a straight line perpendicular to the 
plane of the triangle BCD. So that the whole process is re- 
duced to bringing down the line MM' according to a vertical 
plane passing through the pouit M'. The meridian thus pro- 
duced, meets the side BD of the second triangle, in a point M^ 
whose position and distance are determined as in the preceding 
case. This series of triangles may be continued in this way 
through any extent. 

Such is the nature of the curve traced by operations which 
are called geodesic. Its first side is a tangent to the surface of 
earth ; its second side is the first produced, and reduced to the 
horizon, and so of the rest. It is evident that this construction 
gives the same result as the direct measurement of an arc of the 
meridian in a level country. 

100. To execute literally such an operation, it would be neces- 
sary to find a series of points situated at precisely the same dis- 
tance above the terrestrial surface, and disposed in such a manneir 
as to serve for the vertices of successive triangles. Then, in reality, 
the sides of the triangles would be the chords of the same spheri- 
cal surface, the form of the earth being considered as spherical 
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in the small Extent usually embraced by operations of this kind* 
The measured angles will be those formed by the chords, and 
the planes of the different triangles will follow the convexity of 
this sphere, so as to be always horizontal. It is not possible 
always to obtain signals of the same elevation ; while some are 
in the horizon, others will be elevated above it. But this diflS- 
Top.174. culty is remedied by rtducipg all these angles to the horizon, and 
considering the several stations as projected upon the same sphe- 
rical surface, and as forming upon this surface a series of spheri- 
cal triangles the angles of which are known. With these data, 
and the length of one of the sides directly measured, we can 
easily calculate all the other sides, all the chords, all the angles 
comprehended by them, and finally the length of the meridian' 
itself. 

301. This method has been employed by many astronomers, 
and the length of a degree of the meridian has been determmed 
in different countries and different latitudes. 



Places of 


Latitude. 


Length of a degree 


Observen. 


Peru 


(fiWWN. 


68,732 


Bouguer 


Pennsylvania 


39 12 


68,896 


Mason and Dixon 


Italy 


43 01 


68,998 


Boscovich and Lemaire 


France 


46 12 


69,054 


Delambra and Mechain 


England 


51 29 54i 


69,146 


Mudge 


Sweden 


66 20 10 


69,292 


Swamberg. 



102. Thus it appears that the degrees of the terrestrial meri- 
dian are unequal; therefore the earth is not spherical. The 
length of a degree increases as we approach the poles. The 
convexity of the meridian is therefore diminished towards the 
same parts. Consequently the earth is an oblate spheroid whose 
greatest diameter is that of the equator. By comparing the de- 
grees in different latitudes, their increments from the equator to 
the pole are found to be nearly in the ratio of the squares of the 
sines of the latitude. 

But it will be seen at the same time that this spheroid deviates 
but little from a sphere ; for the maximum difference between 
two degrees, does not amount to the ^V P^^ ^f ^^^ length of out 
of them. 
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103. The measurements that iiave been made in the northern 
hemisphere, prove, as we have seen, that the meridiaos are not 
exactly circles* There is cren reason to believe that the por- 
tion of the earth on the south side of the equator is not symmet- 
rical with that on the aorth. A degree measured at the Cape of 
Good Hope, in latitude S3P W W^ south, is found to be 69,076 
miles, and consequently greater than a degree measured in 
France in latitude 4^ IS' north. 

It woald appesr, tberdbre, that strictly considered, the figure 
of the earth is sctoaily irregular, and very complicated. 

104. Besa with these irregularities, all we can do is to con- 
sider what corve will most nearly correspond with actual obser- 
vatioo. This curve will differ from a circle. It must be elon- 
gated at the equator where the degrees are less than in any 
other paitf and compressed at the poles where the degrees are 
greatest. The ellipse is the most simple curve which answers 
to these conditions, the transverse axis being in the plane of the 
equator, the extremities of the conjugate at the poles, and the 
centre at the centre of the earth. But this is not all ; there is an 
infinite number of ellipses which may be so placed, among which 
we most choose that which best answers to the lengths of the 



To have a complete idea of the operation in question, it is 
necessary to know that through each point of an ellipse or of any 
other curve, a circle may be drawn touching it, which shall 
approach to a coincidence with it more nearly than any other 
circle. This is called the osculating circk^ and is confounded 
with the ellipse for a small extent about the point of contact, so 
that for this space we may suppose the degrees measured on the 
circumference of the circle instead of being referred to the 
ellipse. The radius of the osculating circle varies with the cur- 
vature of the ellipse, but its value may be calculated for each 
latitude in a function of the two axes of the ellipse. This value 
being multiplied by 2 X 3,1416, the ratio of the circumference 
of a circle to radius, and divided by 360, will give the length of 
a degree. Accordingly, by putting this expression equal to the 
obeerved lengths of two degrees, measured in two different lati- 
tudes, we shall have two equations by which we can determine 
the two axes of the eUipse ; these are the two unknown quanti- 
ties of the question to be solved ; then, every thing being known 
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in the expressioQ for any degree, we calculate this expression 
for each latitude. The result of the calculation is found to ap- 
proach so near to observation, that the difference may be safely 
neglected, even in the most delicate inquiries. 

105. To arrive at the result in question it is necessary to com- 
bine together degrees taken in very different latitudes, and meas- 
ured with great care. On both these accounts the arc measured 
at the equator by Bouguer and La Condamine, and that meas^ 
ured in France by Delambre and Mechain, are to be preferred. 
By combining them together in the manner above indicated, 
Delambre found for the ellipse the following results. 

Semitranverse axis or radius of the equator 3963,3 miles. 
Semiconjugate axis or radius at the pole 3950,4 

Difference of the twb axes • • . 12,8 

This difference, divided by the semitransverse axis, is called 
the oblaieness of the earth, since, according as it is greater or 
less, the terrestrial spheroid is more or less oblate, or compressed 
at the poles. The oblateness, as deduced from the above values, 
is ^J^y nearly.* This result is proved to be very near the truth 
in several different ways. The lunar motions, depending upon 
the particular figure of the earth, give for the oblateness j\j ; 
and, from observations on the pendulum in different latitudes, it is 

computed to be -rrriJ- It will be perceived that the terrestrial 



* Or more accurately 808,66, the original measures in toises being 
retained, 
t The oblateness deduced from observations on the pendulum, is 

often stated to be from Laplace's Micanique Cileste. But a 

mistake has been detected in Laplace's calculations by Dr Bowditch, 

which reduces it to -rrr-^* See Mem. Am. Aead,^ ^c, vol. iv. p. 30. 
315,7 

Later and more exact observations on the pendulum, as reported by 
Biot and Arago, make the oblatenes ^^j. Laplace, after an elabo- 
rate discussion of the measurements and observations belonging to the 
different methods above referred to, for obtaining thb important ele- 
ment, concludes that all the phenomena appertaining to the point in 
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ellipse differs but very little from a circle, as might be foreseen 
from the small difference in the lengths of degrees. 

According to the preceding values the fourth part of the ter- 
restrial meridian, considered as elliptical, has for its length 6214 
miles. From the equation of the ellipse, we can, in like manner, 
calculate the length of the terrestrial radius for any given lati- 
tude. One of these is particularly worthy of attention, namely, 
that which answers to the latitude of 45^; since, being near the 
middle between the equator and the pole, it may be considered 
as the mean radius of the earth. It is found to be 3956 miles. 
Moreover, it appears that the length of a degree in this latitude 
is 69,05 miles. 

"106. Hitherto we have studied the figure of the earth only in 
the direction of the meridians. To understand it fully, it is 
necessary to examine it in the direction of the parallels of lati- 
tude. This object is effected by tracing in the direction of the 
parallels geodesic lines, by the process above employed in the 
case of the meridian. 

It is important to remark, that these geodesic lines are not 
terrestrial parallels. They have indeed a property in common 
with the parallels, which is that of cutting the meridian at right 
angles at the point of departure. But the parallels preserve this 
property with respect to all the other meridians which they 
meet ; whereas the perpendiculars under consideration, possess it 
only in the case of the first. Hence, according as they depart 
from this plane, they deviate more and more from the parallel 
with which they coincided at the commencement. For exam- 
ple, the earth being supposed to be spherical, the perpendiculars 
to the meridian are great circles, the planes of which pass through 
the centre of this sphere, and all the perpendiculars to the same 
meridian intercept each other at the poles of this meridian d(P 
from the point of departure. 

107. If the supposition that the earth is a spheroid of revolu- 
tion is not altogether exact, it docs not deviate much from the 



question, taken together, indicate an oblateness equal to ^ . 

See Reauil d^Observatitms Geodisiques^ &c., par MM* Biot et Arago^ 
p. 574, te;. 
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truth ; and the error thus occasioned is altogether insensible in 
nearly all the applications which we have occasion to make. 
In order to attain to precise notions as to the consequences to 
^^* be derived from such a supposition, let MEOP be an ellipse 
representing the terrestrial meridian. The semitransverse axis 
CE will be the radius of the equator; and the semiconjugate axis 
CP will be the radius at the pole. For any point O, situated on 
the meridian, CO will be the terrestrial radius, and, drawing the 
normal JVOZ, this will be the vertical of the place, and Z the 
senith, as given by the plumb line. It is accordingly about this 
vertical that the zenith distances of the heavenly bodies are ob- 
served, and not about a terrestrial radius, as in the case of the 
sphere. For this reason, and in conformity to (he general defini- 
tion of article 85, the latitude on a spheroid will be equal to the 
angle £JV*0, comprehended between the normal and the equator ; 
whereas on a sphere it is the angle ECZ' formed by this same 
axis and the terrestrial radius. All these differences proceed from 
this, that the terrestrial radius and the vertical are two distinct 
and separate lines, except at the pole and equator where they 
are confounded. But between these points the angle ZOZ' varies 
according to laws easily calculated, and its absolute values de« 
pend on the oblateness of the earth. If the oblateness is very 
small, the greatest value is found very nearly in the latitude of 
45^; and is equal to 11' 9^^,39, the oblateness being supposed 

^ , as given by a comparison of the degrees measured io 

France and at the equator. 

108. The effect of this oblateness may be wholly n^lected in 
navigation, and all degrees of latitude be considered as equal. 
For the difference arising from this cause, even in a long run, 
can never occasion a considerable error, or expose one to dan* 
ger. This conclusion is of great importance^ for by observing 
each day the meridian altitude of any star, seamen find by the 
increase or diminution of these altitudes, how much they have 
advanced to the south or to the north, and what course they are 
pursuing. 
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ConsidtroHans on the Apparent Diumal Motion of the Heavens. 

109« Ws have now discovered in a manner the most satisfao 
tory, that this earth which seems to us so vast, is, at it were, a 
globule in space, and nearly of a spherical form* We have dis- 
covered, moreover, by combined observations of altitudes and 
transits, that the whole system of heavenly bodies seem to turn 
circularly and uniformly about an axis passing through the mte- 
rior of the earth, according to a direction that we have deter- 
mined. This motion takes place without disturbance. The an* 
gular distances of the stars remain invariably or almost invariably 
the saoie ; some of the heavenly bodies however, as the sun, 
foaooD, planets, and comets, are exceptions to this law. Their 
relative distances vary, and their apparent diameters undergo 
considerable changes, which, magnified by the telescope and 
measured by the micrometer, become sensible, even after short 
intervals of time. With this exception the bodies in question, 
like the rest, are subjected to the general laws of diurnal motion. 
The enlargement of the discs, by the telescope, indicates that 
the moon, sun, planets, and comets, are incomparably nearer to 
us than the stars. Moreover, the variation in their apparent 
diameters, proves that these bodies are not always at the same 
distance from the earth. But it does not teach us whether the 
sun, planets, &c., are really in motion, the earth being at rest, or 
whether the earth approaches to and recedes from these bodies. 
When the sun seems to us to come nearer the earth, a spectator 
in the sun would, in like manner, suppose himself at rest, and 
that the earth was in motion towards him. The same may be 
said of the diumal motion of the heavenly bodies. We cannot 
infer that they actually revolve ; for the appeal*ances would be 
precisely the same on the supposition that the earth turns on its 
axis. Carried along with the bodies which surround us, the sea 
and the atmosphere, we seem to be at rest. And when the earth 
by its rotation presents us successively to different points of the 
heavens, we imagine that it is really the heavens which revolve 
about us. 

110. We have frequent examples of this sort of deception. 
We often attribute our own motion to external objects. A tra^ 
Astron. 8 , ^^^T^ 
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veller, seated at the bottom of a carriage in rapid motion, sees 
the trees on each side approach swiftly towards him. Another 
person, sitaated in the same carriage, and looking out behind, 
will see the same trees flying from him. 

In the evening when the sky is partly covered with clouds, 
driven along by the wind, if we look at the moon or a star in 
their neighbourhood, it will seem to move in a contrary direc- 
tion, and it is very difficult, if not impossible, to resist the illusion. 

111. Several causes conspire to make us judge erroneously of 
motions which take place without us. 1. We suppose our eyes 
at rest when the motion by which we are carried, is not the 
actual effect of our own volition, or an immediate result of the 
action of our organs. The illusion is so much the stronger as the 
motion is more rapid, especially if we are not apprized of it by 
any sudden jar. 3. We are led, by habit, to leave out of considera- 
tion the motions of which we ourselves partake, since they do 
not prevent our taking hold of objects which are displaced at the 
same time with us. 3. Among distant objects it is always the 
small ones which seem to be in motion. Those which appear 
larger and more difficult to be moved, we are apt to think immo- 
veable. Thus the moon and stars, appearing very small compar- 
ed with the masses of cloud which often surround them, the mo- 
tion is referred to them and not to the cloud. We are, moreover, 
deceived in this particular by habit, small objects being for the 
most part in motion among large ones, as birds, &x., among trees 
and mountains. But these false judgments are easily corrected 
when we have acquired a just idea of motion ; and, if it is not 
always possible to guard agaiiist illusions thus produced, we can 
at least discover the error and avoid its consequences* 

112. We hence conclude that whatever motion the earth may 
actually have, if all the objects situated on its surface par> 
take of this motion, we cannot perceive it; and to us it is as 
though it did not exist. But, on the other hand, it is equally 
necessary that this motion should appear general and common 
with respect to all visible objects, removed from the earth, that 
are foreign to its motion. Thus the true method by which we 
are to learn whether a motion is to be attributed to it, is to con- 
sider and observe whether among the bodies separated from us, 
like the planets, we discover a common motion which belongs 
to them all. For, a motion which is observed, for example, only 
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in the moon, and which does not take place with respect to the 
planets or the stars, can only be attributed to the moon. There 
is nothing more general in this respect, than the diurnal motion 
which comprehends ail the heavenly bodies, and is from east to 
west. Thus, from appearances merely, this motion may with as 
much reason be attributed to the earth simply, in a contrary 
direction, as to the rest of the system, the earth being excepted. 
The same may be said with respect to other motions, which, 
though small, are general, and whose existence we have recog- 
nised. These motions cannot well take place among the stars, 
for the appearances would be precisely the same if the equator 
and the axis which is perpendicular to.it, remaining fixed with 
respect to its surface, were gradually displaced in the heavens. 
The height of the pole above the horizon of each place would 
he constantly the same. All terrestrial objects would preserve 
their respective positions, and we should imagine ourselves stilt 
at rest in the midst of them. The stars and other bodies would ap* 
pear to us, therefore, to perform in the heavens, all the motions 
which the earth is supposed to have in the opposite direction. 
Appearances themselves present absolutely nothing by which it 
can be decided which of the two hypotheses is true. In this 
uncertainty the only proper course to be pursued is to study 
carefully the phenomena of the celestial motions, and to see 
which of the hypotheses explains them in the simplest manner. 



njpieal Can$equenc€i of the EariKs Oblatenesa. Le§^ih of the 
Pendulum vibrating Seconds in different LaHtudes. 

lis. Although the oblateness of the earth is very small, it is 
extremely important on account of the consequences which it 
bvolves. 

We see, in the first place, that the action of gravity, always per- 
pendicular to the surface of the earth, or in the direction of the 
Vertical, does not tend to the centre of the earth. These direc- 
tions deviate from the centre, by a very small quantity, accord* 
ing to the degree of oblateness. There is, therefore, a connex- 
ion, a necessary connexion, between the figure of the earth and 
gravity. By pursuing this connexion we may perhaps discover 
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whence arises this oblateness, and to what probable cause it is 
to be attributed. 

114. We observe generally, that gravity acts upon all terres- 
trial bodies by a kind of force which draws them towards the 
earth. This force exists upon the tops of mountains and at the 
bottom of the deep^pt excavations. We may, therefore, consider 
the entire earth as composed of an infinite number of material 
particles united and concentrated by gravity. 

If there was a time when these particles were not in a solid 
mass, if they were ever in a yielding state which would allow 
greater freedom to their motions, they must have arranged them^ 
selves in the manner required by the forces which are exerted 
upon them ; and if we suppose them drawn together by gravity 
alone, they would unite in a spherical mass, like drops of water 
or mercury. Now it appears from a great number of facts in 
natural history, that this state has really existed, and that the 
earth was once a fluid. But since it has not taken the spherical 
form, we must conclude that some other cause has been exerted 
upon its particles and contributed to their actual arrangement. 
This may be easily explained if we suppose the earth to revolve 
upon its own axis once in twenty-four hours, tor then its oblate- 
ness might be ascribed to the centriji^al force derived from its 
rotatory motion. 

It will be seen that if the earth revolves, its diflferent parts 
would have a tendency to recede from the axis of rotation. This 
centrifugal force, increasing with the velocity, would be greatest 
in the equatorial parts which describe the largest circle. It 
would be nothing at the poles which are fixed, and it would 
decrease by insensible degrees from one limit to the other. 
The earth, by the action of this force, ought therefore to become 
flattened at the poles and protuberant at the equator. Thus ob- 
lateness would be a necessary consequence of such a rotation, 
and therefore, as it is found actually to exist, it is a strong proof 
of the rotation in questiixi. 

115. There are striking analogies which confirm us in this 
hypothesis. Among the planets there are several, as Jupiter, 
Saturn, and Mars, whose oval discs afibrd unequivocal evi- 
dence of their spheroidal figure. Observing them with care, we 
discover upon the surface of their discs, spots whose regular 
change of place and periodical return, leave no doubt of the 
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lotatory niotion of the planet about its shorter diameter. Why 
then should not the earth, which resembles the planets in its 
spheroidal figure, have like them a rotatory motion about its 
axis ? So far from this conclusion appearing extraordinary, we 
should, on the other hand, be surprised if the fact were other- 
wise. 

116. We are led by this induction to another consequence not 
less important. If the earth were spherical, the attraction ex- 
erted by the mass upon the different parts of its surface, or what 
IS the same thing, the weight which draws bodies towards its 
centre, would be every where the same. But its spheroidal form 
destroys this equality, and the attraction ought to increase as we 
proceed from the equator to the pole, according to the square of 
the sine ot the latitude ; this is proved by calculations which we 
cannot here make known. Now, if the earth revolves about its 
sherier axis, another cause must combine with the preceding. 
The action of the centrifugal force will diminish the effect of 
attraction. But this diminution varies also from the equator to 
the pole, since, by approaching the pole, the centrifugal force, 
always perpendicular to the axis of rotation, becomes more and 
more oblique to the earth^s radius, and consequently to the 
direction of gravity. It is also easy to prove by mechanical 
principles, that this diminution is proportional to the square of 
the sine of the latitude like that of attraction. Thus, from the 
effect of these causes, the absolute weight which we observe, that 
is, the excess of attraction over that part of the centrifugal force 
which is in the direction of the radius, ought to vary from (he 
equator to the pole according to the same law. Consequently, 
in passing from the equator to the poles the fall of bodies ought 
be accelerated proportionally to the square of the sine of the 
latitude, and the same bodies ought to become heavier, according 
to this ratio. 

The vibrations of the pendulum afford a simple means of veri- 
fying this fact. If the fall of bodies is accelerated, the vibrations 
must be more rapid, and the increase of weight may be calcu- 
lated from their rapidity. For, it has been shown in mechanics 
that the lengths of pendulums vibrating in the same time, are pro- Mecb. 
portional to the intensity of this force. Now, by carrying the ^**^* 
same pendulum to different parts of the earth, it has been found P"*^- 
ta move faster as it departs from the equat<»r ; and this accelera- 
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tion, the laws of which have been determined with great exact* 
ness, is in fact proportional to the square of the sine of the lati* 
tude as required by the rotation of the globe. 

117. To place this fact in a clear light, it will be sufficient to 
state the lengths of the pendulum vibrating seconds, as observed 
in different latitudes. 

Stations. Latitad«8. Length of the seoonds Peadolom f. 

St Thomas 0^24' Al" N. 39,02074 E. inches. 

Trinidad 10 38 56 39,01884 

New York 40 42 48 39,10168 

Hammerfest 70 40 05 39,19519 

Spitsbergen 79 49 58 39,21469 

It will be seen from these results, that the seconds pendulum 
increases in length as we depart from the equator ; whence it 
necessarily follows that gravity increases as we proceed in the 
same direction ; for, since the length of the pendulum is greater, 
if gravity remained the same, the vibrations would be slower. 
Moreover, the variations of their lengths are very well repre* 
sented by increments proportional to the square of the sine of 
the latitude, as may be readily seen by the numbers given in 
the preceding table. The increase of gravity from the equator 
to the pole, is therefore a new proof of the rotatory motion of 
the earth. Besides, it is shown by calculation, that the length of 
the seconds pendulum, in different places, is proportional to the 
force of gravity by which it is moved. Whence, the ratios ex- 
pressed in the above table, ought to represent the successive 
weights of the same mass transferred successively to different 
latitudes. 

118. The rotation of the earth becomes further evident from 
another remarkable phenomenon, namely, the deviation of bodies 
which fall from a great height. To understand this, let us im- 
agine a heavy body placed at a great distance from the earth's 
surface, at the top a high tower, for example. If the earth is at 
rest the body will fall at the foot of the tower in the directiw of 
the vertical. But if the earth turns upon itself, bodies which 
partake of this motion will have at the commencement of their 

t The solar day of 86400", and not the sidereal day^ is here used. 
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foil, a Telocity of rotation exceeding that of the base of the tower, 
oo account of its greater distance from the axis of motion. Thus, 
when a body falls by the combined effect of this horizontal mo- 
tion and that of gravity, it ought to meet the earth a little in 
advance of the vertical io the direction of the earth's motion; 
and consequently, after its fall, it will be at a little distance to the 
east of the tower ; this is confirmed by experiment. 

The extent of ibis variation has been calculated for different 
heights upon mechanical principles, and theoretical results are 
found perfectly to agree with those of observation^ 



Cf the Aimosphert and its EfftcU. 

119. The air, notwithstanding its transparency, intercepts a 
sensible portion of light, and reflects it like all other bodies. 
But the particles which compose the atmosphere being extremely 
small and far removed from each other, we cannot perceive them, 
except when they are united in a great mass* In this case, the 
many luminous rays which they send back, produce on our 
organs a sensible impression, and we see that the colour is blue. 
Indeed the air gives a bluish tint to objects before which it is 
placed* This tint is very sensible b the case of distant moun* 
tains, and it is so much the more so as they are more distant. 
In order to represent distant objects it is necessary to diminish 
their brightness, and to reduce the proper colour by a mixture 
of blue, more or less deep. It is moreover the proper colour of 
the air which constitutes the blue colour of the sky, that azure 
yaalt which appears to surround us on all sides, and to which 
all the stars appear to be attached* According as we rise into the 
atmosphere this colour becomes less striking. The brightness, 
which it diffuses all around us, diminishes with the density of the 
air which reflects it, and upon a high mountain or in a very ele- 
vated balloon the heavens appear almost black* 

t This is not the place to bring forward all the arguments which 
we are able to produce on this question. As astronomical phenom- 
ena multiply, they present new proofs, which at length leave no 
doubt of the truth of the doctrine here advanced. 
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The air is not self-luminous. The light which it sends to us, 
comes from the sun and other heavenly bodies. This colour 
proves that it reflects the blue rays in a greater quantity than 
the others. The air surrounds the earth like a bright veil, 
which multiplies and propagates the light of the sun by an infi- 
nite number of reflections. It is by means of it that we enjoy 
the light when the sun is no longer above the horizon. After 
the rising of this luminary there is no place so secluded, provid- 
ed the air can gain admission, which does not receive more or 
less light, although the rays of the sun do not reach it directly. 
If there were no atmosphere, each point of the terrestrial surface 
would receive only the light which comes to it directly. On^ 
ceasing to look at this luminary and the objects illuminated by 
its rays, we should be immediately enveloped in darkness. The 
solar rays reflected by the earth, would be lost in space, and we 
should be continually exposed to severe cold. The sun, even 
when near the horizon, would shine with the whole of its light, 
and instantly upon its setting we should find ourselves in pro- 
found darkness. In the morning, when this luminary appears, 
day would succeed to night in the same sudden manner. 

We are able to judge of these effects by what is already 
known to take place on the tops of high mountains, where the 
air is very rare. It is notorious that extreme cold prevails 
in these regions. Very little light is received, except what 
comes directly from the sun and the other heavenly bodies. 
The air reflects so small a quantity at these heights, that by 
standing in the shade one may see the stars at midday. 

130. On the general level of the earth^s surface the influence 
of the atmosphere is such that the rays of the sun, light up the 
whole heavens and, by innumerable reflections, are diffused in 
all directions. In the evening, when the sun sinks below the 
horizon, its light is still showered upon us from the higher re- 
gions of the atmosphere under the name of tToUight^ and we pass 
by slow and imperceptible degrees from the full splendor of day 
to the obscurity of night. A similar phenomenon takes place in 
the mornbg, while the sun is yet below the horizon, and the 
gradual approach of day is governed by the same beneficent 
influence which tempers its evening decline, 

121. The duration of morning and evening twilight depends 
therefore, other things being the same, on the height of the 
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atmosphere, or more correctijr, on the height of those parts of 
the atmosphere whose deositj is suflScieDt to reflect a sensible 
portion of light. It accordingly varies with the state of the air. 
Its duration is increased on this account in summer, when the 
air is more dilated by beat. It is also for the same reason, lon- 
ger in the evening than in the morning.t 

123. To Gomplete the results made known in the preceding sec- 
tions, and to give to (hem all the evidence and rigor which belong 
to established truths, we must determine the influence of the at« 
mosphere on the phenomena of the heavens ; and if, in ascertaining 
the true efiect of the diurnal motion of the celestial sphere, we 
have ahieady supposed the observations freed from all optical 
illusions, that we may avoid a peiiiio pnnc^'t, we must demon- 
strafe that the corrections thus required, can be deduced from 
data purely physical, founded on the constitution of the atmo- 
sphere, independently of any knowledge of the motions of the 
heavenly bodies. 

133. The atmosphere being composed of an infinite number 
of strata whose density increases as they approach the earth, 
the rays of light in traversing the atmosphere are afiected in the 
same manner as if they passed successively through different 
media ; and in passing obliquely they ought to be inflected to- 
wards the earth, according as the density of the atmosphere is 
increased. This is exhibited in figure 31, where the broken 
line RBfBf'Rf''^ represents the successive directions which a ray 
of light would take in traversing the successive strata of the 
atmosphere jf , A\ A"^ A'". 

But as the density of the atmosphere continually increases 
towards the earth, the broken line above supposed to be described 
by a ray of light, becomes a curve concave towards the terres- 
trial surface. 

This ray, therefore, comes to the eye of the observer at O, in 
the direction 90 ; and as we always see an object in the direc- 
tion in which the ray enters the eye, the star & will appear 
to be at S. While the apparent zenith distance is Z0&^ the 

f These difierences are not very considerable. The great length 
of the summer twilight over that of winter, is mainly owing to an- 
other cause. See T(>p. art. 9^ 

•Afffnm. 9 
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real zenith distance is ZOS. The difference SOS^ of these two 
angles is called astronomical refraction. 

The effect of this refraction is to give to the heavenly bodies 
an apparent elevation greater than their real elevation. 

124. It will be readily seen that the curve described by a ray 
of light, coming from a star, will be in a vertical plane passing 
through the star. For, as the atmosphere does not extend far 
above the terrestrial surface, and as refraction is, in thb case, 
towards a perpendicular to the surface of the refracting medium. 

Opt. 33. the ray, once in this plane, cannot depart from it. Whence 
we conclude, that the effect of refraction is always in a verticcU 
direction^ that it augments the (qfparent altitudes of the heavenly 
bodies^ and diminishes their zenith distances. 

125. These effects diminish continually as the incident ray 
approaches to a perpendicular. Thus, refraction becomes noth' 
ing at the zenith ; for the ray in this case passes the several media 
in a direction perpendicular to their surfaces, and consequently 
will not be turned out of its course. 

On the other hand, the refraction of rays incident upon the 
same surface, increases with their obliquity. Refraction roUl 
therefore be the greatest possible in the horizon ; and from thence to 
the zenith it will go on diminishing according to a determinate ' 
law. 

126. It is found that the quantity of this deviation from the 
entrance of the ray into the atmosphere to its incidence upon the 
eye of the observer, does not depend upon the degrees by which 
the density of the atmosphere increases toward the earth, but 
upon the total augmentation of this density ; that is, upon the 
pressure of the atmosphere, and the temperature at the place of 
observation ; circumstances which are indicated by the barome- 
ter and thermometer. 

127. The formula which expresses the law of refraction under 
these circumstances is extremely simple, and may be enunciated 
in the following manner. I7ni2er the same pressure and at the 
same temperature^ the refraction is proportional to the tangent of the 
apparent zenith distance of the heavenly body diminished by thru 
times the refraction.* 

* Or more exactly^ three times and a quarter. That is, Z being 
the zenith distance, and r the corresponding refractioDj we have 
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'128. The coefficient of this proportion depends upon the re- 
fracting power of the air under a given pressure and at a given 
temperature. But it has been found by accurate experiments, 
that, when a ray of light passes out of a vacuum into air, the 
temperature being that of melting ice, and the pressure of the 
atmosphere being 39,93 inches, the sine of refraction is to the 
sme of incidence as 1 : 1,0003943331. With this datum we ob- 
tain the coefficient of the refraction under these circumstances ; 
it is found to be equal to 60^^666. 

This value varies with the refracting power of the air and con- 
sequently with its density ; for it has been shown that the re- 
fracting power of the air and its density are constantly propor- 
tional to each other. The density of the air is proportional to the 
pressure which it sustains, and inversely as the bulk which . 
it occupies* This bulk being taken for unity, or represented' by 
1, for the temperature of 33° of Fahrenheit's scale, increases 
0,00908 for each degree of the same scale, the pressure remain- Mecb. 
ing the same. Consequently, m order to reduce the coefficient 
60^^,666, to a given temperature and pressure, it is necessary to divide 
it by unity increased or diminished by so many times 0,00308 as 
there are degrees in the temperature above or below 33°, and to mul- 
tiply the result by the direct ratio of the pressures. 

The coefficient, determined by our experiments, answers to the 
latitude of 45°. If we would find it for any other latitude, always 
considering the pressure as 39,93, it will be necessary to make a 
small reduction. For, gravity fvarying with the latitude, the 
weight of a column of mercury equal to 39,93 inches, varies in 
the same ratio, and consequently the coefficient should follow 
this proportion. But, g representing the force of gravity at the 
latitude of 45°, and g' that of any other latitude L, we have 
g' = g(} — 0,003837 cos SL). The coefficient eo^'See niust,|^g^ 
therefore, be increased or diminished according as the latitude 473. 
is greater or less than 45°, the correction being in all cases 
— 60",666 X 0,003837 cos 3 L, or — O^'H cos 3 L. 

A being a constant quantity for the same pressure and the same tem- 
perature. Under a pressure of 29,92 inches, and at the temperature 
of melting ice, the value of A has been found by exact experiments to 
be equal to WfiGG ; we have, therefore, 

r = 60",666 . tang (Z — 3^5 r). 
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The above corrections bebg made, the coefficient 6(y^,666 
will serve for all parts of the earth, even for mountains as well 
Opt 82. as planes. It is also adapted to all states of the air. 

129. The formula for refractions being thus established, and 
the corrections which it requires being made known, the re- 
fraction may be calculated beforehand for every degree and min- 
ute of latitude, and for all altitudes from 1 1^ to the zenith, with the 
corrections required for the ordinary variations of atmospheric 
pressure and temperature which belong to any climate. A tabk 
of refractions being thus formed, it niay be directly consulted, 
without having recourse, in each case, to calculations by the 
formula. For^ if the observed zenith distance does not answer 
exactly to any one of the numbers in the table, it will fall be- 
tween some two of them, and the correction required may be 
found by a simple proportion. The same method may^also be 
used with respect to variations in the height of the barome- 
ter and thermometer. By means of such corrections, depending 
upon these two instruments, the same table of refractions is appli- 
cable to elevated situations, as well as to the general levd of the 
earth's surface. 

It will be perceived from what has been said, that the indica- 
Opt.83. tions of the hygrometer may, in these experiments, be entirely 
disregarded. 

130. Such are the laws of atmospheric refraction for heights 
greater than IP. When the rays of light make a less angle 
with the horizon ; it becomes necessary to introduce into the 
calculation the law according to which the density varies at dif. 

Top.l6ii ferent heights. It will be perceived that this law must be modi- 
fied continually by winds and other causes, even by those which 
the observer cannot foresee or appreciate. On this account all 
astronomical observations which have not refraction directly for 
their object, and which are not of a nature to be independent of 
it, are made above IP of altitude. If it sometimes becomes 
necessary to observe below this limit, we correct the observa- 
tions by the tables which are extended for the purpose even to 
the horizon. But in this case much less reliance is to be placed 
on the results. 
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OfParallax. 



131. Tbb metbodb of observation wbkb we have now estab- 
lished, relate partkularijr to the fixed stars, and are founded upon 
the 6uppo6ition that tiie stars are at a distance nearly infinite, so 
thai the visual ra/s coming from the same star to different parts 
of the earth may be considered as parallel. This supposition 
cannot be made with respect to those bodies which compose the 
aolar system, since they are very much nearer to us, and are 
therefore seen in different directions in different parts of the 
earth. It is accordingly necessary to consider more particularly 
tbe eflect of this difference of situation, and to find the means of 
applying the proper correction. 

153. When different observers in different parts of the earth 
direct thdr attention to the same planet, they by no means 
refer it to the same point of the heavens. Let !«, for example, Fig. tt. 
be this body, C the centre of the earth, O, O, the positions of 
two observers ; IX)^ LO^ the direction of the visual rays. As 
the heavenly bodies are referred to the extremities of the lines 
in which they are seen, the first observer will see the object in i, 
apon the celestial sphere, and the second in t. The difference 
in these two results will depend upon the angle OLXy^ subtended 
at the body by the chord of the terrestrial arc which joins the 
two places of observation. This angle is called the parallax. 
In the case of the stars it is absolutely insensible, as is evident 
from our observations ; since we have found that the visual rays 
OL^ OL^ may be considered as parallel without any appreciable 
error. 

133. There are certain phenomena which show the effect of 
parallax independently of any astronomical calculations. For 
example, in the preceding figure, if the moon is in L, and the 
sun in 5, much farther from the centre of the earth, the two ob- 
servers will at the same time see the two heavenly bodies, and 
perceive the interval which separates them ; but at the point £, 
situated upon the line SL, which joins their centres, this dbtance 
will seem to vanish, and tbe sun will be eclipsed. So also when 
a cloud passes between us and the sun, we are enveloped in its 
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shadow, while places at a small distance suffer no obscuration ; 
the difference of these effects depends upon a real parallax. 

134. To avoid the irregularities resulting from this cause, and 
render all observations comparable with each other, astronomers 
have agreed to refer them to the centre of the earth, considered 
as spherical or spheroidal ; and they regard as the true place of 
the heavenly body in the celestial sphere^ that in which it would 
appear if observed from this pomt. The point in the celestial 
sphere to which a body is referred when seen from the surface 
of the earth, is called its apparent place. 

136. For the sake of greater simplicity we shall begin by con- 
sidering the earth as spherical, and endeavour to find the true 
place of a heavenly body when the apparent place is known- 
Fig. 23. Upon this supposition let C be the centre of the earth, and O the 
position of the observer on its surface ; the radius CO produced 
will be the vertical. Now, if the observer measure the zenith 
distance of the heavenly body, he will find it equal to the angle 
LDZ*^ if he had observed it from the centre, he would have 
found it equal to LCZ or to LOZ — CLO^ because the angle 
LOZ is the exterior angle of the triangle LOC The angle 
CLO, formed by the two visual rays drawn to the body, is call- 
ed the parallax in eUtitade ; by subtracting it from the apparent 
zenith distance, we haioe the tme zenith distance* We suppose how- 
ever, that the observed distance is previously corrected for re- 
fraction. 

136. The two visual rays OL, CL, being in the same vertical 
plane, it will be readily seen that the effect of parallax is entirely 
in a vertical direction, like that of refraction ; parallax, however, 
is subtractive, considered with reference to the zenith distance, 
while refraction is additive. The effect of the parallax in alti- 
tude, is therefore, to depress a heavenly body in the vertical 
circle in which it is found ; this effect is contrary to that of re- 
fraction, which makes it to appear more elevated. 

137. This depression depending upon the angle OIX^^ is by 
no means the same for all altitudes. The distance of the body 
from the earth being supposed constant, it is the greatest possible 

FifrM. at the horizon, as OL'C. The angle ODC is called the hori- 
zontal parallax. If from the point U there be drawri two tan- 
gents to the circle 0(y, which represents the contour of the 
earth, the horizontal parallax will be the half of the visual angle 
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OL'O', under which the earth will be perceived by an observer 
situated in the heavenly body ; or, what amounts to the same 
thing, it will be with respect to this observer, the apparent semi- 
diameter of the earth. 

The parallax in altitude, or the angle OLC^ diminishes as the 
star is more elevated above the horizon, and becomes nothing 
when the body is in the zenith, since the visual ray directed to 
the centre of the earth, is the same as the visual ray of the ob- 
server. The law of this diminution is easily calculated by the 
rules of trigonoffletfy, on the supposition that the distance of the 
body from the earth's centre, does not sensibly vary in the inter- 
val of a diurnal revolution ; it is found that the parallax correspond^ 
tng to aty apparent altitude^ is equal to the product of the horizontal 
jparaUax by the sine of the apparent zenith distariceA 

138. The whole process, therefore, reduces itself to determin- 
ing the horizontal parallax. But the mere inspection of the 
triangle OI/C, shows that the sine of this parallax is equal to 

CO R 

-p^^ or to -rr-, calling R the radius of the earth drawn to the ob- 

server, and D the distance of the body from the centre of the 
earth. If this distance can be determined, as we have the radius 
of the earth, the parallax will be known. 

In order to this, the most simple and natural process is that which 
is employed in ti'igonometry to find the distance of an inaccessi- 
ble object, by observing it from the two extremities of a known 
base. Two observers at O, O, situated under the same celes- Rg. 25. 
lial meridian at a known distance asunder, observe, at the same 
time, the meridian altitude of the body at L, or its zenith dis- 
tance. Then, in the quadrilateral LOCCy^ the three angles O, 
(y, and C, are known ; the last being formed by the two verti- 
cals at the places of observation. Wc have, moreover, the 
lengths of the sides OC^ (yC^ which are radii of the earth. We 
can, therefore, construct the quadrilateral, and calculate the 
diagonal OL, which is the distance in question of the heavenly 
body from the centre df the earth. The radius of the earth, 
divided by this distance, will be the sine of the horizontal par- 
allax. 

t The process by which this and other results are obtained will be 
fives in an Appendix to this volume. 
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This method, reduced to calculation, leads to the following 
very simple result. The horizontal parallax is equal to the angle 
at the body in question divided by the sum of the sines of the two 
zenith distances^ if the body is between the zeniths of the two obser* 
vers^ or by the difference of these sines^ if the body is found on the 
same side of the zenith with respect to them both* 

139. It is proper to remark that the angle OLCy^ or the angle 
at the planet or other heavenly body, may be determined imme- 
diately from the differences of declination observed between a 
given star and the planet, and this is the method used by astron* 
omers, since these differences can be easily observed with very 
great exactness. To exhibit this procees let A be a star which 
passes the meridian at the same time with the planet, and 
Fig. «7. through the two places of observation, draw to this star two 
visual rays which may be considered as parallel, since the paral- 
lax of the stars is insensible. Then, the angles LO A, I/y X, will 
evidently be the differences of the observed declination, and 
OLCy^ being the exterior angle of the triangle LOS^ will be equal 
to the sum of these differences. If the planet be on the same side 
of the zenith with respect to the two observers, the angle OIXy 
will be equal to the difference of the angles at O and O. 

We have supposed that the star passes the meridian at the 
same time with the planet or other heavenly body. This is con- 
venient in explaining the method, but it is not necessary in prac- 
tice ; for, if the star passes before or after the planet, their decli- 
nations may be separately observed and the difference taken. In 
order to this, we should choose stars very near the parallel of the 
planet, so that without deranging the instrument, the transit of 
each may be observed, and their difference of declination taken 
with a simple micrometer. This operation may indeed be perform- 
ed with very great exactness, since it is independent of all those 
causes of error which affect the absolute heights of bodies above 
the horizon, and only supposes that the intervals of division of 
the instrument are exact in the small extent embraced by ihe 
observation ; a condition which it is now very common to see 
realized in instruments constructed by good artists. 

Let us take, for example, the observations of Wargentin and 
Lacaille for the parallax of Mars. They compared this planet 
with the star X in the constellation Aquarius. Mars being in the 
meridian of the Cape of Good Hope, Lacaille found that the 
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northen limb of its disc was 2S"^7 north of the star ; its seoith 
distance was 35^ 2% confining ourselves to minutes. At the same 
time and under the same meridian, Wargentin, at Stockholm^ 
observed Mars, while on (he meridian, to be 68^ 14^ distant from 
the zenith ; the nor i hern hmb of its disc being 6f\6 south of the 
star ; the angle at the star was, therefore, 26'',7 + 6'',6, ot 33',3. 
The sme of 68^ 14' is 0,9287, that of 25^ 2' is 0,4231, and their 
sum is 1,3518. This is the denominator of our formula which 

gives P = — ^r~ = 24^^64, for the value of the horizontal par- 

allax of Mars at the instant of observation. It will be seen that 
the numera(or of this expression, or the angle OL(y^ being very 
small, it is not necessary to know with the greatest exactness the 
sioes of the zenith distances, nor indeed the zenith distances 
themselves ; io this consists the great advantage of the method. 

140. If unity be divided by the sine of the horizontal paral- 
lax, the quotient will be the distance of the heavenly body from 
the earth, expressed in a multiple of the radius of the earth ; for 

D:=-: — . From the results which have just been given, the 

distance of Mars from the earth at the instant of these observa- 
tions, was equal to 8373 times the radius of the earth. 

141. The condition that the two observers are exactly under 
the same meridian, seems to limit very much the application of 
the above method. But this is not indispensable. Indeed, it 
will not be at all necessary if the heavenly body which is ob- 
served, has no motion in declination, since then its meridian alti- 
tude will be the same for all places upon the same parallel. One 
of the observers, however, will see the transit after the other; 
but the zenith distance, measured by the second for instance, 
may always be considered as having been observed in the same 
latitude under the meridian of the first. The case is not quite 
so simple if the declination is variable, because there is then 
necessarily some small change in the time which it occupies in 
passing from one meridian to the other. But it b easy to obvi- 
ate this inconvenience by observing for several days in succes- 
«on the meridian altitude of the body. For the successive dif- 
ferences of these altitudes, showing the diurnal change of decli- 
aation, we can ascertain with very great exactness the small 
Variation which it yndergoes during the time of its passage from 
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one meridian ta the other. By iBean& of this correction the two 
observationa can be reduced to the same meridian, and the par- 
allax determined as ire have stated above. To render the appti* 
cation of this method more exact, we endeavour to diminish these 
corrections as much as possible. To this end we select meridi- 
ans which are near each other, and observe the body when in it» 
greatest declinations, because then the motion in declination is 
less than under any other circumstances. We shall by and by 
see the reason of this *, at present, however, we adopt the fact as 
a result of observation. 

142. By a method entirely similar the parallax of the moon is 
determined. The moon^s distance, as computed by astrono- 
mers, is about 60 times the radius of the earth ; whence it will 
be seen that it is much nearer to the earth than Mars. Tiie 
moon's distance from the earth being different at different times, 
its parallax is subject to considerable change, the determination 
of which has very much exercised astronomers ; and they have 
employed different processes in order to determine it with the 
greatest precision. But, as most of these processes suppose a 
thorough knowledge of the motions of the moon, we shall, at pre- 
sent confine ourselves to the above method, which may Jbe con- 
sidered as the basis of all the others. 

143. The parallax of the heavenly bodies makes known not 
merely their distances from the earth ; but, taken in connexion 
with their apparent diameters, it gives their magnitudes also. 
1/ the apparent diameter of a heavenly body be divided by double 
Us horizontal parallax^ we shall hove, supposing it spherical^ the ratio 
of its radius to the radius of the earth* For, double the parallax 

Fig. 98. is nothing else than the apparent diameter of the earth, consider- 
ed as spherical, to an observer situated in the centre of the 
body ; and, at equal distances, the apparent dimensions of 
bodies are proportional to their real dimensions. This theorem 
will be of use in comparing the dimensions of the planetary 
bodies with those of our globe. 

144. The effect of parallax being to depress the heavenly 
bodies, it does not affect their altitudes merely, it alters also their 
horary angles and their polar distances. The changes which it 
produces in these two particulars, are called the paraUax in r^ht 
ascension^ and the parallax in declination. But these are easily 
deduced from the parallax in altitude* 
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Indeed, if tboagll the ejc of the observer, tbe visual rays 
OZ, OIm, QP, be drawn to (be zentth, to the body, and to the ri|.ti. 
pole, these three lines produced will form upon the celestial 
sphere, the Tertices 61 a spherical triangle PZS having reference 
to tbe apparent place of the body. Now, if, from tbe centre of 
the earthi, three other visual rays CZ^ CL^ CP^ be drawn to the 
same points, the two first being parallel to OP and OZ^ on ac- 
count of the infinite distance of the stars, may be considered as 
meeting the celestial sphere in the same points P and Z, that is, 
the angle OPC may be considered as nothing. But the third 
ray CL, differing sensibly from OL^ on account of the parallax of 
the bodyZi, will meet the celestial sphere in a point 9 different 
from & From this there results a new spherical triangle PZfi', 
reference being had in this case to the true places ; these two 
iriangles will have in common the arc PZ, the distance from the 
seoith to the pole, or the complement of the latitude, and the an- 
gle PZS^ equal to the azimuth of the body reckoned from the 
pcAe ; for tbe arcs ZS\ ZS, the true and apparent distance being 
comprised in tbe same vertical plane, the azimuth PZS^ or the 
angle which the meridian makes with this vertical, is the same 
lor the apparent places as for the true. But since the parallax 
in altitude ■SS', is determined by what precedes in a function of 
the horizontal parallax and the zenith distance, it follows that 
one of the two triangles being given, the other is completely de^ 
termined. Indeed, they may be deduced the one from the other 
by the trigonometrical formulas, and we thus obtain the parallax 
in right ascension and declination. {App*) 

145. The values of these reductions are necessary in a great 
variety of cases; they are indispensable in the calculation of 
eclipses, and occultations of the stars. They serve also to find 
the true distance of the moon from a star, in calculating the longi- 
tude. It is evident, indeed, that the parallax changes all these 
elements ; but it is always easy to find by spherical trigonome- 
try, the variations which they ^undergo, after knowing the paral- 
lax in altitude, since this fixes and determines the true place of 
the body in the celestial sphere; we shall accordingly defer 
these different calculations till they shall become necessary ; it 
is sufficient for our present purpose to have stated the principle. 

146. Thus far we have supposed the earth spherical. In this 
case the horizontal parallax of a heavenly body, placed at an 
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invariable distance, is the same to all observers, whatever be 
their situation upon the earth^s surface* But this result does not 
take place, if the terrestrial radii arc unequal, for the horizontal 
parallax is the angle under which the terrestrial radius, corres-. 
ponding to the place of the observer, is seen from the centre of 
the body in question. So that two important questions present 
themselves. Has the oblateness of the earth any sensible influ- 
ence upon the parallax ? In what way are we to allow for it ? 

These questions are easily answered. We have already stated 
that the sine of <he horizontal parallax is equal to the radius of 
the earth divided by the distance of the heavenly body. If this 
distance is constant, the terrestrial radii being unequal, the sines 
of the horizontal parallaxes will be to each other as the corre* 
spending radii, and the parallaxes themselves being very small 
angles, will be very nearly in the same ratio ; the equatorial 
parallax is therefore greater than the polar parallax, by a quan- 
tity equal to ^^^ of its total value. 

The moon's parallax is greater than that of any other of the hea- 
venly bodies ; its equatorial parallax elevates it 1^ or SGW^ By- 
taking the 309th part of this quantity, we have 1 1'',6 for the ex- 
cess of the equatorial above the polar parallax ; the difference is 
less for the intermediate radii, and varies in the ratio of the square 
of the sine of the latitude. But this difference, though very 
small has a very considerable influence upon several astronomical 
phenomena ; fpr example, upon the time of an occultation of a 
star by the moon, and even upon the occurrence of the phenome- 
non* It is necessary, therefore, in many cases to have regard 
to it. 

147. To this end we must adopt some hypothesis respecting 
the figure of the earth. We shall suppose it a regular spheroid, 
since we have found that this figure represents so nearly the 
variations in the lengths of degrees ; and, were it merely an ap- 
proximation, it would be sufficient for the object which we have in 
view. The first thing then to be remarked, is, that the terrestrial 
radius does not coincide with the vertical, and the apparent zenith 
Z, situated in this vertical produced, differs from the true zenith Z', 
Kg. 80. situated in the radius produced. But, it is from the vertical 
that the zenith distances are observed, since this is the line indi- 
eated by the direction of gravity. Thus, to bring observations 
to what they would be if they were made iirom the centre of the 
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«arth, two corrections are necessarj, one to reduce them to the 
true zeniAj the other to reduce them to the centre of the earth. 

148. These corrections are easily made when the heavenly 
body is observed in the plane of the meridian, for example, in 
L or Z/. In this case, the apparent zenith distance is I^OZj if 
the observed body is on the side towards the pole, or LOZ, if it 
is on the side towards the equator. This is the apparent distance 
given by the observation. The true distance sought is VOZ' ot 
LOZ' ; to obtain which it is necessary to add to the apparent 
distance, the angle which the radius makes with the vertical, 
when the body is observed on the side towards the pole, or to 
subtract the same angle, when the body is observed on the side 
towards the equator. 

149. Knowing the zenith distance LOZ% referred to the true 
zenith, the parallax in altitude answering to this distance is found 
in the same manner as if the earth were spherical, except that 
we employ here the particular value of the terrestrial radius OC^ 
which answers to the place of observation. This parallax sub- 
tracted from the zenith distance LOZ^, referred to the terrestrial 
radius, will give the true zenith distance, such as it would be if it 
had been observed from the centre of the earth. (App*) 

150. If the heavenly body is observed out of the meridian, the 
lines OZ, OZ\ and OL, indefinitely produced, will form upon the -^ ^^ 
celestial sphere the vertices of a triangle in which we know the 
side Z5, which is the observed appai*ent zenith distance, the side 
ZZ\ which measures the angle made by the radius with the ver* 
ticai, and the contained angle Z'ZS^ which is the supplement of the 
apparent azimuth of the body, reckoned from the pole, since it 
is formed by the vertical plane SOZ with the plane of the meri- 
dian 4 we can therefore calculate the third side Z'S^ or the ap- 
parent distance of the heavenly body from the true zenith. 

We can also eliminate the azimuth by means of its value in a 
function of the apparent polar distance and the apparent hora- 
ry angle; and, by this means, Z'S is found to be expressed 
entirely in quantities easily deduced from observation. 

Knowing the apparent distance Z'S, we find the parallax in 
attitude for this distance, and for the terrestrial radius OC ; this 
parallax, represented by the small arc SS', will have for its ex- 
pression, n • sin Z'S, n being the horizontal parallax for the 
radius OC. And thus is known the true distance Z'S' = Z'S—- SS', 
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such as it would be if it had beeb observed from the centre of 
the earth* {^pp*) 

151. Now if we would have the parallax in declination and 
right-ascension, nothing is more easy ; for, by referring all to 
the true zenith Z^ the circumstances become absolutely the same 
as in the case of a sphere represented in figure ^9. The expres- 
sions thus found for the parallax will apply to the cases under 
consideration ; only, as the zenith distance of the pole enters into 
these formulas, it will be necessary to use the true zenith dis- 
tance Z^ that is, to augment the apparent zenith distance of the 
pole, by a quantity equal to the angle Z'OZ, formed by the ver- 
tical with the radius of the earth. By means of these results, 
nothing is easier than to obtain the elements of the apparent 
place of the heavenly body, its true place, referred to the centre 
of the terrestrial spheroid, being given. {^PP') 

153. The apparent diameter of the moon in the horizon is 
found to be a little less than at the zenith, if accurately measur- 
ed with a micrometer ; this is the effect of parallax, and is easily 
demonstrated. To this end, let us consider the distance ofxthe 
moon from the centre of the earth as constant ; it will then de- 
scribe its daily circle around this centre ; and the moon being 
Fi§.38. in the zenith at Z, will be nearer to the observer at O, than 
when it is in the horizon at L; for in the circle LZ /, the perpen- 
dicular OZ is less than the half-chord OL. The difference of 
these two distances produces a sensible effect upon the appa- 
rent diameter, which is augmented as the moon rises, {^pp*) 
The law of this increase is readily calculated, and its total value 
from the horizon to the zenith is about ^V? because in the pas- 
sage from one of these positions to the other, the distance of the 
observer from the moon is diminished by a quantity evidently 
equal to the radius of the earth, which is about its sixtieth part. 
The exact agreement of this law with the phenomena, in the 
rising and declining of the moon, leaves no doubt that they are 
to be ascribed to the cause which we have just assigned ; and it 
is readily seen that, if the distance of the moon from the earth^s 
centre is not strictly constant, as we have supposed, the varia- 
tions which this distance undergoes while the body is pass- 
ing from the horizon to the zenith, are too small to produce, in 
this interval, any considerable change in its apparent diameter. 
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153. In what precedes we have not mentioned the parallax of 
the sun. This is in fact so small, that it cannot be ascertained 
precisely by any of the above methods ; and astronomers were 
for a long time ignorant of its value. It has, however, been 
determined, not by direct observation, which is too liable to 
inaccuracy, but from certain ratios, which exist between the 
distances of certain planets and the earth itself from the centre 
of the sun. It will be seen that this indirect method could not 
have been discovered till the planetary motions were known 
with great exactness. We shall, on this account, defer, for the 
present, the explanation of the process. The sun's parallax, as 
thus deduced, is found to be 8/^,8, which gives the mean distance 
of this luminary from the earth equal to 33578 times the radius 
of the earth, or 93276068 miles. Nothing can be determined 
with precision respecting the dimensions of the solar system, so 
long as any uncertainty remains respecting this element. Con* 
sequently, if we would follow the order of discovery, we must 
refer this value to its proper place in the inquiry we are pursu- 
ing, and return afterwards to the several results to be deduced 
from it. Such indeed has been the mode of proceeding by which 
astronomy has advanced. We have been able to make progress 
only by a series of successive approximations. But this course 
alternately direct and retrograde, would be embarrassing and 
immethodical if too closely pursued. We will merely observe, 
that the value of the sun's parallax being very small, the ap* 
fHxiximate results, obtained without considering it, will diifer very 
little from the definitive results at which we arrive by employing 
k in a second approximation. But, this truth being well under- 
stood, it is a much shorter course to admit provisionally the use 
gi so small a correction, whose necessity is recognised, and 
whose value will hereafter be very exactly determined, to the 
end that we may arrive at once at the definitive results. The 
same may be said with respect to the small corrections relating 
to the precession, aberration, and nutation, the application of 
which, for the sake of greater brevity and method, is taken for 
granted before the subject is explained. 
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Of the proper Moiimhs of the Heavenly Bodies and the Means of 
determining tftem. 

154. In the foregoing part we have determined, from certain 
facts, the form of the earth, its dimensions and the place 
which it occupies in space. We have found in its configuration 
fixed data for ascertaining exactly the position of different points 
in the heavens. Furnished with these results, we can follow all 
the motions of the heavenly bodies, and determine very exactly 
the laws by which they arc governed. But there is only one 
sure method of attaining this end, and as it is important that this 
should be well understood in the outset, we shall here explain it, 

155. When a body moves rapidly near the earth, we can, if 
we observe it, know nearly its direction and the course it pur* 
sues. But the motions of the heavenly bodies, at the distance 
at which they are placed, are too slow lo be perceived by the 
eye. They can be ascertained only by comparing their posi- 
tions at different times; in this way we find that they have 
changed their places in the heavens. 

In like manner, when we wish to trace a ^curve, the form and 
law of which are unknown, a number of points are determined by 
observation ; these are then united by a continued line. So also 
in determining the motions of the heavenly bodies, we observe 
each day the point in which they are found on the celestial 
sphere, and afterwards ascertain the form of the trajectory, from 
the condition that the body has passed successively through all 
these positions in the order in which they \^ere observed. 

The place of the heavenly body is found for each day, by 
observing its meridian altitude, and the instant of its meridian 
transit. The altitude makes known its declination ; the time of 
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the transit will give the right ascension with respect to the point 
of the equator which is chosen for its origin. These data will 
determine the point where the body is found upon the celestial 
sphere. The place of a moving bodj being found at successive 
periods, its path in the heavens is thus determined. This may- 
be eflR^ted with very great accuracy by calculation; we are 
thus furnished with the means of tracing the true curve which 
•the body describes ; and are enabled to fix in imagination its 
path f^n the celestial sphere. 

In order to a complete knowledge of the motions of the hea- 
venly bodies it only remains to determine the variations in their 
distances. For this purpose we make use of their apparent 
diameters, which increase as they approach, and diminish as 
they recede. Or, if their diameters are very small, as is the case 
with the comets and most of the planets, they are compared with 
other celestial bodies, such as the sun whose course is previously 
determmed. 

These observations are multiplied and compared with each 
other. They are corrected by taking the most favorable time for 
^each in which the quantities sought, show themselves in an insulat- 
ed state and in their greatest increase. We at length arrive at a 
very exact knowledge of the state of the heavens ; we learn what 
is constant, and what is changing every day, or every year, or 
b periods still more considerable. 

Then the business of practical astronomy is finished, and that 
of theoretical astronomy begins ; we compare similar phenomena 
for the purpose of discovering their relations, that is, the great 
laws to whkh they are subjected, and which are, as it were, the 
common source from which they are derived. 

We next seek, by the principles of mechanics, what force is 
required to be exerted upon the heavenly bodies, in order that 
tbey may observe these laws, and that their motions may agree 
with observation. This force is determined, and it is found to 
be the same for all, namely, one which draws them towards each 
•iber in the inverse ratio ef the squares of the distances, and 
wUch • is consequently called attraction ; not that by this we 
mtmVi express the nature of the power ; we would only indicate 
the manner in which it acts. The efffects of this power, modified 
by the different distances of the heavenly bodies, accounts for 
all astronomical phenomena, which are found to be explain- 
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ed in their minutest details; and astronomy thus becomes a gredC 
mechanical problem, the elements of which are given bj obser- 
vation« 

We may then retrace o«r steps, reduce to numbers the formu- 
las of the celestial motions, deduced from a knowledge of (heir 
causes, and form what are called oitronomical tablts. By these 
tables we know precisely what will be the state of the heavenly 
bodies at any future time, and what it has been at any time [last 
These furnish to navigators the means of knowing their |K>urse, 
to geographers, the means of determining the position of places, to 
husbandmen the rules for regulating their labors, to nations the 
epochs for 6xing their history. Astronomy is thus made to pro- 
duce its proper fruits, which, like those of all the other sciences, 
are general utility and the improvement of society. But to attain 
completely this end, the greatest accuracy is required ; this is 
the constant aim of astronomical labors* It is difficult to im- 
agine the degree of precision to which the science is brought* 
We may judge of it however by this single fact y if a telescope 
were to day directed to a determinate point in the heavens, we 
are able to tell, many years hence, the hour, minute, and sec- 
ond, when a given star will be seen directly in the centre of the 
telescope, so as to cover a wire finer than a hair. 



Of the Sun's Circular Motion* 

156. To measure exactly the right ascension and declination 
of the centre of the sun, we employ the methods^ of observation 
which are explained at length in the foregoing part. The decli- 
nation of the sun is obtained by observing the meridian distance 
of his upper limb from the zenith, and that of bis lower limb. 
These values are corrected for refraction, and their half sum is 
the true zenith distance of the sun's centre. Lastly, this result 
is diminished for parallax, and we have the distance such as it 
would be, had it been observed from the earth's centre. The 
zenith distance of the equator is known by previous observations, 
that is, by the latitude of the place. The difference of these two 
distances is the declinatkn of the sun. 
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In making these observations, we note the contact of the upper 
and lower limb of the sun with the horizontal wire of the tele- 
scope. In this case we have no regard to the breadth of the wire ; 
in reality the observed zenith distance of the upper limb is too 
small bj a quantity equal to half the diameter of the wire, and 
the distance of the lower too great by the same quantity. These 
errors destroy each other in calculating the mean distance of the 
suQ^s centre ; they are added in measuring his apparent diame* 
ter^ The breadth of the wire must therefore be subtracted from 
the result. 

By thus taking from day to day the meridian altitudes of the 
sun, and comparing them, we know its motion in declination. 

157. To obtain the motion in right ascension, we observe each 
day the instant of the sun^s meridian transit, and compare it with 
that of a known star« This is done by observing the contact of 
both the western and eastern limb with the vertical wire of the 
transit instrument, and taking the mean between the two times. 
The error resulting from the breadth of the wire is destroyed in 
this case, as in that of the zenith distance. The time which in- 
tervenes between the transit of the star and that of the sun, shows 
the difference of their meridians. This difference, calculated 
daily, gives the motion of the sun in right ascension. 

By repeating continually these two kinds of observations, we 
shall have all that is necessary for determining the law of the 
sun's motion and its course on the celestial sphere* 
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0,54294 


23,401758 


22,79970 


2a 


72,28744 


0,54305 


23,46022 


22,92768 


23 


72,30213 


0,54322 


23,46491 


23,49676 


27 


72,20199 


0,54322 


23,46476 


23,86592 


Jan. 1807 










1 


71,90716 


0,54322 


23,06995 


0,23090 


2 


71,82453 


0,64322 


22,98730 


0,30874 


9 


71,03846 


0,54311 


22,20124 


0,82320 


10 


70,89636 


0,54311 


22,03913 


0,89388 


11 


70,74604 


0,54306 


21,90972 


0,96638 


25 


67.96238 


0,54234 


19,11517 


1,96150 


28 


66,19391 


0,54217 


17,35669 


2,17052 


February 










3 


65,53727' 


0,64166 


16,70006 


2,67884 


7 


64,33069 


0,54128 


15,49344 


2,84740 


11 


63,05777 




14,22055 


3,11240 


13 


62,39341 


0,54067 


13,55818 


3,24336 


15 


61,71969 


0,54044 


12,88246 


3,37414 


16 


01,37629 


0,54083 


12,53007 


3,43864 


26 
March 


57,78166 


0,53905 


8,94444 


4,07628 


1 


56,65378 


0,53867 


7,81657 


4,26424 


3 


55,89325 


0,53839 


7,05593 


4,38888 


17 


50,42876 


0,53634 


1,69164 


5,24878 


19 


49,63!K)6 


0,63689 


0,80184 


5,37026 


20 


49,244»6 


0,53578 


0,40684 


5,43094 


21 


43,86123 


0,53572 


0,01401 S 


5,49300 


22 


48,46584 


0,63561 


0,38137 N 


6,62134 


22 


48,06092 


0,53646 


0,77630 


5,61268 


25 

April 
8 


47,27560 


0,63511 


1,56342 


6,73376 


41,95915 


0,53300 


6,87807 


6,58258 


9 


41,49381 


0,53284 


7,34341 


6,64346 


25 

May 


35,86896 


0,53050 


12,97327 


7,63056 


33,96214 




14,87506 


8,00868 


2 


33,66008 


0,52956 


15,17714 


8,07218 


16 


29,72612 


0,52789 


18,94910 


8,97824 


17 


29,65707 


0,52778 


19,18015 


9,04414 


25 


28,00309 


0,62700 


20,83414 


9,67662 


27 

Jun6 


27,64693 


0,62678 


21,19029 


9,71124 


12 


25,71262 


0,52578 


23,12460 


10,80540 


13 


25,64833 


0,52573 


23,18889 


10,87450 


20 


25,38420 


0,53545 


23,45302 


11,36948 


22 


25,37243 


0,52545 


23,46479 


11,49768 


24 


25,38740 


0,62539 


23,44982 


11,63620 • 
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Distance of 


/Apparent 
dianieter 
of the Q. 




Times elapaed 


Dates of 


the oei^eof 


Declination 


from trans, of 


Obaerrations. the O firom the 
zenith. 


of the ©. 


Lyra to the 
trans, of Q. 


July 18017 


O 


o 





k 


9 


26,36400 


0,52533 


22,47313 


12,67006 


1» 


26,46968 


0,52539 


32,35354 


12.73828 


11 


26,60778 


• • . . • 


22,23044 


12,80642 


22 


28,38917 


0,52545 


20,44805 


13,54484 


25 


»,9»283 


0,52594 


19,84439 


13,70576 


2B 
August 








13,04304 


33,03956 


0,52706 


15,79766 


14,78140 


11 


33,33070 


0,52717 


15,59651 


14,84474 


18 


33,62881 


0,62727 


16,11011 


14,91788 


20 


36.13383 


0,52811 


12,70339 


16,40754 


23 


37.13206 


0,52850 


11,70516 


15,59260 


September 










1 








16,14216 


3 


41,01378 


0,62983 


7,8!»44 


16,26392 


4 


41,38141 


0,53000 


7,45580 


16,33334 


16 


45,91871 


0,53211 


2,91851 


17,04368 


17 


46,30526 


0,53239 


2,63196 


17,10350 


21 


47,86564 


0,53261 


0,98158 


17,34284 


23 


48.24555 




0,59167 


17,40368 


23 


48,63556 




0,20166 N 


17,46360 


October 










8 


52,62840 


0,53422 


3,701278 


18,06458 


4 


52,92581 


0,63433 


4,08859 


18,12618 


19 


68,58747 


0,53667 


9,75025 


19,04792 


20 


68,04978 


0,53683 


10,11256 


19,1 1060 


25 


60,72294 


0,53756 


11,88671 


19,42603 


Nofember 










2 


63,39667 




14,55947 


19,94326 


3 


63,71472 




14,87749 


20,00824 


December 










3 








22,08388 


8 


71,51362 


0,64238 


22,67640' 


22,44572 


10 


71,71538 


0,64238 


22,87816 


22,59202 


17 


72,19362 


0,54289 


23,36639 


23,10744 


28 


72,23164 


0,54294 


33,39423 


23,18184 


Jan. 1806 










4 


71,84105 


0,54311 


22,82383 


0,43802 


6 


74,44715 


0,64311 


22,60993 


0,58460 



Note. — For the sake of greater compactness, the angles in the 
above table are expressed in degrees and decimals of a degree, and 
die times in hours and decimals of an hour. In the subsequent appll- 
tatioD of these observations, the usual denominations are preserved. 
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158« For the sake of having always a fixed point of departure, 
astronomers have usually referred the transits of the sun to those 
of the star a in the constellation Lyra, which being very bright 
and situated at a much greater distance from the equator than 
the suo ever attains, may be observed at all seasons with the 
transit instrument, even when it passes the meridian at the same 
time with the sun. The intervals between the transits of the 
sun and star are reckoned in sidereal time, from west to east, and 
they express the time which elapses from the transit of Lyra to 
the next succeeding transit of the sun* It is here supposed that 
the position of the star in the heavens remains invariably the 
same, that is, that a correction is applied for its small variations. 
If we would follow rigorously the course of discovery, it would 
be necessary to refer, each day, the transit of the sun to the ap- 
parent transit of the star, as it is actually observed, that is, affect- 
ed by precession, aberration, and nutation. But then the small 
changes of place which the star undergoes by virtue of these 
three causes, during a series of observations for one year, are 
referred entirely to the sun, whose motion appears to be affected 
be these same irregularities. This course, however, will finally 
lead to the same results as the other, and is in reality that which 
is followed by astronomers. For the effects of the irregularities 
in question, almost imperceptible in the interval of a year, be- 
come very sensible after a series of years ; and when the errors 
are thus suffered to accumulate, the same application of the first 
results, will show the necessary con*ections. But by making at 
first these small corrections, we have the advantage of obtaining 
the final results fmm the first approximation, instead of being 
obliged to come at them by successive trials, and pursuing step 
by step the path of discovery. This anticipation will not affect 
at all the accuracy of the reasoning, for it will have no influence 
upon the considerations by which we discover the existence and 
measure of the small apparent motions to which all the stars are 
subjected. 

159. Having given this necessary explanation, we shall at 
first consider the declinations of the sun as furnished by a table 
^ regular observations, and examine by what laws they vary. 
If we follow the order in which they were observed we shall see 
that the first, belonging to the month of December 1806, were 
south ; they attained theu- greatest value on the 22d of this 
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month* Then the declination of the sun was 23° 27' 5A'\ From 
that tisie they diminish, the sun approaches the equator, and the 
change of declination from south lo north, shows that the sun 
passed the plane of this cii'cie about the 21st of March. This is 
the time of the equinox^ when the length of the day is equal to 
that of the night all over the earth. The sun continues its 
course in the same direction ; it recedes from the equator and 
approaches the north pole ; the northern declinations increase, 
and finally attain their maximum about the 22d of June, and this 
maximum is very nearly the same as that for the southern decli« 
nations. From this time the sun begins to return towards the 
equator, and the declinations diminish. It reaches the plane of 
the equator about the 24th of September. There is now a 
second equinox. The sun continues to descend, the declinations 
become south, and increase to their accustomed limit, which 
happens, as before, about the 22d of December. From this time 
they again diminish in the manner above described, and the sun 
moves towards the equator by the same degrees. These phe- 
nomena are continually repeated every year according to the 
same laws. 

160. If we take the differences of these declinations, it will be 
seen that they are to a certain degree regular and symmetrical 
on opposite sides of the equator ; but the progress of these varia- 
tions is unequal. They are more rapid when the sun is near the 
plane of the equator, and it is there that their value is the great- 
est. They diminish as the sun departs from this plane, and be* 
come insensible near the greatest declinations. At this time the 
meridian altitude of this luminary changes very little from day 
to day, and appears almost stationary. Thus the parallels 
which the sun describes at this time, are called the solstices. 
They are also called the tropics, from a Greek word which sig- 
nifies to turrij because the sun, coming to these points, seems to 
turn back and retrace its steps. That which is to the north is 
called the tropic of cancer^ the other the tropic of capricom. 
These denominations seem to have been given by a people 
situated north of the equator, who seeing the sun return to- 
ward the south, after it had passed the northern tropic, gave to 
this parallel the sign Cancer or the crab, an animal which fre- 
quently moves backward. On the contrary, the sun appearing 
to them to ascend from the southera tropic, and mount again to 
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the equator, thej gave to this parallel the sign of Capricorn or 
the goat, this animal being fitted for climbing. The two paral- 
lels are situated at equal distances from the equator, and this 
distance in 1807 was 33^ ^T 54^', as may be seen bj the obser- 
vations contained in the table given above. 

161. We now come to the motion in right ascension. If the 
son at first pass the meridian at the same time with the star with 
which it is compared, it will the next daj be later, and it will 
recede from it daily in the direction from west to east. This is 
proved by the intervals of the transits, which always exceed the 
duration of a sidereal day. But the march of the sun in this 
respect is not uniform. It is sometimes slower and sometimes 
faster, as may be readily seen by comparing the intervals of suc- 
cessive transits as found in the table. 

This comparison, made at diflferent times of the year, gives the 
following values, for the daily retardation of the sun with re- 
spect to the star, as measured by their respective transits, in side- 
real time. 

December 23 . . . 366'^54 

February 11 . . • . 936,03 

March 36 . . • 218,30 

May 15 . . . . 337,34 

June 33 ... . 340,91 

July 38 . . . . 337,46 

September 17 . . • . 316,57 

November 1 . . . « 336,03 

The smallest of these values is 315^^,57, and the greatest 
366^^54. Between these two we often meet with the value 
336^^65 within a small fraction ; and this may be <:onsidered for 
the present as the mean quantity about which the daily retarda- 
tion varies, or the difierence between a sidereal and a mean solar 
day, expressed in sidereal time. Reduced to mean sohr tine, 
it is equal to 336^', or 3^ 66^^ 

The sun, advancing every day towards the east through a 
space expressed by the above quantity, thus passes successively 
through all d^rees of right ascension. After having made the 
entire circuit of the heavens, it again passes the star whidi we 
have supposed immoveable; and the daily difierences of trcosit 
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ftootmnence in the same order* The motion of this body from 
west to east, considered as parallel to the eqaator, takes place in 
a regular manner, though not uniformly, and in the interval of a 
year. 

162. From these considerations we are led to recognise two 
proper motions in the s»n, the one parallel, the other perpendicu* 
iar Co the equator; or, which amounts to the same thing, we may 
svppoee a single motion oblique to the meridians and parallels, 
which will at once produce the two effects* 

163. If we trace each day upon a globe the right ascension 
and declination of this luminary, we shall find that it thus de- 
scribes a great circle of the celestial sphere, as represented in fig- 
ure 36, in which E^A^ designates the equator, AA'^AA*' ... the 
right ascensions reckoned from the point A as their origin, and 
AS^ A'S^ A"S" ... the declinations, observed from the point O. 
The series of points S^Sf^S^ . . . . j determine the great circle, 
obKqoe to the equator, which the sun describes upon the celes^ 
tial sphere. This result is confirmed by calculation, which is 
mcomparably more exact than any graphical construction, the 
successive positions of the sun being determined by spherical 
trigonometry. 

The circle described by the sun is bounded north and south 
by the two tropics. It is called the icliptk^ because an eclipse 
never happens except when the moon is in or near the plane of 
this circle. 

1G4. If the ecliptic is really a great circle of the celestial 
sphere, it must cut the equator, which is also a great circle, in 
two opposite points, that is, in two points whose right ascensions 
differ by a semicircuinference. Let us examine the table of ob^ 
servations, to see if this condition is fulfilled. We observe thac 
on the 21st of March at noon, the declination of the sun was 
0^,01401 or 5<y^45, south, and the next day at noon it was 
0^,38137 or 22', 52",95, north. The sun, therefore, must have 
passed the plane of the equator between these two observations, 
and at a point of time approaching much nearer to the first than 
to the second. The precise moment of this phenomenon is easily 
determined. For, by taking the interval of the two transits, we 
see that it was 24^ 3' 38'',07, and during this time the declina* 
tion of the sun changed 5CK',46 + 22' S2",95, or 23' 43",4 ; by 
supposing also that the change was made in a oniform manner, 
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v^hicb, for so short a time is very near the truths we find by s 
simple proportion the interval of time necessary to complete the 
5(y\A5. This will be 

24^3^ 38^,07 X 50-S45 

23' 43V ' ui u 1^^. 

This quantity added to noon of the 31st of March, will give the 
time at which the sun Waa in the plane of the equator* Now, since 
in the interval of two meridian transits of the sun, at this seasooy 
rts right ascension with respect to Lyra changed 3' 38^^07, it is 
clear that in 0^ 5t^ 9"fiS the change will be 
3' 88^S07 X 5V 9",88 

24»1^S8'S07"' ' 

This quantity being added to 6*,4S3 or 5"" 29' 29'',6 will give b^ 
29^ 37^^,3 for the difference of right ascension between the sun 
and Lyra at the moment of the equinox. 

We may arrive at this result more directly, by establishing at 
once the proportionality between the corresponding changes of 
declination and right ascension ; for then from noon on the 21st 
of March to the instant of the equinox, the change of right ascen* 
sion will be equal to 

3^ 88^^07 X 50^^45 

2F4SV ' ' ' 

as we have just found by a process more cii'cuitous. 

If we perform a similar calculation upon the observed decli' 
nations of the 22d and 23d of September for which the differ- 
ence of declination is 23^ 24^^02, and of right ascension, 3' 3d'',6d, 
the interval of the two transits being 24^ 3' 35^,65, we shall find 
that the sua must have entered the plane of the equator at 12^*^ 
13' 13",49) after noon of the 23d of September, that b, on the 24th 
at 13' 13^,49 in the morning; and the difference of right ascen- 
sion of the sun and Lyra at that time was 

11^ 27' 45",33 + 1' 6l^54 = 17«» 29' 36",87. 

By cooapariixg this result with that of the 21st of March, it will 
be seen that the right ascension of the sun has varied in this 
interval 1 1"* 59' 59'',57, or very nearly twelve horn's, that is, 
one half of a circumference* By neglecting the small difference 
(y',4S, which may be atti*ibuted to errors, of observation, we see 
that the two points in which the sun^s path meets tke equator^ 
are diametrically opposite, as they ought to be, on tbe supposi- 
tion that the orbit is plane. We may make the saiae calcula- 
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don respecting any two points opposite in right ascension, that is, 
whose right ascensions differ by twelve hours, and we ahall 
always find that they answer to equal declinations on opposite 
sides of the equator. We may easily make this comparison with 
respect to the observations of January 9, and July 1 1 ; of Febru- 
ary 7, and August 1 1 ; of May 1 and November 3 ; which are 
already very nearly suited to our purpose, and which may be 
exactly reduced by means of the diurnal motion of the sun at 
each of these epochs. This opposition shows the perfect sym- 
metry of the plane of the orbit on ttie two sides of the equator. 

165. The two intersections of the equator with the ecliptic, 
are called the equinot^es or equinoctial points, because when the 
sun passes these points, the day is equal to the night throughout 

.^he earth. This luminary is then in the plane of the equator, 
which divides the earth into two equal parts. Thus, if we 
consider the rays that come to us from the sun, s^s parallel 
among themselves, which is very near the truth, the earth will 
evidently he enlightened from one pole to the other, and thepj.^ 
circle which separates, upon the surface, the light from the shade, 
is a meridian whose plane is perpendicular to the solar rays. 
This meridian turns with the sun in consequence of the diurnal 
motion, and each parallel is found to be enlightened during half 
a revolution of the heavens. 

The plane of the equator and that of the ecliptic cut each 
other in a straight line which passes through the equinoctial 
points, and which is therefore called the line of the equinoxes. 
This must not be confounded with the equator as traced upon 
the earth, called by navigators the equinoctial /me, or simply the 
line. 

Of the e^inoxes, that which the sun passes in ascending from 
the southern tropic towards the northern, is called the vernal 
equinox, and is ordinarily designated in astronomy by the sign V. 
The second equinox, through which the sun passes in descending 
from the. northern tropic towards the southern, is called the 
autumnal equinox, and is designated by the character ^. These 
denominations are derived from the division of the year into sea- 
sons, depending upon the equinoxes and solstices. 

166. Astronomers usually take the point V of the equator, or 
the vernal equinox, as the origin from which to reckon the right 
ascension of the sun and all the heavenly bodies. They here 
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place the first point of the astronomical sign called aria^ de- 
signated by the character T. By means of the results which 
we have obtained, it is easy to conform to this usage. We 
found by the observations of S 1st of March, that the vernal 
equinox, referred to the meridian of Lyra, had a right ascension 
of b^ 29' 37",3. Jf we would make this [joint the origin of right 
ascensions, we have only to subtract b^ 29^ 37^^3, from all the 
right ascensions of the sun, referred to the meridian of Lyra. 
Consequently the right ascension of Lyra itself, referred to this 
eqcrinox, and reckoned in the same direction as the others, will 
be the complement of this quantity to 24'S or 18*» SC 22",7. We 
can find, in like manner, that of all the other stars whose difier- 
ence of right ascension with respect to the sun or Lyra is known* 
As astronomers have fixed upon the point Y as the origin of 
right ascensions, they would naturally select the same point of 
the equator as the origin of ab9oluU sidereal time. This they 
have done ; and at any place, absolute sidereal time is measured 
at any instant by the horary angle comprehended between the 
vernal equinox and the plane of the meridian. There is, how« 
ever, a want of uniformity with respect to the commencement 
of the sidereal day. Some have placed it at the instant of the 
transit of the equinoctial point over the superior meridian, and 
they then reckon 0^ of sidereal time. This method is used in the 
ancient tables. Others think that the sidereal day should rather 
be made to commence at the instant of the transit of the equi- 
noctial point over the inferior meridian, which would be conform- 
able to the general practice of society, the day being considered 
as beginning at midnight* This change has been introduced into 
the new astronomical tables, published by the French board of 
longitude. 

167. To complete the determination, in the heaven^, of the po- 
sition of the plane of the ecliptic, it is only necessary to know 
the angle"^ which it makes with the plane of the equator ; for the 
position of a plane is determined when we know its intersection 
with a fixed plane, and its inclination to it. In this inquiry we 
neglect the diurnal motion of the celestial sphere, which being 
common to the equator and ecliptic, has no influence upon their 
Kig. 37. i-espective positions. Let C be the centre of the earth, EQQ' 
the equator, ESe the ecliptic, Ee the common intersection of 
these two planes, or the line of the equinoxes. We draw a me- 
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ridian PSQ^ who6e plane shall be perpendicular to this common 
intersection. This meridian will cut tlie plane of the equator in 
the right line CQ, and that of the ecliptic in the line CSy and the 
angle SCQ will be the obliquity of the ecliptic required. 

Now of all the visual rajs CS, CS\ CS", which can be drawn 
successively from the centre of the earth to the sun, at diflerent 
times of the year, CS is that which makes with the equator the 
greatest angle ; consequently the obliquiiy of tiu ecKptic to the 
equator is equal to the greatest declination of the sun» 

168. To determine this with the greatest accuracy, it is suffi- 
cient to observe the meridian altitude of the sun on the day of 
the solstice, if the solstice happen at midday. As this circum- 
stance takes place at only one terrestrial meridian, the observa- 
tion may be next to impossible. But it should be remarked, that 
when the sun approaches the tropic, its meridian altitudes vary 
very little from day to day, and on the day in which it arrives 
at the highest parallel, it remains nearly at the same distance 
firom the equator. Thus, in whatever place the greatest declina- 
tion of the sun is observed, it may as a first approximation, be 
considered as equal to the obliquity of the ecliptic ; we say as 
a first approximation, for it will be soon seen that there are 
methods by which we can calculate what ought to be added to 
the result of direct observation to make it what it would have 
been if the observation had been made at the precise instant of 
the solstice. 

Id our table of observations, the greatest declinations of the 
sun are 23^,4649 1 = 23° 27' 53'',67 and 230,46479 =: 23^ 27' 
l^3^,25. The obliquity of the ecliptic may therefore be consider* 
ed in a first approximation as equal to 23^ 27' 53'',4G for the 
year 1807. 

The obliquity of the ecliptic may also be obtained without 
knowing the latitude, by observing the zenith distances of the 
son when on the meridian at the two solstices, and taking half 
the diffeittnce. For the visual rays, drawn from the centre of 
the earth to the two solstitial points, must make equal angles 
with the equator^ 

In our table of observations, for example, the zenith dislancea 
of the sun at the two solstices, are 72o,30213 = 72^ 18' 7",67, De- 
ccmber 22, 1806, and 25^37243 = 25^ 22' 20^,75 on the 22d of 
June, 1807. Their diffinreoce is 46^ 5S/ 46",92, the half of which 
23° 27' 53",46 is the value very nearly of the obligMityJy\^^^Q[e 
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169. When the obliquity of the ecliptic is known, it will be 
5ufficten.t to observe one declination of the siin in order to find 
the position of the equinoctial points. Indeed, by representing 
the meridional position of the sun, on a certain day, by S', the 
Fig. 37. declination S'Q' may be known by observation. Then in the 
triangle S^QE^ right-angled at Q', we have the side S'Q^ and the 
opposite angle S'EQ^^ equal to the obliquity of the ecliptic. We 
Top. 82. can, therefore, by the rules of spherical trigonometry, calculate 
the side EQ', which is the right ascension of the sun, referred to 
the equinoctial point £L 

If, moreover, on the same day, the difference of right ascen- 
sion between the sun and a star which passes the meridian after 
it, be observed, and the arc EQ^ be added to the result, we shall 
have the right ascension of the star with respect to the equinoc- 
tial point £. The position of this point upon the equator, will, 
therefore, be very rigorously determined, as also that of the 
opposite equinox e, which is 180^ distant. To avoid the small 
errors which are likely to attend these observatbns they should 
be many times repeated for the same stars ; then, by taking the 
mean of all the results, the distance of the equinox from each 
star will be known, and consequently the position of the line of 
the equinoxes will be determined with great precision. 

t70. A straight line perpendicular to the plane of the ecliptic 
and passing through the centre of the earth, is called the axis of 
the eclipticy from its analogy to the axis of the equator. The 
two opposite points in which this straight line produced, meets 
the celestial sphere, are called the poles of the ecliptic. That 
which is situated on the north side of the equator is called the 
north pole ; the other is called the south pole. 

The axes of the equator and the ecliptic being both perpen- 
dicular to their respective planes, the angle which they make 
with each other, is equal to the inclination of these planes, or 
23"^ 27' 53^^ Thus the angular distance of the poles of the 
ecliptic from the plane of the equator, is equal to 90^ — 23^ 27' 
53'' or 66^ 32' 7". 

The two celestial parallels which have this decimation on the 
two sides of the equator, are on this account called the polar 
circles* 

It is easy to find in the heavens the place of the poles of the 
ecliptic ; for we already know the parallels on which they are 
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situated* We know, i&oreover, that they are in ibe same plane 
perpendicular to tlie equator and the ecliptic, and coosequentlj 
perpendicular to the line of the equinoxes* The intersection of 
this plane with the equator, will therefore be 90^ degrees distant 
from the. equinoctial points ; thus the right ascension of the south 
pole of the ecliptic will be 90^, and that of the north pole 970^ -, 
these right ascensions being reckoned from the vernal equinox, 
and from west to east, in the direction of the proper motion of 
the sun* 

The north pole of the ecliptic is the only one which can be 
seen in Europe. It is now situated in the constellation Draco, 
between the two stars ^ and d, and it is a little nearer to the latter 
star* 

171* The position of the suo^s path being thus completely de- 
termined, the sun's place in the ecliptic can be calculated by 
knowing simply his right ascension or declination* For, in the 
spherical triangle S^EQ^, the position of the sun is determined ^V'^ 
by the angle 5^C£, which the visual ray S^C makes with line 
of the equinoxes. This is what is called the longitude of the etin* 
It is easy to calculate this angle or the arc ES' which measures 
it, when we know the obliquity of the ecliptic and the right as* 
cension or declination of the sun* 

172* By repeating from day to day the same observation and 
calculation, we find successively the arcs described by the sun 
in the ecliptic reckoned from the equinox, or the longitudes of 
the sun« 

The longitudes, like the right ascensions, are reckoned from 
the vernal equinox, and from 0^ to 360^, in the order of the son'^s 
motion* By taking their difference from day to day, we know 
the sun's daily progress in the plane of the ecliptic* 

With a sufficient number of observations of this kind^ tables 
may be formed which shall show the sun's longitude and decli- 
nation, for any future day and moment* These constitute whal 
are called tables of the sun. They may be cakulated, if desired, 
in sidereal time, reckoned from the transit of the equinoctial 
point over the meridian of any assumed place* This astrono- 
mers have done, as we have already stated* In these tables, 
the differences of longitude from day to day may be determin- 
ed with great accuracy, since they are the same every year, 
and return in the same order, which admits of their being cor- 
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rected bj tkne. If there be any uncerfamty it wHI take plac^ 
with respect to the epoch at which the sun will have a certain 
longitude ; for example, at the instant of the equinox. There 
may also be a doubt respecting the true value of the obliqftfty. 
So that, to perfect the tables, it will be necessary to apply our- 
selves to the rectification of these two elements. 

The investigation of the sun's motions, has then, like all astro- 
nomical problems, two distinct parts ; the formation of tables 
from the first observed results, and the correction of the tables, 
on the supposition that their elements are nearly known. 

173. The first thing to be carefully deterramed is the obliqui- 
ty of the ecliptic. Fifteen days before and after the solstice, the 
observer begins to take the meridian altitudes of the sun with the 
proper instrument, for the purpose of determining the declina- 
tions. That which is observed on the day of the solstice will 
be the greatest possible if the solstice happen at midday ; but, it 
may happen half a day sooner or later ; during this interval the 
longitude changes about 29^ 42^^, on the supposition that the 
daily motion of the sun is sy 24", which is very nearly the* 
mean value. But an error of 29^ 42^' in longitude will give an 
error of 6'',48 only in declination at the time of the solstice, 
because very near the solstice, the declinations of the sun becom* 
ing perpendicular to the ecliptic, a small change in longitude 
produces a much slighter change in declination. Such then isr 
the greates^t error which can be committed in determining directly* 
the solsticial declination by an observation made on the' day of 
the solstice. 

But this error may be corrected by calculating from tables 
already formed, the sun's distance from the solstice at the time of 
the observation; for from this we may infer with great ex- 
actness, how much the observed declination falls short of the 
solsticial declination. By adding this quantity to the declination 
observed on the day of the solstice, we shall have the solsticial 
declination, that is, the obliquity of the ecliptic, with all the 
accuracy which can be attained by observation ; with the same 
precision as if the solstice had taken place at midday. The cal- 
culation of this reduction, like that of altitudes observed near 
the meridian, does not require very precise data ; it is sufficient 
to know approximately the obliquity of the ecliptic and the lon- 
gitude, of the sun. 
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A simikr cakulation may be made with the same accuracy 
for the preceding and following days. We can thus com- 
bine the observations of twenty or thirty days, and reduce them 
to Uu solstice^ by the aid of the tables ; and their mean result 
will gire the solsticial declination with the greatest precision, 
especially by calculating the reductions to the solstice from the 
modem tables which are already so perfect. 

The obliquity of the ecliptic, deduced from these observations, 
iB subject to one cause of error, which is indeed extremely small, 
but of which it is necessary to free ourselves in order to arrive 
at the greatest exactness. This error arises from the fact, that 
the son's path in the heavens, or the ecliptic, is not strictly 
plane. Nevertheless, as the deviation is very small, astrono- 
mers preserve, for the sake of simplicity, the idea of a plane 
orbit, and they regard the departures of the sun from this pinne 
on either side, as small inequalities of which they take account 
in such a manner as to reduce this luminary by calculation to 
the plane of the ecliptic. Indeed, this reduction renders all ob- 
servations comparable among themselves. The theory of attrac- 
tion has taught us that these small oscillations are to be ascribed 
to the action of the moon and planets jwhich draw the earth^s 
centre from the plane of the ecliptic, and cause the small irregu- 
larities which we refer to the sun ; since we consider ourselves as 
immoveable, and this luminary seems to us to make these de- 
partures from the plane of the ecliptic in the opposite direction. 
Theory gives, at the same time, the law of these changes ; and 
they are found in the tables of the sun, under the title of ike sun^s 
motion in kUitude. As they affect the declination of this body, 
their operation belongs wholly to the obliquity determined from 
the solsticial declinations, and it is therefore necessary first to free 
ourselves from these effects in order to obtain the true obliquity. 

Finally, to reduce all our results to terms exactly compara- 
hle, it is farther necessary to correct them for the small periodi- 
cal variations which the obliquity undergoes, and which some- 
times augment and sometimes diminish it. We shall hereafter 
speak of these oscillations. In the mean time, it may be thought 
necessary to have re^rd to them, in order to obtain the valued 
of the mean Miquity which are alone capable of being compared 
together. 

It is by this method, thus corrected and applied with all ima- 
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ginable care, that M. Delarobre has found the mean obliquity of 
the ecliptic for 1800, to be 23^ 27' bV. 

174. We pass now to the equinoxes. During an entire month^ 
half before and half after the equinox, we observe the altitude 
of the sun each day, near the meridian, and thence determine its 
meridian declination for each day. With this declination and 
the known obliquity, we calculate the longitude of the sun. 

This longitude being compared with that of the tables, shows 
the error to which they are liable. But from the whole of the 
observations upon which they are constructed, especially from 
the regularity of the algebraic formulas by which they are calcu- 
lated, it is evident that the error cannot suddenly vary from one 
day to another, and therefore that it ought to be nearly the same 
for several days in succession. If then the observation of the 
meridian altitude with which the tables are compared, be con- 
sidered exact, the correction deduced, should be applied to all 
the following days; and with the tables thus corrected, the 
instant of the equinox may be exactly calculated. But as it is 
not to be expected that a single observed altitude, will give the 
the error of tables with all the required precision, these obser- 
vations, as we have before said, should be repeated for several 
days before and after the equinox ; and each observation, being 
calculated by itselfi gives one value for the error of the solar 
tables. Having thus twenty or thirty observations of this error 
which very nearly agree, we take an arithmetical mean of the 
whole. From the tables, corrected for this mean error in longi- 
tude, we calculate the instant of the equinox, which is easily 
done, since at this instant the longitude ought to be zero for the 
vernal equinox, and 180^ for the autumnal equinox. In this cal- 
culation it is to be understood that reference is had in the tables 
to the small perturbations by which the sun is drawn out of its 
uniform path, and particularly to the small inequality which 
causes it to oscillate from one side to the other of the plane of 
the ecliptic, as we have said in speaking of the obliquity. 

1 75. These methods suppose always that the zenith distance 
of the equator at the place of observation, that is, the latitude, is 
accurately known. Still there may be an apprehension of uncer- 
tainty in this particular. To remove all doubt, an obsenation 
of the opposite equinox is also made, and a mean taken between 
the two errors of the tables which result from them. It will oe 

Digitized by LjOOQ IC 



Calendar* 99 

readily seen that the error in the latitude, being the same at the 
two equinoxes, would have opposite effects on the sun's longitude, 
according as this body is approaching to, or receding from the 
equator. 



Of (he Calendar. 

. 176. The motion of the sun, determines the different periods 
employed by society for the distribution of time. The choice 
of these periods and the order of this distribution, constitute 
what is called the calendar. 

177. The interval of time employed by the sun between 
two successive returns to the same equinox, or in general, to 
the same point of the ecliptic, is called the tropical year. Its 
duration has always been a subject of interest. It is indeed 
a natural measure of the labors, which require long intervals^ 
and which depend on the change of the seasons ; the knowledge 
of ic is necessary to the husbandman, the merchant, and the travel- 
ler; and great pains have accordingly been taken to determine it. 

What presents itself at first, as the simplest course, is to find 
how many solar days the year contains, no regard being had to 
their inequality. For this purpose, it would be sufficient to trace 
on a horizontal plane a meridian line, and having erected a ver- 
tical style of invariable height, to examine every day, at noon, 
the length of the shadow. It would be shortest on the day of 
the summer solstice, and the number of days intervening between 
two successive returns of the sun to the same solstice, would give 
the entire duration of a revolution. We should thus find the 
tropical year to contain about three hundred and sixty-five 
days ; and it was in this way that the first astronomers appear 
to have observed it. 

This result might have suffised for a time ; but its want of 
exactness must necessarily have become apparent, by the ac- 
cumulation of errors. If we observe the same solstice during 
several successive years, we shall find that it arrives later than 
it ought, if the year were exactly 365 days ; the error is nearly 
fifteen days in sixty years. We hence perceive that the year 
is a quarter of a day longer than our first approximation made 
i^ and its length was accordingly fixed at 365* 6^ ogt^edbyL^OOgle 
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This computation, though more correct than the preceding, is 
still far from being eiiact. Hipparchus, comparing an observa* 
tion of the solstice made by himself, with one made bj Aristar- 
chus, a hundred and forty-five years before, found that the last 
solstice happened half a day sooner than it ought if the year 
had been 366"^ 6^; the error then was 13^ in a hundred and 
forty-five years, or 4' 68'' a year. Hence we obtain the length 
of the year equal to 365* 5^ 58' 2". 

178. This estimate also needs correction ; and the true mean 
year, as given by the last tables of M. Delambre, is 365* 5^ 48^ 
51",61. The ancient estimates erred from want of exactness ki 
observing the solstices. Indeed, as the meridian altitudes of the 
sun increase at this time, by insensible degrees ; the shadow of 
the style has a corresponding change, and it is impossible to de- 
cide the precise instant when the sun arrives at the solstice. We 
avoid this inconvenience, if we determine by observation, two 
epochs, in which the sun^s meridian altitude' is precisely the 
,same, and always increasing or decreasing equally. The inter* 
val of these two epochs, gives the mean length of the sun's entire 
revolution. Observations of this kind are always made most ad> 
vantageously near the equinoxes, because then the meridian alti- 
tudes of the sun change very sensibly from day to day. Thus 
Hipparchus observed many equinoxes for this purpose. But the 
imperfection of bis instruments was such as not to admit of his 
determining the length of the year from observations embracing 
so short a period. Several centuries were necessary to compen- 
sate for this uncertainty. Notwithstanding all the improvements 
in modern instruments, astronomers still make use of the same 
method in finding the true length of the tropical year. 

179. If the sun*s proper motion were perfectly uniform, it 
would be sufficient to observe two equinoxes with great accura- 
cy, proceeding in the manner already described ; and the num- 
ber of solar days and fractions of a day, which intervened be- 
tween these two epochs, would be the true length of the year. 
But the inequalities in the sun's proper motion, impair this simr 
plicity, and render the problem much more difficult. For it 
hence results that this body does not always return to the same 
equinox, after intervals of time exactly equal ; and as the 
causes and efi*ects of these variations can be estimated only by 
the theory of universal gravity, it will be seen that we must 
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apply ourselves to that before we can coropletelj free the sun's 
motion fixMn these irregularities, and consequently before we can 
deiennine with the greatest accuracy the mean duration of the 
tropical year. Here then is a new example of the successive 
approximations to which we are obliged continually to have re- 
course. 

We may nevertheless avoid a part of these difficulties and 
arrive immediately, without ^ petitio principH^ at an estimate very 
Mar the length of the mean year. We shall find by what fol- 
lows, that the inequalities of the sun's motion are of two kmds. 
Some, which are called periodical^ are entirely completed in the 
space of a year, or a small number of years ; and after this they 
compensate each other by returning through the same degrees ; 
so that they make the sun oscillate continually about a mean 
state from which it departs but little. The other inequalities, 
on the contrary, extend through periods of such a length that 
they are termed secular ; and they have been continually in- 
creasing or decreasing from the times of the most ancient astron- 
omers. Their effects then must inevitably be perceived in com- 
paring ancient observations with our own. But it is not the same 
with respect to periodical inequalities ; these must compensate 
each other a greater or less number of times, according as the 
epochs compared are farther removed from each other. Conse- 
quently, all their intermediate effects ought to disappear, when 
we compare equinoxes, which are separated by a long interval ; 
and there ought to remain of their influence only what belongs 
to the first and last epoch. Now this influence is much weaken- 
ened in the mean result, where it is divided among the number 
of years comprehended; and we might imagine observations so 
iar removed from one another, that the effect of the extreme 
errors would be imperceptible. 

The mean year, determined in this manner, by comparing one 
of our equinoxes with an ancient one, observed, for example, by 
Hipparchus, might then be considered as independent of the 
periodical inequalities oi the sun's motion, and affected only by 
the secular inequalities. But, besides that these are very small, 
^ we conceive that they could be determined and corrected only 
by a second approximation. Consequently, we must not expect 
to escape them in any other way. Having thus anticipated their 
existence, we will suppose, for the sake of brevity, that regard 
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has been had to them, and shall henceforward make use of the 
definitive length of the mean year, namely, 366* 5^ 48' 61",6U 
This kind of anticipation, of which we have already availed 
ourselves, detracts nothing from the rigor of the reasoning, pro- 
vided it is properly understood, and regarded only as a means 
of avoiding the necessity of retracing our steps, to effect the suc- 
cessive approximations, which astronomers have employed, and 
of which it is sufficient to perceive well the necessity. 

180. To apply the above results to civil life, and render their 
use general, we must present them disengaged from the fractions, 
which accompany them, and which would render it too difficult 
to remember them. 

The first idea that presents itself is to neglect these fractions. 
We should then have years of three hundred and sixty-five 
days. These were formerly in use, as we have already said ; 
but the want of exactness, being apparent after very small 
intervals, caused them to be given up, when the world had 
become better informed on the subject of astronomy. The prin- 
cipal inconvenience arose from carrying the beginning of the year 
successively into the different seasons, one day in four years, 
and one year of three hundred and sixty-five days and a quar- 
ter, in 1508 years, so that after this interval, we should have 
fallen back one year, and the seasons would return to their for- 
mer places. 

The Egyptians appear to have known this period ; but they 
made it 1460 years, because they supposed the year 366* 6*. 
This was called the sothiac period* 

181. To avoid these inconveniences, the method of intercakt' 
turns was devised, by which the civil year is made to consist of 
365 days, care being taken to allow for the small annual error 
before it has accumulated beyond an entire day. On this ac- 
count the corrections are frequent, but the civil year is made to 
vary between limits of small extent about the true mean year, 
and the influence of this error on the labors of society, is alto- 
gether imperceptible. It will be seen besides, that we need here 
concern ourselves only with the mean year; since, for civil 
purposes there is no necessity for taking into consideration the 
small periodical inequalities, which occasion a variation, some- 
times greater and sometimes less, in the sun's return to the same 
equinox. 
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The most simple intercalation is that of one daj every four 
years. It supposes the mean year to be 365*^ 6^ or 366 days 
and a quarter, which differs but little from the truth. This 
intercalation was prescribed by Julius Caesar, and thence derived 
the name of the Julian correction* According to this manner of 
reckoning, the common years are 365 days ; they are divided 
into twelve months of thirty or thirty-one days, with the excep* 
lion of Febniary, which has only 28. The intercalary day is 
placed, every four years, at the end of February. The year 
has then 366 days, and takes the name o( bisaextile^ so that there 
are always three coramon years between two bissextile. A 
hundred Juh'an yeai^ of 365* &" forms the century, which is the 
longest period employed by society, and which has hitherto been 
sufficient for all the purposes of chronology. 

182. The Julian intercalation has been transmitted to all the 
nations of Europe, but our era is different from that of the Ro- 
mans, who reckoned from the foundation of Rome. In christian 
countries we reckon from the birth of Jesus Christ, or rather 
from a certain year fixed astronomically in regard to us, and to 
which we refer that event, the precise time of which is uncertain ; 
chronologists not being agreed upon the subject. But this is not 
material as it respects the successive progression of years. It is 
sufficient that we have one of the years fixed by the observation 
of some one astronomical phenomenon. Now we know, that 
when the council of Nice was held, the equinox happened on the 
21st of March, and, according to the calculations of chronolo- 
gists, 325 years had elapsed since the commencement of the 
christian era. Nothing then is wanting to enable us to connect 
all chronology with this epoch, and to refer all eras to the chris- 
tian era. 

1 83. This manner of reckoning was continued till the year 
1582; but as the year was supposed to be 365* 6"*, while in 
reality, it was only 365* 5^ 48' 5r',61, the small annual differ- 
ence of IV 8'^39 bad been accumulating, and had produced in 
1257 years, 9* 1 7"* 22' 46", that is, about ten days, by which the 
solar year had fallen back. The equinoxes had changed pro- 
gressively from the time of the year, to which the council of 
Nice had fixed them, and the difference amounted to one day 
in 132 years nearly. Pope Gregory XIII. was hence led to 
make, a change in the calendar, which has been called the 
Gregorian reformation. j 
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He began by corr^ting the error of ten days, ordering that . 
the day following the 4th of October 1582 should be called not 
the 5th, but the Idth. He still retabed the Julian intercalation 
of one day every four years ; thus, those years^ of which the nutm^ 
her is divisible by four^ are bissextile. But it was agreed to sup* 
press this intercalary day in the centurial years 1700, 1800, and 
19|P0, allowing it to remain at the same time in the years 2000, 
&c«, so that three common centurial years are dtways followed by 
one bissextile. This intercalation is at the same time very simple 
and very near the truth; for the annual error of 11^ 8^%39, 
belonging to the Julian intercalation amounts after 400. years 
to 3* 2b 15' 56'', that is, to three days nearly. The error of the 
centurial intercalation is then only ^ 1 5' 56" in 400 years, or 
22^ 39' 20" in 4000 years. It is accordingly more than suffi- 
cient for all the purposes of history, especially if one additional 
bissextile be suppressed every 4000 years. 

The above manner of estimating the year, forms what is call- 
ed the Gregorian coiendar, according to which the vernal equinox 
always happens between the 19th and 21st of March. This 
calendar was immediately adopted only by the catholic states 
of Europe, which occasioned a difference in the manner of 
dating. Those, which observed the Julian calendar, reckoned 
ten days behind the others, from 1582 to 1700, 11 days behind 
from 1700 to 1800, &c. But, with the exception of Russia, 
which still retains the Julian mode of reckoning, the Gregorian 
calendar is now in use among all the states of Christendom.! 

184. The results at which we have arrived concerning the 
length of the year, will enable us to find the sun's mean motion 

t It was not till 1752 that the gregorian calendar was adopted in 
England and her colonies. At this time, moreover, the year was 
made to begin with the 1st of January, instead of the 25tii March. 
With respect to events anterior to this time, the former, or the pre- 
sent mode of dating may be used ; and they are distinguished by the 
phrases old and ww style. The difference is now 12 days ; ako the 
number of the year will differ by one with respect to events occur- 
ring between the 1st of January and 25th of March. In this case, 
both years are sometimes written ; thus, Washington was born 11th 
of February, old stile, or 22d, new stile, 1731-2. 
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in the ecliptic, that is, the mean arc which it describes in the 
interval of a day. For, its annual revolution comprehending 
360^, its progress for a day would be, supposing it uniform, 

This result will l^e sometimes too great, sometimes too small, and 
sometimes exact; but at the end of the year, all inequalities will 
be cooipensated. It is very common for geometers and astrono- 
mers thus to accommodate what is irregular to exact rules, which, 
by continual approximation, are so modified as to adapt them- 
selves more and more nearly to the truth. 

The same method will make us acquainted with the sun^s mean 
motion in a direction parallel to the equator, and since this lumi- 
nary performs the circuit of the heavens in the interval of a 
year, its mean progress in right ascension for one day, will be 
59' 8",33, as already stated. 

185. Astronomers are accustomed to refer the motions of all 
the heavenly bodies, to that of a fictitious sun, which would have 
precisely the uniform motion, which we have just determined. 
The interval of time, which elapses between two successive re- 
turns of the fictitious sun to the meridian, is called a mean solar 
day ; and in general, the instants of duration, marked by its suc- 
cessive positions, is denominated mean time. 

From the results which we have just obtained, it is easy to 
find the relation of the mean solar day to the sidereal day, which 
we have hitherto adopted as the unit of time. For, the proper 
motioQ|59' 8",33, being from west to east in a direction contrary 
to the diurnal motion of the heavens, this arc is to be added to the 
rotation of the celestial sphere ; and the fictitious or mean sun does 
not return to the meridian from day to day till it has described, 
in a direction parallel to the equator, an arc of 360^ 59' 8'',33. 
If then the duration of a mean solar day is represented by 24* , 
the time which this body employs in describing the diurnal arc 

59 8',33 will be 3^^059/8^,33 ^ ^"^ ^' ^^"'^^- ^his quantity sub- 
tracted from 24 mean hours, gives 23* 56' 4",09 for the time of 
the diurnal rotation of the celestial sphere, expressed in mean 
solar time. The small difference 3' 55^,91, or more accurately 
3' 55",9091, is the excess of the mean solar day ovcjr the side- 
real, expressed in mean time. 
Attrcn. 14 
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186. If we would employ the sidereal day for the unit, which 
is often done in astronomy, the mean solar day will be expressed 

I lid. d. 

by -^ or 1,00273791. The small difference 

•^ 0,99726957 • 

•id. d. 

0,00273791 or 3' 56",5554, 
is ihe excess of the mean solar day over the sidereal, this excess 
being expressed in sidereal time. It is the quantity, by which a 
clock regulated according tq the motion of the fixed stars, must 
gain from day to day, with respect to the sun, regard being had 
simply to its mean motion. This gain, being 3' 5G",5554 sidereal 
time, in a: sidereal day,.is 9",8565 for an hour, and for j\ of an 
hour or' six minutes, it is 0",9o56o or very nearly 1'' sidereal 
time. 



Manner of Referring the Posiiioyis of the Heavenly Bodies to the 
Plane of the Ecliptic. 

187. In order to determine the position of different points in 
the heavens, we first referred them to two planes, the horizon 
and meridian, which are fixed for each point of the earth's sur- 
face. But, that observations, made at different places, might be 
compared with each other, it was found necessary to have re- 
course to other planes independent of the position of the obser- 
ver, and even of the figure of the earth. Accordingly, having 
ascertained the position of the celestial equator, and the method 
of estimating the angles of the meridians by corresponding por- 
tions of time, we made use of these data for the purpose of de- 
termining the position of the heavenly bodies, by means of their 
obseiTed right ascension and declination. 

But as most of the phenomena relating to our planetary sys- 
tem, take place in the plane of the ecliptic, or in planes very 
nearly parallel to it, we proceed to refer the heavenly bodies, in 
a similar manner, to this plane, such reference being of constant 
use in astronomy. 

For this purpose we suppose great circles to pass through the 
several points of- the heavens, perpendicular to the plane of the 
ecliptic ; these are called circles of latitude. Then the position 
of a heavenly body is determined by two elements. 
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The first is the arc of a great circle comprehended bclt^^n - <V.q»^ ^' ^ 
the ecliptic and the body. This, arc is called the /a^'Wev^/r^^ / ''^ : 
Ihe body. The second is the arc of the ecliptic comprehend-^* — ^^^-^^ 
ed between the vernal equinox and the circle of latitude. This 
arc is reckoned, like the right a^cnsion, from west to east, in 
the direction of the proper motion of the sun, and is called the 
tof^ilude of the body^ from its analogy to the longitude! of the sun* 

In figure 39, C represents the centre of the celestial sphere, 
YQ^ the equator, YE^^ the eclipticj Yd:^ the line of equinoxes, 
SA the declination of a star 5, ^A its right ascension, SL its 
latitude, and VL its longitude. When tbe star is situated north 
of the ecliptic the latitude is north ; when it is situated south of 
the echptic the latitude is south. The angle PSP' is called the 
at^le of position of the star. 

188. We do not'observe directly the latitude and longitude of 
the heavenly bodies, on account of the difficulty of verifying 
the proper instrument intended for.tnis purpose ; but we deduce 
them by calculation from*, the observed declination and right as- Top.i05. 
cension. To this end it is only necessary to resolve a spherical 
triangle. 

The determination of the latitude and longitude of the hea- 
venly bodies, supposes the observer placed at the centre of the 
eartlt. But as we are always. confined to the earth's surface, it 
is necessary to apply a correction to the apparent latitude and ' 
longitude, precisely analogous to the parallax in declination and 
right ascension. Indeed the analogy is so complete that the for- 
mulas investigated for the latter will serve also for the former, as 
may be easily shown. 

For this purpose we make use of a construction exactly simi- 144. 
lar to that employed for the parallax in altitude. Let C repre- Fig. 40. 
sent the centre of the earth, supposed to be a spheroid, GOZ a 
radius of the earth produced, O the place of the observer, and 
Z the true zenith. Then P' being the pole of the ecliptic, let us 
suppose that the plane of the figure passes through the lines CP' 
and CZ. In this case, the plane of the ecliptic, which must bje 
perpendicular to the line CP, will be projected in the figure, 
according to a straight line CE. The arc ZP' will be the distance 
of the zenith from the pole of the ecliptic, and the arc Z£, the 
complement of this distance, will be the latitude of the zenith. 
We here understand celestial latitude, referred to the plane of 
the ecliptic, and not terrestrial latitude. 
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If we DOW draw from the observer to the heavenly body L, a 
visual ray OL, the body will be seen at S' on the celestial sphere, 
and the arc ZS' will be the apparent distance of the body from 
the true zenith. The arc P^S' will be its distance from the pole 
of the ecliptic, or the complement of its apparent latitude ; and 
lastly, the angle at the pole SPZ^ contained between the circles 
of latitude drawn through the zenith and the body, will be the 
apparent difference of longitude of the body and the zenith. 
We here understand celestial longitude, reckoned on the ecliptic, 
and not terrestrial longitude. 

But*, if from the centre C of the earth, we draw to the same 
body the visual ray CLS^ which will project it in S on the celes- 
tial sphere, S will be the true place of the body, ZS its true 
zenith distance, PS its true distance from the pole of the ecliptic, 
or the complement of its true latitude ; and the angle at the pole 
SP'Z, will be the true difference of longitude of the body and 
the zenith. The difference between these elements and those of 
the apparent place, will be the corresponding parallax. Thus 
the difference SS* between the zenith distances, will be the par- 
allax in altitude, the difference between the polar distances 7^5, 
FS', will be the parallax in laiilude^ and the angle SP'S' will 
be the parallax in longitude. 

Thus the analogy above mentioned, is shown to be complete ; 
for the figure here made use of, is the same as that employed for 
the right ascension and declination. The system of coordbates 
in latitude and longitude is of exactly the same nature; and 
therefore the consequences must be the same. Indeed, it will 
be readily seen that the parallax in latitude answers to the par- 
allax in declination, and the parallax in longitude to the parallax 
of the horary angle or right ascension. In order then to apply 
the formulas already investigated, it is manifestly sufficient to 
give to the letters there used, the signification which we here 
intend they should have. We shall thus have, without any new 
calculation, expressions for the parallax in longitude and lati- 
tude. 

Only as the angle <SP'Z, which corresponds to the horary 
angle, is here the difference of longitude of the zenith and the 
star, it is necessary that we should be able to determine the 
longitude of the zenith. For this purpose we have only to as- 
certain the declination of the zenith, referred to the plane of the 
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equator, and its r^t ascension referred to the equinoctial point; 
after whkb, we convert the coordinates into latitude and longi* 
tode, referred to the plane of the ecliptic, in the same manner as 
we should convert those of a star, by the formulas already given 
for this purpose. 

The declination of the zenith is very easily obtained, it being 
the distance of the zenith from the equator or the latitude of the 
place of obs^vation. As CZ, the radius of the earth, differs 
from the vertical, it is necessary to employ the declination of tha 
true zenith ; that is, to subtract from the terrestrial latitude the 
angle contained betweai the radius and the vertical. 

As to the right ascension of the zenith, it is evidently measur- 
ed by the variable horary angle contained between the equinoc- 
tial point Y and the fixed plane of the meridian of the place. 
It is the sidereal time converted into degrees on the equator. In 
order to obtain it, we pursue the method laid down in article 81* 
We ascertain the horary angle of a known star, by an obser- 
vation of the altitude, this angle being reckoned from the supfc- 
rior meridian, and from (P to S&O^, in the direction of the diur- 
nal motion. To this we add tlie right ascension of the star, and 
from the sum subtract the entire circumferences, if there be any, 
and the remainder will be the sidereal time, or the distance of 
the equinoctial point Y from the plane of the meridian^ 

This distance will be the right ascension of the zenith* It is 
what astronomers call the right ascension of midrheaven* It might 
be obtained in a manner still more simple, by observing the tran- 
sits of stars, or of the sun over the meridian, with a meridian 
ielescope, and calculating the right ascension of the body in ques- 
tion f<Hr the moment of observation. For, since it is then in the 
meridian, its right ascension would be that of the meridian 
itsdf. 

Knowing the decUnatioti and right ascension of the zenith, w^ 
can easily cakulate its latitude and longitude ; and as one of the 
two first coordinates, namely, the right ascension, varies at each 
instant in consequence of the diurnal motion, it will be perceived 
that the two others, both of whkh involve it, will be variable 
abo. The latitude and longitude of the zenith change, therefore, 
at each instant. This might have been easily foreseen from the 
oblique direction of the plane of the ecliptic, with res[>ect to the 
diurnal motion. But the preceding considerations furnish us with 
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the means of obtaiaiog for each instant the vahies of these vari- 
able coordinates. 

Astronomers have given the name nonagesimal to the point E of 
the ecliptic, where this plane is intersected by the circle of lati- 
tude ZP'j which passes through the zenith. The word nonagesi" 
tnal signifies ninetieth. The denomination appears to have been 
selected because the point E is situated 90^ from the point of 
the ecliptic which is in the horizon at the same moment. Indeed, 
if through the centre C of the earth we draw a plane perpen- 
dicular to the radius CZj and consequently horizontal, this plane 
will be represented in the figure by the straight line CH, as the 
ecliptic is by the straight line CE. The intersection of these two 
planes will therefore be a straight line, drawn through the point 
C perpendicular to the plane of the figure. Consequently, the 
angles made by this straight line with CE and CH will be right 
angles. 

This point of the ecliptic, thus situated in the horizon, dQP from 
the point £, or nonagesimal, was formerly termed the horoscope; 
and that species of superstition, cMed judicial astrology^ consisted 
in believing that the point of the ecliptic which happened to be 
rising at the moment any event occurred, would have an influ- 
ence upon it either favourable or unfavourable. Consequently, 
the position of this point in the ecliptic was carefully calculated, 
and according to the particular part in which it was found, 
good or bad omens were drawn from it. This was calleil casting 
the horoscope* The bare mention of this practical superstition is 
sufiicient to show its absurdity. 

189. According to the preceding definitions, the angular dis- 
tance of the point E from the plane of the horizon, or the angle 
£CH, is called in astronomy the altitude' of the nonagesimaL 
This distance is evidently equal to the angle jPCZ, the distance 
from the pole of the ecliptic to the true zenith. These denomin- 
ations being frequently employed, it is well to know what they 
signify. But it is evident that they are not very characteristic 
or necessary, and that the general expressions latitude and hn- 
gitude of the zenith are much more convenient ; we shall, there- 
fore, employ them through the rest of this work, it being an evil 
to multiply, technical terms without necessity. 
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Progrtssivt Diminution of the Obliquity of the Ecliptic. — Oentral 
Motion of the Stars parallel to the Ecliptic ; whence results the 
Precession of the Equinoxes* 

190. The values assigned to the obliquity of the ecliptic by 
astronomers of different ages, do not agree with each other. 
They have been continually diminishing from the time of the 
earliest astronomers to the present. These differences cannot 
be ascribed wholly to the imperfection of instruments and ob- 
servations; for had this been the case, the results obtained 
must have been sometimes too great and sometimes too small ; 
and there is not the slightest probability that all would have 
agreed in indicating a progressive diminution of the obliquity of 
the ecliptic, if this diminution were not real. Indeed, the con- 
clusion derived from observations, is completely confirmed by 
the theory of gravity. It is proved that the attraction of the 
different planets which compose our system, must necessarily 
change by degrees the position of the plane of the ecliptic in the 
heavens, and, according to the present disposition of the system, 
must diminish its inclination to the equator, by a quantity equal 
to 59f\l0d in a century, or (y',52109 in a year. In a memoir of 
Laplace, published in the Connaissance des Tems^ for 1811, may 
be seen a comparison of the results of theory and observation. 





Observations prior to the Christian Era. 
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tbe Observa- 


Observers. 


Observation. 


Obliquity. 


Obliquity. 
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Obliquity. 


1100 


Tcheou-KouDg 


China 


23^54' 02" 


23<'51'58" 


-f 0^02' 04" 


350 


Pytheas 


Marseilles 


23 49 20 


23 46 07 


-|-0 03 13 


250 


Eratosthenes 


Alexandria 


23 45 39 


23 45 19 


+ 00 20 


50 


Lieou-Hiang 


China 


23 45 39 


23 44 03 


+ 01 36 




Observations since the Christian Era. 


173 




China 


23«41' 33" 


23«42' 17" 


— 0°00' 44" 


461 


Tsou-Choug 


China 


23 38 52 


23 39 53 


— 01 01 


629 


Litchou-Foung 


China 


23 40 04 


23 38 17 


+ 01 47 


880 


Albategnius 


Arabia 


23 35 41 


23 35 13 


4-0 00 28 


1000 


Ebn-Jouni 


Cairo 


23 34 26 


23 34 50 


— 00 24 


1279 


Cocheou-King 


Pekin 


23 32 02 


23 32 22 


— 00 20 


1437 


Ulugh Begh 


Samarcand 


23 31 48 


23 31 05 


+ 00 43 
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These observations, taken together, put beyond all question 
the progressive diminution of the obliquity of the ecliptic. Their 
agreement with the results of theory, from which they vary by 
being sometimes greater and sometimes less, leaves no doubt that 
the diminution is owing solely, as the theory indicates, to the at- 
traction exerted by the sun upon the planets, and by the differ- 
ent planets upon each other. 

We perceive also the effects of this diminution, when we com- 
pare the positions of the same stars with respect to the ecliptic 
at very dist:int epochs. The effect is fliost remarkable in the 
stars situatcwi near the summer and winter solstices. Those which 
were formerly situated north of the ecliptic, near the summer sol- 
stice, are now found to be still farther north and farther from 
this plane. On the contrary, those which, according to the testi- 
mony of the ancient astronomers, were situated south of the eclip- 
tic, near the summer solstice, have approached this plane, and 
some are now either situated within it, or just on the north side of 
it. Analogous changes have taken place with respect to those sit- 
uated in the neighborhood of the winter solstice. All the stars 
participate in this motion, but differently, and less according to 
their proximity to the line of the equinoxes ; so that this line ap- 
pears to perform the office of a hinge about which the rotation 
seems to take place. It is natural to conclude from these phenom- 
ena, that the plane of the ecliptic has an actual motion in the 
heavens, and that it thus produces, in a contrary direction with 
respect to the stars, the appearances we observe. For we can 
hardly believe that these motions really belong to the stars, since 
such a supposition would require among all the heavenly bodies 
a corresponding motion which no one would think of maintaining. 

191. But it is important to observe, and in this particular we 
are confirmed by theoretical considerations, that the diminution 
of the obliquity of the ecliptic will not always continue. A time 
will arrive when this motion, growing less and less, will at length 
entirely cease, and the obliquity of the ecliptic will appear con- 
stant ; after which, the displacement will commence in the oppo- 
site direction. The ecliptic will then gradually diverge from the 
equator by the same degrees according to which it before ap- 
proached ; and these alternate states will constitute an endless os- 
cillation, comprehended within certain fixed limits. Theory had 
not yet enabled us to determine what these limits are, but it ma^r 
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be demonstrated from the constitution of our globe, that such 
limits exist, and that they are very restricted. Thus, if we con- 
sider only the effect of those constant causes which act at pres- 
ent upon the system of t|;»e universe, it may be affirmed that the 
plane of the ecliptic never has coincided with the plane of the 
equator, and never will coincide with it ; a circumstance, which, 
could it happen, would produce upon the earth a perpetual 
spring* 

192. We have here spokeh only of the slow and secular dimi- 
nution of the obliquity of the ecliptic. This obliquity experi- 
ences, moreover, certain small o^illations, by which it varies 
from its mean value, in opposite directions alternately. Among 
these oscillations, that which is most considerable is complete'd 
in a period of 18 years ; that is, at the end of 18 years, whatever 
depends upon this inequality is compensated, and there remains 
only the constant and general effect of the progressive diminu- 
tion. Observation has ma^e known the law of these small oscil- 
lations, and theory has made known their cause. They are 
produced by the action of the moon, and make a part of the phe- 
nomenon called nutcUion. But as their value and period depend 
upon the motions of this body, we shall not here undertake to 
explain the phenomenon ; it is sufficient for the present to have 
noticed simply the effect thus produced upon the obliquity of the 
ecliptic. There is also a small effect of the same kind produced 
by the sun ; but it is much less considerable, and takes place in 
the period of half a tropical year. 

As we advance in the study of astronomy, we shall see that 
all the elements of our system are, like the obliquity of the 
ecliptic, subject to variations of two sorts. The first are so slow 
in their operation that their course appears to have been pro- 
gressive from the time of the most ancient astronomers to the 
present. For this reason they are called secular inequalities^ 
The other are more rapid, and accomplish their periods at inter- 
vals of time which are not very considerable. Several of their 
revolutions have already been observed by astronomers. These 
are called periodical inequalities^ to distinguish them from the 
other, which are also periodical, but comprehended within limits 
very much more extended. 

1 93. When we have determined by observation, for a certain 
epoch, the instant of the sun^s passage through the vernal equi- 

Astron. 15 , 
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nor, it 18 easy to refer to this point the right ascensions of all the 
stars. For this purpose, it is sufficient to observe or calculate, 
the diiFcrence of right ascension between each star and the equi" 
noctial point, according to the method explained in article 168. 
Now, if we repeat this observation, with respect to the same 
stars, at different epochs, comprehending intervals even of a 
small number of years, we shall find in them verj sensible 
changes, the general result of which b, that the right ascension^ 
of all the stars go on increasing, so that their meridians ap- 
pear tq^cpart continually from that of the equinox, in the direc^* 
tion of the proper motien of the sun. The declinations of the 
stars change also, at the same time ; so that the equator ceases 
to pass through the same stars ; and this change of place is so 
considerable that the situation of the different constellations with 
respect to the equator and the equinoxes is entirely different 
from that described by the ancient astronomers. 

194. At first view, when we refer these motions to the plane of 
the equator, their law does not seem very manifest ; but if we 
refer them to the plane of the ecliptic by means of latitude and 
longitude, and thus compare the present positions of the stars 
with those, observed and handed down by the ancient astrono^ 
mers, we shall immediately perceive a remarkable agreement; 
It will be found that the latitudes of the stars have exp^ienced 
no variations, or only such slight ones as would naturally result 
from the secular variation of the obliquity ; whereas the longi- 
tudes of all the stars have been constantly increasing, and all by 
the same quantity. Thus it would seem as if they moved in 
the heavens in a direction parallel to (he plane of the ecliptic ; 
or, to express it in a rigorous and geometrical manner, the phe- 
nomena take place as they would do if the celestial sphere re- 
volved about the axis of the ecliptic with a very slow motion, 
directed from west to east like that of the sun. 

195. In order to measure this motion, it is sufficient to copi- 
pare together the longitudes of the same star, observed at two 
different times. The effect being the same for all the stars, it is 
of no importance which we take.* 

For example, according to the observations of Dr Bradley, the 
longitude of the star called Spka Virginisy at the beginning of 
1760, was 200O 29^ 39''. 
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Accordiog to the observ«tioDS of Dr Maskeljne, th« longitude 
of the same star was at the beginning of 1802, 301^ 4^ 4V\ 

The differeoice is 35' 2" in 42 years ; which gives for the 
yearly increase d(X^05. The comparison of a great number of 
<^ervations gives for the yearly increase in longitude dO'',!. 
It will be perceived at once that an element so delicate cannot 
be established with certainty, except by taking the mean of $i 
great nnmber of observed results* 

196. In consequence of this motion, the equinoctial points do 
not always correspond to the same points of the celestial sphere • 
and the sun employs a little less time in returning to the equator 
than in returning to the same fixed star. In this consists what 
J8 called the precessiom of the equinoxes. 

In ,order to estimate this interval, it is necessary to remaric, 
that when the mean §un has returned to the equinox after a tro* 
pical revolution of S65^ 5^ 48' 51",6, there ^till remains to he 
4QfiGribed upon the ecliptic, the small arc of 50",1 before it 
jrn^c^ the pojnt ip the sphere of the stars which passed the 
^liinex, the preceding year, at the same^time. Indeed,, this 
,ptmt is itself in motion on the ecliptic, in virtue of the precefh 
fijon ; and it departs a littk from the sun while that luminary is 
iyH>vi9g round to overtake it ; but its annual motion being only 
.5Q!",1, the quantity by which it advances from the moment th^t 
the sun has reached the equinox until it reaches this point itself, 
ki altogetlMHr inaensiUe ; so that we may suppose the point in 
lyie^ion imo^oveabje during this interval. Accordingly, in 
order to estimate the interval between the sun's passing the equi- 
nox and arriving at the above point, we have only to reduce to 
lime iim small ^c of 50",1, by the proportion 

360^ : S66* 5^ 48' 61",6 : : 50",1 : 0^ 20' 1^,9. 
If we add this to the tropical year, we shall have the duration 
of a complete revolution of the sun with respect to the stars^ ex- 
pressed in mean solar time. This is callqd the sidereal year^ and 
b equal to 365* 6"» 09' 11",5. 

197« From this calculation it is readily perceived that the line 
of the eqiunoxes has a retrograde motion in the ecliptic of one 
degree in 71,6 years. 

It is l&emrise easy, on the supposition that this motion is oni* 
form, tO'Calcolate the time required for the equinoxes to move 
entirely through the ecliptic *, fojr, if it require a year u> move 
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through 50'',!; the time necessary for moving 360®, mu8t be 

360^. l'^ 
equal to — ^-— or 25868 years. But the motion of precession* 

IS subject to inequalities in different centuries, which would pro- 
bably affect in some degree the length of this period* 

193. The discovery of the precession of the equinoxes, docs 
not date farther back than the time of Hipparchus, Before this 
epoch, it was supposed that when the sun returned to the same 
equinox, it also returned to the same fixed stars; and as the 
presence of this luminary in the different parts of the heavens 
determined and regulated the labors of the husbandman, the 
ecliptic was divided, from the most ancient times, into twelve 
equal portions, beginning with the vernal equinox. These por^ 
tions were denominated signsj undoubtedly on account of the 
labors belonging to the season when the sun was in them ; for 
the names given to the different signs have a manifest reference 
to these labors. The passage of the sun through each of the 
signs was easily ascertained by means of the stars which are 
situated in the ecliptic, and which were therefore divided into 
twelve groups or constellations. But since this remote period 
the appearance of the heavens has considerably changed. The 
equinoxes have retrograded in the ecliptic, by the effect of the 
precession, and the same constellations no longer indicate the 
same labors. But the same division is still recognised in astron* 
omy, and even the names of the 1 2 signs with the characters 
which represent them, are retained ; but they are counted on 
tlie ecliptic from the vernal equinox, which is constantly chang- 
tng its position. 

These signs are, aries V, taurus y , gemini n, cancer S5, leo 
^, virgo 19?, libra £i, scorpio n, Sagittarius f , capricomas IJ, 
aquarius «r, pisces K. 

They are arranged in order in the two following verses, which 
may be easily remembered ; 

Sunt aries, taurus, gemini, cancer, leo, vti^, 
liibraque, fcorpios, arciteoensi caper, unphora, pisoes. 

£ac|) sign is a twelfth part of the circumference, and contains 
30^» The assemblage of these signs forms what is termed the 
i^iac 
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Bj the general consent of astronomers the first point of the 
si^ aries always corresponds to the vernal equinox, the first of 
cancer to the summer solstice, the first of libra to the autumnal 
equinox, and the first of capricornus to the winter solstice. 

199. About the time of Hipparchus, or a litde before, the con- 
stellations aries, cancer, libra, and capricornus, were actually 
situated in the four points of the sun^s orbit, above mentioned, biX 
they have changed since that time, by the precession of the equi- 
noxes, about SCP. 

' The vernal equinox now takes place in the constellation 
pisces, the summer solstice in gemini, the autumnal equinox 
in Virgo, and the winter solstice in Sagittarius. Each has retro- 
graded one sign. 

Hence we must carefully distinguish between the signs of the 
zodiac, which are fixed with respect to the equinoxes, and the 
consttllations, which are moveable with respect to these points. 

9O0. Hitherto we have ascribed to the stars this continued 
motion of precession, considering them as all moving together 
parallel to the ecliptic, and constantly changing their relative 
positions with respect to the equator. But, if we have consider- 
ed these changes of place as real, it is only because we have 
found it convenient to regard the equator as a fixed and im- 
moveable plane, to which we may refer the positions of all the 
stars, by means of their right ascensions and declinations. For, 
tbe appearances would be absolutely the same, if, instead of attri- 
buting these motions to the stars, we were to consider the earth 
as moving in a contrary direction* According to this supposi- 
tion, it is the celestial equator which changes its position togeth- 
er with the earth, moving backward along the ecliptic in the 
inverse order of the signs, in such a manner that the common 
intersection of these planes, or the line of the equinoxes, shall 
describe annually upon the ecliptic an arc of 5(K',1, in a direc- 
tion contrary to the proper motion of the sun* In this case, the 
stars would be really stationary, and the earth only would be 
in motion ; the celestial equator would change its place with 
respect to the stars, and not the stars with respect to it. Accord- 
ing to this supposition, we must also consider the axis of the 
diurnal motion as changing its place at the same time with the 
plane of the equator, to which it always remains perpendicular ; 
for the elevation of the pole at each place, remains invariably 
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the same, although it does not always c«rre3poD4 to ihf same 
slars; consequently the directipiO of the diurnal molioo, being 
constantly the same with respea to each bori2<V), most chaise 
with it. But this displacement of the axis of rotation of the hea- 
vens, far from appearing extraordinary, is only an additional 
argument tending to confirm us in the sujqposition that the dtoc- 
fial motion of the heavens is only apparent, and that the appear- 
ance is caused by the motion of the earih in a contrary direc- 
tion. If we remember what has already been said respecting 
the iUusioos produced by the r«lativ« motions of a system of 
which the observer forms a part, the idea of giving U> the earth 
a motion of rotation upon itself, about an axis fixed relatively to 
its surface, and to this axis a motion of precession in the heavens, 
offers nothing either impossible or strai^e. And after all, ibis 
mode of explaining the celestial phenomena is still more simple, 
than that of supposing tbroi^igbout the whole system of tbe,he%- 
renly bodies, so many general and common motions of rotation 
and precession, which, considering the multitude of these bodies 
and the variety of their distances, would re<]iiire in their particu- 
lar motions, a connexion and correspondence which no one would 
think of maintaining. Besides, all the phenomena wjiich occur 
as w« advance in the study of astronomy, conspire to shoir th|t 
this latter supposition is not the true one. In the mean tiqae, untjl 
their developement furmsbes us with a series of inductions not 
to be resisted, it is well to be apprised of the possibility of ibis 
double mode of explanation* 

SOI. The theory of universal attraction has taught us tbat tho 
pbenomenon of the precession of the equinoxes prpco^ds fipm the 
attraction exerted by the moon and sun upon U)ie oblate spb^roid 
of the earth. This attraction, being unequal v^on -the differei^t 
portions of the sphenoid, on account of the ohlateness, t^ods .coih 
tinually to draw the plane of the equator out of its dirisctioo^ aiid 
causes it to retrograde npon the ecliptic, confocmably to tbe laws 
which we have deduced from observatioiu Jf t^e earth were 
exactly spherical, this effinct w;ould not be produced ^ joo V^^P^^ 
.sian woyld take place, and tbe eqaiooxes would always corres- 
pond to the same points of the ocliptic, ^t l^ast ^o far as the 
kind of action we have been considering, is^coace^^ned* 

Since tbe aturactioos ex^rt^d iiy the 3un and mocui upon tbe 
terrestrial qplieroid, vaiy witb.the pp^i<UMs of tt^aelKidi«3|<tb(^ 
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fesalt certain dmall oseilllt(kfM in the precession of the equi* 
doxeS) by ivhich it sometinies increases and sotnetimes diminishes* 
The period of these oacillatiODS is ditferent in the case of the sun 
from what it is in that of the moon; it depends upon the time 
fi^ired in the body which produces them, after leaving a cer- 
tain position in which it exerts a given influence, to arrive at a 
position in which it shall exert the same influence. The in- 
equalities of this kind, prodnced bj the action of the sun, have 
for their period half a tropical year; those which are produced 
by the moon, have a period of 18 years. Both are connected 
with correspdhding oscillations in the obliquity of the ecliptic, 
as above mentioned ; and they make a part of the phenomenon 
•f notation, the laws of which will be explained hereafter. 

Moreover, the motion of the equinoxes is also modified by 
aootker cause* Vfe have already mentioned that the attraction 
eiterted by the planets upon each other and upon the sun, gra- 
dually changes the direction of the plane of the ecliptic in ab^ 
kite space. This change causes a variation in the inclination Qf 
ibe ecKptic to the eqnator, as before remarked* At the same 
time it causes also a change of place in the points of intersection 
of tbese two planes, that is, in the line of the equinoxes. This 
foreign motion is combined with that which the attractions of the 
son and moon would produce if they were the sole agents. In 
the present disposition 6f the planetary system, the displacement 
^ the ecliptic, causes in the equinoxes an annual motion of 
Vfil. This motion is dirut^ that is, in the direction of the sun^s 
motion in longitude. It is, consequently, opposite to the retr<h 
grade motion caused by the sun and moon. Hence it appears 
that the anntjal precession which we observe is strictly the 
difference between these two contrary motions ; and without the 
displacement of the ecliptic, the observed precession would be 
eqnal to dO"',! + (K^Sl or W\4l. These effecU of the action of 
the planets are in themselves independent of the figure of the 
earth. But they have, nevertheless, an indirect influence, which 
is connected with this figure. For, as they displace the plane 
of the ecliptic which is the orbit of the sun, they bring this lumi-^ 
nary into different positions with respect to the terrestrial sphe- 
roid, and thus modify the action which it exerts upon this sphe- 
nMi ID virtue of the oblateness. The position of the orbit of 
tto moon which always accompanies the ecliptic, is affected, in 
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like manner, and by the same cause ; so that the action of thift 
body also varies. Hence arise new modifications in the motion 
of the equinoxes, and the obliquity of the ecliptic* These secon* 
dary effects modify considerably the results which would have 
been produced by the action merely of the sun and moon upon 
the terrestrial spheroid, on the supposition that the plane of the 
ecliptic is immoveable. 

These variations which take place in the action of the sun, iu 
consequence of the displacement of the ecliptic, are periodical 
like the displacement itself. The inequalities in the motion of 
the equinoxes and in the obliquity of the ecliptic, which result 
from these variations are, therefore, periodical also. These in- 
equalities are analogous to the lunar nutation, but much slower. 
They may be tiermed the secular nutation. As they are not pro- 
portional to the time, they render the precession unequal in dif- 
ferent centuries. But these variations are so slow, that observa- 
tion alone would not be sufiicient to detect them, especially on 
account of the imperfection of the ancient determinations, which it 
would be necessary to make use of in order to estimate and 
compare the precession of the equinoxes at different epochs. 
From the operation of this cause, the annual retrogradation of 
the equinoxes is now greater by about (y',455 than it was in the 
time of Hipparchus. Consequently, the mean tropical year is 
shorter now by 1 1'^076 than it was then. For, since the cetro- 
gradation of the equinoctial points is greater now than formerly, 
the sun has, each year, a space of (^',455 less to pass through in 
the ecliptic, in order to reach the plane of the equator. The 
mean tropkal year, which is measured by the interval compre* 
bended between two successive returns of the sun to the same 
equinox, is therefore less by the time required to describe on the 
ecliptic an arc of <y^455 with its mean motion, which shortens 
the tropical year 11 '',076, as may be proved by a simple pro- 
portion. In order that this diminution in the tropical year may 
be real, it is necessary to admit that the sidereal year with which 
we compare it, and the sidereal day by which we measure it, 
are constant periods. Indeed they are demonstrated by theory 
to be invariable, -as has been before observed. 

These results of theory, by giving to our observations and c^- 
culations an exactness which could not have been obtained with- 
out this aid, serve to throw light at the same time upon the true 
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F»#8 of the phenomena ; it is for this reason that it was deemed 
proper to present them here by way of anticrpariion. 

202. The progressive changes which take place in the longi- 
tude of the stars, in consequence of the precession of the equi- 
noxes, extend to the declination and right ascension, and alter 
the value of these two elements. But we have already seen 
that the arcs which express them are connected with those of 
the latitude and longitude, by means of spherical triangles ; we 
are thus enabled to ascertain their value. Hence we are able 
also to calculate the effect which a small change of longitude 
produces ro the right ascension and declination. We accordingly 
obtain the precession in right dscension and declination* 

203. If the plane of the ecliptic were immoveable in the heav- 
ens, and its inclination to the equator constant, the preceding con* 
siderations would be sufficient to enable us to determine, for any 
given epoch, the position of a star with respect to these two 
planes, provided this position had been once observed. It would 
only be necessary to make, in the longitude of the star, the 
change required by precession, and with this corrected longi- 
tude, the latitude remaining the same, we nright calculate the 
right ascension and declination. 

But the latitude of the stars cannot remain constant, because 
the ecliptic also varies its position in the heavens. The varia- 
tions in latitude, therefore, combine with those in longitude, 
resulting from the precession of the equinoxes ; and accordingly, 
in order to ascertain the place of a stai' at any given epoch, re- 
gard must be had to these simultaneous changes. 

We have already remarked, that the theory of attraction ex- 
plains, in the most perfect manner, the laws of these phenomena. 
Although we cannot here present the proofs, upon which these 
explanations rest ; we shall, nevertheless, make known the prin- 
cipal results ; for this affords the only means of forming clear and 
distinct ideas respecting the displacement of the ecliptic, and the 
motion of the equinoxes. 

204. For this purpose, let E«PV be the position of the eclip- yjg. 4j. 
Uc at a given epoch, for instance, at the beginning of 1750, a 
year rendered memorable by the labors of Lacaille, and adopted 

as the origin of several astronomical calculations. Let VQ re- 
present the equator at this same epoch, and ¥ the equinoctial 
point ; so that the longitude shall be reckoned from T towards 
'^^tron. 16 Digitized by LjOOgle 
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JS, and the right ascensions from ¥ towards Q. Let us now 
suppose another epoch subsequent to the preceding. The equa- 
tor will have retrograded in consequence of the precession. Let 
then, VQ' represent its new position at this epoch, and V its 
intersection with the ecliptic, considered as having the same po- 
sition as in 1750; the spherical angle E^'Qf will be its inclina* 
tion to the ecliptic. But then the true ecliptic will have varied 
its position in the heavens, and will have taken, for example, the 
dii*ection NE'^ making with the preceding a spherical angle 
EXE\ In consequence of thb variation it will cut the new po- 
sition of the equator in V, and the point T'' wUl be the new 
position of the true equinoctial point ; so that the longitude will 
"be reckoned from ^'' towards E'^ and the right ascensions from 
V'' towards Qf. 

Now, supposing the obliquity of the ecliptic to have been ob- 
served at the first epoch, the theory of attraction makes known 
for any other epoch ; 1. the arc TV, or the precession of the 
equinoctial point upon the fixed ecliptic of 1750. 2« The angle 
JSTVi or the obliquity of the equator to this same ecliptic. 
3. The arc T'V or tht motion of the equinoctial point in right 
ascension. 4. The obliquity of the equator to the moveable 
ecliptic, or the angle Ef"^. With these data it is easy to 
transfer the catalogues of the stars from one position to another, 
and to calculate what will be, or what must have been, the lati- 
tudes, longitudes, right ascensions and declinations. This pro* 
cess is, strictly speaking, nothing but a simple transformation of 
coordinates. 

Indeed, knowing the longitudes I, and the latitudes ^^ referred 
to the primitive position of 1750, we add to the longitudes the 
arc of precession W on the fixed ecliptic, which arc we shall 
call 1^ ; the longitudes I -f- 1//, and the latitudes X, will determine 
the position of the stars with respect to the fixed ecliptic for the 
new epoch in question. Since we know also the angle £ VQ', 
the obliquity of the equator to this ecliptic at the same epoch, 
We can calculate, with these data, the right ascensions and de- 
clinations with reference to the new position ^'Qf of the equator. 
We shall call them a' and d*. The necessary formulas for ob- 
taining them will be found in the Appendix. 

But these arcs are reckoned from the equinoctial point V* 
In order to reduce them to the true equinox ¥'', it is sufficieut 
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to subtract from all the right ascensions the arc Y'^f" , which 
expresses the motion of the equinox in right ascension. Let this 
arc be •'• Then the right ascensions a* — « , and the declina- 
tions d^ will determine the elements of the stars with reference to 
the new position of the equator and of the true equinoctial point 
V ; and as we know also the angle £'VQ', which expresses 
the apparent obliquity of the ecliptic to the equator for the new 
epoch, we can easily calculate the longitudes and latitudes for 
this same epoch, with reference to the moveable ecliptic. By 
thb means we shall have the right ascensions, declinations, lon- 
gitudes and latitudes of the stars, referred to the new position 
of the equator, ecliptic, and equinoctial point Y''« 

We have supposed the new epoch to be later than 1750. If it 
were earlier, the process would be the same, the signs only being 
changed. The precession W\ instead of being added to the 
longitudes, would require to be subtracted, and with respect to 
the motion of the equinoctial point, mstead of subtracting it from 
the right ascension a', we should add it. The same formulas 
are applicable in all cases, the time being considered as positive 
for epochs subsequent to 1750, and negative for others. 

205. We have said that the siidereal day had for its measure 
the interval of time comprehended between two consecutive rr- 
tums of the same star to the meridian, this interval being sup- 
posed to be corrected for the effects of precession, aberration, 
and nutation. This, in other words, is equivalent to referring 
the star to the mean equinox Y'S smd considering it immoveable 
with respect to this point during the interval of a day. Conse- 
quently, the duration of a sidereal day is really measured by 
two consecutive returns of the mean equinox ^^ 'to the meridian. 
The point ¥" is here called the mean equinox^ to distinguish it 
from the true equinox, which oscillates about it in virtue of the 
nutation. 

But, according to what has been said respecting the secular 
displacement of the ecliptic, the equinoctial point T'S does not 
always correspond to the same physical point of the equator. 
It is, on the contrary, moveable upon this great circle, and its 
displacement, after a given interval of time, is measured by the 
arc Y'¥", as we have seen in figure 41. The small portion of 
this proper motion, which corresponds to one rotation of the 
heavens, makes, therefore, in reality a part of the sidereal day ; 
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in the same manner as the diurnal arcs, described upon the equa- 
tor by the sun, in virtue of its proper motion, make a part of the 
duration of a solar day. If the motion of the equinoctial point 
Y^' were sensibly unequal, the sidereal days would themselves 
be unequal in duration, like the solar days. But this motion ifi 
so slow that the effect of its variations would scarcely amount to 
minutes in the total duration of several millions, of years. The 
influence of these variations on the determination of absolute 
time, is therefore, altogether insensible, for the periods which as- 
tronomers have hitherto had occasion to consider. Accordingly, 
neglecting tlicm, we may always consider the sidereal day as a 
constant period of time, the duration of which is measured by 
two consecutive returns to the meridian, of the equinox T'', mov- 
ing uniformly. 

A mere inspection of figure 41 will enable us to account for ^ 
phenomenon before mentioned ; namely, that the displacement 
of the ecliptic, caused by the attraction of the planets, modifies 
in some degree the precession which we observe, and renders it 
somewhat smaller than that which takes place on the fixed eclip- 
tic. To be convinced of this, let T, be the physical point of the 
moveable ecliptic, which, at the epoch of 1750, comcided with 
the point V of the fixed ecliptic. When, after a certain lapse c£ 
. time, these two planes become detached from each other, the 
true equinox comes to V, and the arc T, V, reckoned on the 
moveable ecliptic, is the apparent precession which we observe. 
It remains to prove that this arc is less than W, which repre- 
sents the precession on the fixed ecliptic in the same interval. 
This is very easily done ; for, since V and T, corresponded ori- 
ginally to the same physical points on the two ecliptics, the arcs 
JVT, J^^n reckoned from the point TV where these two planes 
cut each other, are equal. Now the part NV of the last, is 
evidently greater than l}xe arc JVV of the other, since the acute 
angle A'T^' V, expressing the obliquity of the moveable ecliptic 
to the equator, is less than the obtuse angle .^VT", which ex- 
presses the supplement of the obliquity of the same equator to 
the fixed ecliptic. Consequently V, V must be less than W, 
that is, the apparent precession must be less than that which 
takes place on the fixed ecliptic. The point T" is here regard- 
ed as the true equinox, since we leave the nutation out of coof 
sideration. 
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If from the true equinox T " we draw the arc of a great circle, 
VP' perpendicular to the fixed ecliptic ; it follows from the 
smalbess of the angle JV that the arcs TP, f,f% will be very 
nearly equal to each other. Thus, calling ip the precession 
upon the fixed ecliptic, and y/ the precession on the moveable 
ecliptic, the arc VP will be nearly equal to y; — y/. More- 
over, in this same triangle YP<f\ we know also the angle 
PVV, expressing the obliquity of the equator to the fixed 
ecliptic. With these data we can calculate the side T'*f'', 
which expresses the secular motion of the equinoctial point in right 
ascension^ and PY\ which expresses its secular motion in latitude. 
But as these arcs are extremely smalj, even when we go back to 
the most ancient observations, it is sufficient to resolve the small 
triangle Y'VP, as if it were a plane triangle. We thus find 

cp/ op// -. Vin^ ; and T'P = {ip — W) tang F; designating 

by V the angle V T'T" ; that is, the obliquity of the equator to 
the fixed ecliptic. We hence perceive that these quantities are 
connected with the motion in longitude, and also how they de» 
pend upon this motion. It is to be observed that the motion of 
the equinoctial point in right ascension, is directed from east to 
ivest, and that its motion in latitude is from north to south of the 
£xed ecliptic. 

206. In the Appendix may be found the exact formulas, fur- 
bished by theory, for calculating these values with reference to 
any epoch whatever, and for determining all the other elements of 
the apparent places o^he stars. The operation reduces itself to 
a simple change of coordinates. But when the period in ques- 
tion embraces only a small number of centuries, before or after 
the epoch of 1750, which we have selected as the point of de- 
parture, the calculation is simplifictd by the consideration that the 
variations which take place in the coordinates are very incon- 
siderable, and we may make use of general and very simple for- 
mulas to express the slight corrections, necessary to be introduced 
into the primitive elements, in order to transfer them to the epoch 
fixed upon. In the Appendix we have proceeded in this manner 
in determining the effects of precession upon the right ascen- 
sion and declination of stars for a short interval of time ; and 
generally this mode of afqproximation is of constant use in astron- 
omy, in rediicing observations of the heavenly bodies, taken at 
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different periods, to the same position of the equator and equir 
nox, for the purpose of rendering them comparable with each 
other* 

This simplification is founded upon a principle of analysis, 
iwhich may be advantageously employed in a variety of circum- 
stances. When we examine the simultaneous effects of several 
causes of minute variations, thb mode of approximation allows 
us to estimate each effect separately, and to consider the total 
effect as the sum of these partial results. It is thus that several 
simultaneous sounds may agitate the air at once and remain dis- 
tinct. Thus too, on the surface of a tranquil lake, when small 
undulations are propagated circularly from any point, if we ex- 
cite a new agitation in another point, the undulations here cre- 
ated, will spread over the surface, as if it had not been troubled, 
and at the points where they cross each other, the total eleva« 
lion of the small wave, will not differ sensibly from the sum of 
the separate elevations. The same is true generally of very 
slight motions, and this is the principle which facilitates the ap- 
proximation. 

207. When we wish to transfer the positions of stars from one 
epoch to another little distant, the change in the position of the 
equator and ecliptic, and the change in the obliquity of the equa- 
tor to the fixed and the moveable ecliptic, are all so small that 
the principle just laid down, may be employed in estimating them. 
Thus when we have calculated the absolute value of these 
changes for the period in question, it will be sufficient to estimate 
separately the effect which each is ca^ftble of producing upon 
the coordinates of the heavenly bodies. The sum of the partial 
effects will express the total variation which takes place in these 
coordinates. By this means the calculation is rendered much 
more short and simple, and yet furnishes a sufficiently close ap- 
proximation, when the period does not embrace more than two 
or three centuries. 



NutaHon^ 

208. In the foregoing section we have examined all the slow 
and secular variations, which affect the obliquity of the ecliptic 
and the position of the equinoctial points. We have seen in 
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what maimer the effects which these variations produce upon the 
right ascensions and declinations of the stars may be estimated. 
By taking account of these effects, and making allowance for 
them, in the results obtained for the right ascensions and decli- 
nations, observed at different epochs, every thing will be brought 
to the same condition as if the equator and ecliptic were im- 
moveable. Ck>nsequently, if these planes and the heavenly 
bodies referred to them, have no other motions than those of 
which we have been speaking, it should follow that the right 
ascension aod declination of any given body, when thus correct- 
ed, must always preserve precisely the same values, at whatever 
epoch they may be observed. • 

Now this is not exactly realized; there still remain some 
slight periodical variations, for which allowance must be made, 
in order to obtain constant coordinates. This discovery was 
made by Dr Bradley. 

The first of these variations and that which was first discover- 
ed, is called the abtrratum oflighU It is produced by the motion 
of the earth, which, by causing the luminous particles emanating 
from the heavenly bodies, to meet us in an opposite direction, 
gives us a sensation, compounded of this motion and the proper 
motion of light, which, although very rapid, is not instantaneous. 
We shall not now inquire into the laws of this phenomenon. It 
is sufficient for the. present to know that the aberration prevents 
vs from seeing the heavenly bodies in their true places ; and that 
this illusion being subjected to fixed and known laws, may be 
corrected by calculation ; and if allowance be made for it, the 
coDdiiion of things becomes the same as though it did not exist. 

309. $till this correction is not sufficient to render the right 
ascensions and declinations constant. They experience also 
other changes. The simplest mode of proceding then, is to as- 
certain whether these changes can be ascribed to a small varia- 
tion in the obliquity of the ecliptic, and in the position of the 
equinoctial points. Now we have examined, in the preceding 
section, the effects of indeterminate variations of these two ele- 
ments, and in the Appendix have given formulas for calculating 
the changes they produce in the right ascension and declination 
of the stars. Since these changes are here given, we have only 
to introduce their values into our formulas, and take for the un- 
known quantities, the small variations of the ecliptic and equi- 
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iioxes. Thus we arrite at the tallies of these tmkiKmn quanti- 
ties, and if all the stars agree in assigning them the same yalue^ 
we conclude that the small motions observed in the stars are 
owing to a similar cause. This was the course pursued hj Dr 
Bradley, who has shown bj a variety of examples, that the 
agreement is as exact as could be desired. 

In this manner it was proved that the phenomenon was com- 
mon to all the stars, and depended solely on the variations of the 
two elements which we have been considering. Still this was 
not sufficient for determining completely the law of the phenome- 
non. It remained to ascertain whether these variations of obli- 
quity and precession, were indefinitely progressive, or whether 
they were periodical ; and in the latter case, it was necessary to 
determine their period. This also Dr Bradley did. He observed 
that these variations had an intimate connexion with the posi- 
tions of ihe ascending node of the moon in the ecliptic ; he saw 
that they were subject to the same periods, and finally he ascer- 
tained how they depended on the nodes of the moon. 

To understand this dependence it is necessary to know that 
the moon, as will be shown hereafter, moves like the sun in an 
orbit, the plane of which passes through the centre of the earth. 
"This plane, or rather the great circle of the celestial sphere 
which represents it, cuts the ecliptic, which is also a great circle, 
in two opposite points, called the moon^s nodes. They are to the 
orbit of this body what the equinoxes are to the plane of the 
equator. These nodes do not always correspond to the same 
points of the ecliptic. They have, like the equinoxes, a retro- 
grade motion upon this great circle, but it is much more rapid ; 
for they make the circuit of the ecliptic in 18 years .and 314 
days nearly ; while the equinoxes require about 26000 years. 
That node through which the moon passes in coming from the 
south to the north side of the ecliptic, is called the ascending node, 
and the other the descending node. The first is analogous to the 
vernal equinox, and the second to the autumnal. 

The theory of universal attraction has made known the rea- 
son why the periodical variations, observed by Dr Bi*adley, in 
the obliquity of the ecliptic and the position of the equinoxes, 
are connected with the position of the moon's nodes. We have 
already stated that they are produced by the attraction of ^his 
body, which causes the equator of the earth to oscillate^ Hence 
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tre have been enabled to understand also why the two motions 
of obliquity and of the equinoxes, are connected together, a 
connexion already known as a fact from observation, but which 
could only be established experimenially, without our knowing 
whether the relations which it indicated were rigorous or simply 
the result of approximation. It is to D^Alembert that we owe 
this important confirmation of the theory of universal attraction. 
It has been also found that the attraction of the sun produces a 
similar effect but much more feeble. 

The phenomenon of nutation being thus reduced to a small 
change in the obliquity of the ecliptic and the position of the 
equinoxes, caused by a derangement of the equator, nothing can 
be easier than to calculate the effects which it produces upon the 
declinations and right ascensions of the stars. 

SIO. But why has it been called nutation ? This can be ex* Fig. 42. 
plained by a geometrical construction, in which its effects may 
be represented. Let C be the centre of the earth and of the 
celestial sphere, TQeCir the equator, VE^b the ecliptic, P the 
north pole of the first of these two circles, and P' the north pole 
of the second; the point V will be the vernal equinox, £2: the 
autumnal equinox, and the angle PCP^ will be the obliquity of 
the ecliptic to the equator. This being supposed, if, without 
changing this angle, we cause the axis CP to describe a conical ^ .^ i 
surface about the axis CP, so that the pole P shall descrihejjie 
circumference of a circle perpendicular to this axis, this motion 
will transfer the intersection V of these two planes through the 
whole extent of the ecliptic without changing their mutual incli- 
nation. Consequently, if this rotation be made in the direction 
^yiZSfj contrary to the order of the signs, and if we give to the 
pole P, upon its circle^ the annual motion of the equinoxes, the 
intersection Y will retrograde on the ecliptic in the same man- 
ner, and this construction will exactly represent the mean pre* 
cession* 

But since the obliquity of the equator to the ecliptic, is not 
perfectly constant in different centuries, the angles PCP^ at the 
centre of the cone must be made to vary in such a manner as to 
follow and represent these changes ; or, more simply, the points 
P and P', must be considered as the mean poles of the equator 
and ecliptic, about which the true poles move, approaching and 

Astron* 17 
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recedii^ alternettelj, according to the inequalities to which they 
are subject. 
Fig. 43. AccordiDgly, let P, P', represent the poles of the equator and 
ecliptic, determined for a certain epoch, as we have described, 
regard being had to the secular inequalities onlj. In order 
to represent the periodical inequalities of nutation, the true pole 
w of the equator must be supposed to move about the pole F, 
conformably to the laws deduced from observation. Accord- 
ing to these laws, when the ascending node of the moon is in 
Y on the ecKptic, that is, when it corresponds to the vernal 
equinox, the apparent pole v, is found to correspond to the sum- 
mer solstice, 90^ in arrear. In proportion as the node retro- 
grades on the ecliptic, the apparent pole w follows its motion, and 
thus turns about the true pole P while the node makes the cir- 
cuit of the ecliptic. Its orbit is a small ellipse, whose transverse 
axis ww^^ always remains a tangent to the circle of latitude PP^^ 
drawn through the poles of the equator and echptic, and occu- 
pies on this circle an arc of 19^^,26* The conjugate axis of this 
ellipse, being perpendicular to 4he transverse, is a tangent to the 
circle PP/P„ in which the pole of the cquatonnoves parallel to 
the ecliptic ; and since it is very small, it may even be consider- 
ed as making part of this parallel, on which it occupies an arc 
D6J 9 ^ 1 00^ 01^ Wfi . 'to obtain for any instant the position of the 
apparent pole w in this ellipse, we make the following construc- 
Fig. 44. ^^^ ^^^ elements oi which are determined by calculation. Sup- 
pose a circumference of a circle w K «r", concentric with the ellipse 
x>f nutation, and having its transverse axis for a diameter ; in this 
circumference suppose a radius w'P, first situated in w at the 
extremity of the transverse axis nearest the ecliptic, when the 
ascending node of the moon is in the vernal equinox. Then 
cause this radius to pass round the circle with a retrograde mo- 
tion equal to that of the node in the ecliptic. If in each position 
of this radius, we draw through the extremity K an ordinate KR 
to the circle, the point t/^, where this ordinate meets the ellipsf 
of nutation, will be, for that instant, the place of the apparent 
pole. This construction is only the enunciation of the reauhs 
furnished by calculation and subjoined in the Appendix. 

This oscillatory motion of the pole is very well designated by 
the word nutatixm. We have said that the sun also produces a 
sunitar oscillation but much smaller; it may, therefore, be rqire* 
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edited geemetrically in the ttme manner. The combmation of 
these two makes what k called the /tcnwo/ar nutation. Lastly, 
the aCtractbo of the moon produces also another inequality of 
the same kind, the period of which is half a month ; but it is so 
ftmall that it is unnecessary to take account of it. Now, that we 
know the laws of these oscillations, we can suppose them to have 
been all along employed in reducing the positions of the stars to 
cooiparable terms ; and, if we have sometimes, by way of antU 
cipation, made use of this knowledge, for the purpose of obtain- 
ing, in the shortest manner^ the definite results of observation, it 
is evident that we have only anticipated what we should in the 
«nd have been obliged to do by a circuitous process, when we 
had made ourselves acquainted with these phenomena. 

We shall close this section by remarking that the phenoine* 
non of nutation is not regulated by the motion of the moon^s ap* 
paf$ni node, which is variable in the ecliptic, but by the motioQ 
of the meatk node^ that is, the code considered apart from its 
periodical inequalities. This is a theoretical result which cannot 
here be eiqplained. Some astronomers, from inattention to thia 
point, have thought they had found an error in the formulas 
hitherto used for calculating the nutation, and which are regut 
lated by the mean node ; but no «uch error exists. 



Second Afproximation to the Motions of the Sun. — Theory of iis 
Elliptical Motion. 

211. Iir what precedes, we have considered the sun as passing 
each year through a great circle of the celestial sphere. We 
have determined the position of this circle, and furnished the 
means of ascertaining its variations. We are now to examine 
more critically the motions of the sun in thie plane. We have 
already seen the method of determining by observation, the ex- 
tent of the arcs described each day, as well as of collecting these 
Ksults together and forming tables, by means of which the suc- 
oeAsive positions of this luminary on the celestial sphere, may 
be predkted. But resulu thus insulated, would never be free 
from error and uncertainty ; and their changes, if they experts 
itDce any, could only l)e corrected by continually comparing 
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them with new observations. In order to make the requisite 
corrections with greater security and facility, it becomes neces- 
sary to investigate rigorously the law which governs them; or 
at least to approximate as near to it as possible, by some sim- 
ple geometrical construction ; for the mutual dependence of thfe 
facts being once known, a sufficient degree of accuracy will be 
attained by the precise determination of a small number of ele- 
ments. This dependence is evidently founded upon the motion 
of the sun in space. Let us, therefore, endeavour to ascertain the 
laws of this motion. 

212. For ihis purpose two kinds of data are necessary; the 
angular motion of the sun, deduced from the measurement of its 
altitudes ; and the variations of its distance, computed from ob- 
servations of its apparent diameter. Let us combine the conse- 
quences which are hence derived. 

In the first place the angular motion of the sun in its orbit, 
the ecliptic, is not uniform, but sometimes slower, and sometimes 
faster. This is made evident, by calculating from day to day 
its longitude, for the moment of its passage over the meridian^ 
by means of its observed right ascension and declination. For 
these meridian longitudes do not increase uniformly, and their 
diSei:ences from one day to another, are not proportional to the 
intervals of time, which elapse between the consecutive passages 
of the sun over the meridian. Repeated observations prove that 
the greatest differences take place in two points of the ecliptic, 
situated the one toward the winter, the other toward the summer 
solstice. ' 

In the first, the sun describes an arc of the ecliptic equal to 
1^ 01' 09'',95 during a mean day ; its velocity is then the great- 
est. This happens at present about the 31st of December. In 
the second, it describes only 67' ll'',48 in a mean day; then 
its velocity is least ; this takes place at the present time about 
the first of July. Its mean velocity is equal to 
lo01^09/'95 + 5rn",48 ^^ 
2 

The above two points correspond to equal declinations on op- 
posite sides of the equator, and their right ascensions differ 180^. 
They are, therefore, situated in the same straight line, drawn 
through the centre of the earth and the celestial sphere. Their 
longitude varies a little from time to time, which shows that the^ 
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are id motion with respect to the equinoxes. We shall 806h see 
how to make allowance for this change. 

213* We now come to the apparent diameter of the sun. This 
observes the same periods as the angular velocity ; that is, it 
increases and diminish^ with the velocity, but in a less ratio, ft 
attains its tnaxmum at the point where the velocity is greatest^ 
and is then 39f 35^',56. It reaches its minimum at the point where 
the velocity is least, and is then equal to 31^ 3(X^,9. The mean is 
32' 03'',23. These estimates should be diminished by some sec- 
onds in consequence of irradiation^ which dilates a little, the ap- 
parent diameters of objects ; but the exact quantity of this dila- 
tation is not yet well ascertained. 

214. By means of these observations we can determine the 
greatest and smallest distances of the sun from the earth, or at least 
their ratio ; for we know that the distances of the same object 
are reciprocally proportional to its apparent diameters. Accord- 
ingly, if we compare the greatest and least apparent diameters 

32' 35" 56 
of the sun, their ratio will be J or 1,03416 ; that is, if 

1 represent the smallest distance, the greatest will be 1,03416. 
The arithmetical mean between these distances is 1,01708. If, 
according to the practice of astronomers, we consider it as unity, 
the smallest will have for its expression 



or 1 — 



and the greatest 



1,01708' 1,01708 ' 

1,03416 ^ , 0,01708 



1,01708' ^ 1,01708 

which are reduced to 1 —0,01679 or 0,98321 and 1,01679. 
The diitance of the sun from the earth therefore varies annually 6y 
a quantity nearly equal to the one hundred and sixty-eight ten thou^ 
sandih part of its mean value. 

215. The points of the sun's orbit which cotTespond to its 
greatest and least distances from the earth, are called the apogee 
and perigee^ two Greek words, which signify from the earth and 
about the earth* They are designated by the common name of 
epsides. 

216. From these results it appears that when the sun ap- 
proaches the earth, its velocity increases, and when it recedes 
from the earth, the velocity diminishes. But we have not yet 
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determioed whether these variations are real or oaljr apparent, 
for from the very circumstance that it approaches, the arcs it de* 
scribes in its orbit must appear greater, and when it recedes, 
they mdst appear smaller. In order to comi^^are these arcs with 
accuracy, we must refer them to the same distance* The ani 
which has for ils measure 0^ 57' 11^^,48, and which the sun de- 
scribes in its apogee, would have appeared greater if it had beea 
observed at the perigee. In order to refer it to this point, it is 
sufficient to multiply it by the inverse ratio of the radii at these 

two points, that is, by ^ -- or 1,03416 ; for its apparent mag- 
nitude must be reciprocally proportional to its distance. We 
thus obtain 0^ 59' 08^^,77 for the measure of this arc, as seen 
at the distance of the perigee. Now the arc actually de- 
scribed at this point by the sun, is equal to 1° 01' 09'',95, as we 
have seen above, and consequently exceeding the former by 
(P 02' Or',18 ; thi|^ the apparent diminution of the sun's motion 
at the apogee, is not to be ascribed to its increased distance 
merely ; but arises also from an actual retardation in its motion, 
as it recedes from the earth. 

217. If, in like manner, we compare the angular motions and 
apparent diameters of the sun for other epochs in the year, we 
shall find this general law ; the angk detcribid each day, being frntl* 
iiplkd bjj the square of the distance^ gives a product very ruarly conr 
stant. Consequently the angular motion diminishes very nearly 
as the square of the distance increases. 

218. When we have thus obtained a simple law, which ex« 
tends with very inconsiderable and irregular errors, to a great 
variety of observations, independent of each other and separated 
by long periods of time, we may regard it as more exact than 
the observations themselves ; for, if it were not really a law of 
nature, it is incredible that it should represent the observations 
so accurately ; indeed it is in the highest degree probable that 
it would go on varying from them more and more ; and this pro- 
bability amounts to absolute certainty, when the number of ob- 
servations is greatly multiplied, as is the case in astronohiy. 

219. With the results now obtained, we can calculate the 
ratios of the distancG^ of the sun from the earth, in any two 
points of ils orbit, without having recourse to obs^ervations of its 
apparent diameter; for these distances will be reciprocally pro- 
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portional to the square roots of the daily angles described on 
the ecliptic. For example, if the perigee distance be supposed 
equal to 1, the apogee distance will be 



V^^O^'^-^^ or 1,0341 ; 

as deduced above from the values 1,01679 and 0,98321, which 
represent these distances. 

This result, being expressed geometrically, makes known a 
v«rj remarkable law respecting the motion of the son. Wo draw 
from the centre of the earth to the sun a straight line, called the 
radius vector. This straight line will describe each day in the 
solar orbit a small sector, the area of whkh will be nearly 
equal to half the product of the daily arc by the square of the 
radius vector. This area b therefore constant ; and the total 
area thus described, beginning from a fixed point, increases in 
proportion to the number of days elapsed. This is found to be 
confirmed in the most rigorous manner, when we calculate 
exactly by analysis any elliptical sectors, and compare them 
with the times employed in describing them. Hence we de- 
rive this conclusion, the aretu described by the radius vector of 
the nMi, are proportional to the times. This is one of the great 
laws discovered by Kepler, and serves as the basis of the theory 
of the sun and planets. 

320. By following this law and combining with It the observa- 
tion of the daily angles, we may trace the curve described by 
the sun in the plane of the ecliptic. For this purpose, from a 
given point representing the centre of the earth and the celestial 
sphere, we draw upon a plane straight lines, whose angular dis- 
tance is equal to the angular motion of the sun for the interval of 
a day. These lines will represent the visual rays drawn to the 
i^n each day. We set ofi*on their direction from the fixed point, 
the corresponding distances of the sun from the earth, deduced 
from the daily motion, taking one of them Ifor unity. The 
points determined in this manner,, will indicate the place of the 
sun for each day, and the curve which unites them, will repre- 
sent the sun's orbit. 

SSI. Let us take, as an example, the S4 following observa- 
tions made at Greenwich, by Dr Maskelyne. They are a part 
of that series employed by M. Delambre, in constructing his first 
tables of the sun# 
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Dates of the 


Sidereal Time 


Observed 


Difference 


Difference 


Observa(ioD8, 


at 


liongitndw. 


of Times. 


of 


1776. 




Greenwicli. 






Longitudes. 


January 


12 
13 


k ' (/ 

19 36 02,8 
19 40 22,0 


o / // 

292 13 36,7 

293 14 43,4 


h , ,1 

24 04 19,2 


O 1 II 

10 1 06,7 


February 


17 

18 


22 03 30,8 
22 07 22,2 


328 43 47,2 

329 44 13,1 


24 03 61,4 


1 00 263 


March 


14 
15 


23 37 06,2 
23 40 45,3 


353 45 49,1 

354 45 26,0 


24 03 39,1 


59 37,0 


April 


28 
29 


2 22 19,9 
2 26 07,0 


37 67 13,4 

38 55 27,7 


24 03 47,7 


58 14,3 


May 


15 
16 


3 28 03,7 
3 31 59,5 


54 23 10,9 

55 20 38,3 


24 03 55,8 


67 37,4 


June 


17 

18 


5 42 29,8 
5 46 39,4 


85 59 05,1 

86 56 21,7 


24 04 09,6 


57 16,7 


July 


18 
19 


7 50 07,3 
7 54 08,0 


115 33 12,0 

116 30 28,0 


24 04 00,7 


57 16,0 


August 


20 
21 


10 19 24,2 
10 23 03,9 


152 53 48,0 

153 51 45,2 


24 03 39,7 


57 67,2 


Septerobei 


22 
23 


11 57 14,7 

12 00 50,4 


179 14 66,9 

180 13 46,2 


24 03 35,7 


58 49,3 


October 


24 
25 


13 58 55,6 

14 02 46,3 


211 54 24,2 

2J2 64 24,8 


24 03 50,7 


1 00 00,6 


November 


18 
20 


15 38 57,4 
15 47 20,2 


237 02 04,3 
239 03 28,5 


48 08 22,8 


2 01 24,3 


December 


17 
18 


17 40 15,4 
17 44 41,7 


265 28 14,0 

266 29 21,4 


24 04 26,3 


1 01 07,4 



222. These longitudes are all reckoned on the ecliptic from 
the same straight line, drawn from the centre of the earth to the 
vernal equinpx, conformably to the general usage of astronomers. 
The difference between the observations made on consec\itive 
days, gives the daily angles, and the square roots of the ratios of 
these angles, make known the distances of the sun from the earth 
at the different times. By referring these distances to the inter- 
mediate instant between the two observations of each month, we 
form the following table, in which 1 represents the distances, cor- 
responding to th^ mean angular velocity 59' 10'',72. The obser- 
vations are taken exactly as they wore made, without any modi- 
fication, that the results might be independent of any anticipated 
knowledge. 
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Dates of the 


Longitudes 


Distances from 
the Earth. 


Observations. 


of the Sun. 


January 12 to 13 


O f II 

292 44 10,0 


0,98448 


February 17 to 18 


329 14 00,1 


0,98950 


March 14 to 15 


354 15 37,5 


0,99622 


April 28 to 29 


38 26 20,6 


1,00600 


May 15 to 16 


54 51 54.6 


1,01234 


June 17 to 18 


86 27 43,4 


1,01654 


July 18 to 19 


116 01 50,0 


1,01658 


August 26 to 27 


153 22 46,6 


1,01042 


September 22 to 23 


179 44 21,5 


1,00283 


October 24 to 25 


212 24 24,5 


0,99303 


November 18 to 20 


238 02 46,4 


0,98746 


December 17 to 18 


265 58 47,7 


0,96415 



By means of these data we construct figure 46, which repre- 
sents the annual orbit of the sun. 

223. This curve is a little elongated in the direction of the 
line which joins the observations of December and June. It is 
consequently toward these points that we arc to look for the 
perigee and apogee. The resemblance which this orbit bears to 
an ellipse, suggested the idea of a careful comparison, bj which 
it was found that the solar orbit is actually an ellipstf having the 
earth in one of its foci. 

224. The ellipse, it will be recollected, is a plane curve of such 
a nature that the sum of the distances from any point, situated 
in it, to two fixed points, called ybct, is always the same. In order 
to describe it, we attach to the foci the extremities of a thread ; 
we then extend this thread by means of a stile round in such a 
manner as to keep the parts of the thread always extended. 
The curve is completed by an entire revolution of the stile. 
This curve is represented in figure 47. The right line drawn 
through the foci and terminating each way in the curve, is called 
the transverse or major axis of the ellipse. The middle of this 
axis 18 called the centre ; it is equally distant f^om the two foci, 
and its distance from either of them is called the eccentricity ; 
because, if the two foci were united at the centre, the ellipse 
would be changed into a circle, from which it differs only by 
reason of its eccentricity. Lastly, a right line drawn through the 
centre perpendicularly to the transverse axis, is denominated the 
conjugate or minor axis ; and the distance of its extremities from 
either /octi5 forms the mtan distance, because itis infactthearith- 
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xnetical mean between the distances of the perigee dN apogee.t 
In the figure, th« points F and P are the foci, C the centre, AP 
the transverse axis, BF or BF' the mean distance, and CF or 
CF' the eccentricity. 

225. Now in order to ascertain whether the curve indicated 
by the above observations of the sun, is strictly an ellipse, we must 
take the indeterminate equation of some ellipse, and subject it to 
the test of satisfying some of these observations ; and when it^ 
elements have been determined by this condition, we shall see 
whether it likewise represents the other observations, that is, 
whether it gives, for the distance of the sun from the earth, at 
the different longitudes, values equal to those found in the pre- 
ceding table. 

This process may be facilitated by making use of the indica- 
tions furnished by the observations themselves, with respect to 
the position of the apogee and perigee. It is manifest that the 
apogee must be between the observation of June and July, which 
in the table of article 40, gave the greatest distances of the sun 
from the earth. Moreover, as these values, are nearly equal, 
the a[)ogee must be nearly midway between the longitudes an- 
swering to those distances. Upon this sup[)osition, the longitude 
of the apogee is 101° 14' 46''; and consequently thai of the 
perigee 281° 14' 46", for these two points are opposite to each 
other in the ellipse. Indeed, if we consider the observations of 
December and January which give the smallest values for the 
distance, and which, consequently, must contain the perigee, the 
mean of the corresponding longitudes is 279° 21' 29", differing 
but little from the one obtained above. 

It is obvious, therefore, that if we had observations made 
\yhen the sun was precisely in these two longitudes, his distances 
from the earth, thence deduced, would be exactly those of the 
apogee and perigee. Now, if we consult with this view, the 
catalogue of observations published by Dr Maskelyne, which 

t It is indeed the mean of all the distances ; for, being equal to 
the semitranverse, it is equal to half the sum of all the distances 
to the two foci, from the nature of the curve ; and the two foci, b&> 
ing in all respects similarly situated with regard to the curve, the 
semitransverse, or half the sum of all the distances to the two foci, 
must be equal to the sum of all the distances to one focus. 
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fv« hdve already employed, we shall find the following exactly 
suited to our purposes 



OTJ. 


Sidenal1lM«t 


LoDgiClHte. 


Time*. 


of the 
Loncitudei. 


Longitudes. 


Dimnce 
from Dm 
Bulk. 


June 30 

July 1 

Dec 30 

31 


6 36 31,4 
6 40 39,6 

16 37 60,7. 

18 42 25,1 ; 


o * // 

98 23 15,2 

99 20 24,] 

278 43 38,7 

279 44 48,9 


h / // 

24 04 08,2 
24 04 25,4 


/ // 

57 08,9 

1 01 15,2 


98 51 49,6 
279 14 11,3 


1,01767 
0,98309 



The arc of longitude contained between these observations, is 
not exactly equal to a semicircumference, as it would be if the 
points to which they are referred, were situated exactly opposite 
in the-same straight line ; but the difference 22^ 2i"^4^he\t\g very 
small, may be neglected in the first approximation. Then the 
distances belonging to these observations may be considered as 
the distances of the apogee and perigee. Their half sum, equal 
1,00038, will be the mean distance or semitransverse of the 
ellipse. Their half difference, equal to 0,01729, will be the 
eccentricity ; and if we divide this last by the other, we shall 
have 0,01728 for the ratio of the eccentricity to the semitrans- 
verse axis. Lastly, if we take the arithmetical mean between the 
observations of the longitude, we shall have 99*^ 03' for the lon- 
gitude of the apogee in 1775, and consequently 279^ 03' for the 
longitude of the perigee. 

226. We have here employed only four observations to deter- 
mine these elements. Moreover, these observations were not 
exactly opposite to each other in the orbit. Besides, the apogee 
and perigee which we have here supposed to be fixed, are actu- 
ally in motion in the heavens, as we shall soon see, and strict 
accuracy requires that we should have regard to this motion ia 
our comparison of observations. Finally, the method here em- 
ployed to determine the distances of the apogee and perigee, is 
by no means the most accurate that can be made use of, and we 
shall soon give another much preferable to it. The result we 
have obtained, therefore, is to be regarded only as an approxi- 
mation, and it will be easily conceived that, by employing more 
precise methods and combining a greater number of observations, 
we might arrive at results entitled to greater confidence. Indeed, 
by taking all possible precautions, M. Delambre found the 
semitransverse of the sun's elliptical orbit, at the close of 1775, 
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equal to 1,00041 ; the ratio of the eccentricity to the semitrans- 
verse 0,0168, and the longitude of the perigee 275° 03' 17''. 
These values do not differ essentially from those deduced above ; 
but still they ought to be employed as more exact* 

227. Now in order to be assured that the solar orbit is really 
an ellipse, and such as our computation has made it, we have 
only to calculate, according to the above ellipse, the values of the 
distances of the sun from the earth for each of the longitudes 
given in the table, and then see if these values agree with those 
obtained from observation. We have made this comparison, and 
the results are contained in the following table. 



Observed 


Distances 


Calculated 


Excess of the 


Longitudes. 


deduced from 


Distances. 


observed 




the Obser. 




Distances. 


392 44 10,0 


0,98448 


0,98406 


+ 0,00042 


329 14 00,1 


0,98950 


0,98949 


- - 0,00001 


354 15 37,5 


0,99622 


0,99585 


--0,00037 


38 26 30,6 


1,00800 


1,00845 


— 0,00046 


54 51 54,6 


1,01234 


1,01233 


+ 0,00001 


86 37 43,4 


1,01654 


1,01680 


— 0,00026 


98 51 49,6 


1,01767 


1,01722 


+ 0,00045 


116 01 50,0 


1,01658 


1,01647 


+ 0,00011 


153 22 46,6 


1,01042 


1,01003 


+ 0,00039 


179 44 31,5 


1,00283 


1,00286 


— 0,00003 


312 24 24,5 


0,99303 


0,99352 


— 0,00049 


238 02 46,4 


0,98746 


0,98762 


— 0,00016 


265 58 47,9 


0,98415 


0,98403 


+ 0,00012 


279 14 11,3 


0,98309 


0,98349 


— 0,00040 



The differences between the results of observation and those 
of calculation, are so small and irregular, that we may, without 
fear of mistake, ascribe them partly to errors in the observa- 
tions ; though some portion of this difference must undoubtedly 
be considered as proceeding from the elliptical hypothesis, and 
the manner in which it has been employed. This will be illus^ 
trated hereafter. In the mean time this correspondence is suffi- 
ciently exact to justify the conclusion that the sun^s orbit is aa 
ellipse having the earth in one of its foci. 

228. We have seen that, the mean distance of the sun from the 
earth being 1, the eccentricity is 0,0168. This eccentricity 
would, therefore be less than 17 lines in an ellipse whose semi* 
transverse is only 1000 lines. Hence, we see why it is scarcely 
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sensible in the figure. But in the heavens the semitransyerse 
being nearly 100000000 of miles, this eccentricity must amount 
to about 1 700000 miles. 

Having now arrived at a near approximation to the elements 
of the sun^s orbit, we next proceed to a consideration of the 
methods employed by astronomers for ascertaining the exact 
values of these elements. 



Method of Detetrnining exactly the Position of the Solar Ellipse in 
the Plane of the Ecliptic. — Origin of Mean Time. 

239. In order to determine exactly the position of the solar 
ellipse, it is necessary to fix with precisioi) the places of the 
apogee and perigee in the ecliptic. The circumstance that the 
angular velocity is least in the one and greatest in the other of 
these points, has already afforded us the means of a close ap- 
proximation, making use of our daily observations. But we are 
still unable to determine within half a day, the exact instant 
when the sun passes either of them. In order to obtain them 
with greater precision, it is to be remarked, that the sun must 
employ half a year in passing from one of these points to the 
other, and that the difference of longitude at these points is 180^. 
The union of these two conditions belongs exclusively to the 
transverse axis of the ellipse ; for, if we draw through the cen- 
tre of the earth any other straight line cutting the ellipse in two 
points, though the difference of longitude will still be 180^, yet 
the time employed by the sun in passing from one to the other, 
will differ from.]t half a tropical revolution. It will be greater 
if the arc described, contains the apogee, and less if it contains 
the perigee, the motion being slower in the former, and more 
rapid in the latter, than in any other part of its orbit. 

It would be very extraordinary if we should happen to fall 
upon observations differing in longitude exactly 180^, and the 
interval of which should be precisely half a year. But when 
we have hit upon the observations which best satisfy these con- 
ditions, the known laws of the sun^s motion will enable us to 
^ make the small corrections that are necessary in order to arrive 
at the true times and longitudes. Formulas for this purpose will 
be given hereafter. i r\r^ri]t> 
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By applying these considerations to the obaervations of Dr 
Maskelyne, M. Delambre found the longitude of the perigee^ as 
before stated, to be 275° 03' IT' for the end of the year 1775. 

230. Let us compare this result with more ancient observa^ 
tions. In 1 690, Flamstead found the longitude of the perigee 
to be 3770 35' 31''. This point of the sun^s orbit therefore 
advanced 1^ 27' 46" in 85 years, which makes the annual ad- 
vancement 61",952. The theory of attraction makes the ad- 
vancement 61",905, and this is to be regarded as more accurate 
than observation wherever such small quantities are concerned. 

The transverse axis of the solar orbit b not, therefore, fixed 
in the heavens, but advances annually 6I",905 in the direction 
of the sun^s motion. 

When the sun has returned to the point of the ecliptic where 
the perigee was situated the preceding year, the perigee will 
have removed from it, and the sun must, therefore, describe an 
arc of 61",905, before overtaking it. The time necessary for 
this is the fourth term of the following proportion 

360^ : 365* 5^ 48' 51",6 : : 61",905 : 0* 25' 07",3. 

In reality the solar ellipse does not remain perfectly stationary, 
while the sun is describing this small arc; but its motion is so 
slow, that for so short a time it may be neglected ; for in 0^ 25' 
07",3 it would only describe an arc equal to 

0^ 25' 2rS3 . 61^^,905 
365* b^ 48' 51'' fi ' 

a quantity which is less than the three-hundredth part of a 
second. If we would perform the calculation rigorously, we 
have only to employ the same process that we used in article 
55, for ascertaining the exact value of the exces§>yf the sidereal 
year over the tropical. 

331. It will be seen, as a necessary consequence of these phe- 
nomena, that the sun employs a little more than a tropical year 
in returning to the apogee or perigee of his orbit. The differ- 
ence is equal to 0^ 25' 07",3, and the duration of a revolution 
with respect to the apsides is 365* 5* 48' 51",6 + 0^ 25' 07'',3 
or 365* 6* 13' 58",91. This is denominated the anomalistic revo- 
lution, the angular distance of the sun from the perigee of his 
orbit being called the anomaly. 
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832. This period differs sensibly from the tropical revolution. 
It is therefore to be eoijdoyed, instead of the tropical, for deter- 
BiniDg the opposition of observations made at the apogee and 
perigee. Indeed, it is evident that regard should be had to the 
displaccmeat of the perigee during the interval of the observa- 
tionfi which we compare. These conditions form the basis of 
the method by which we reduce to the apogee and perigee the 
observations whkh are made very near these points. 

The motion which we have been considering, is that of the 
perigee with respect to the vernal equinox ; and we find that its 
loogitude increases continually. But we have before seen that 
the equinox itself^ has a retrograde motion in the ecliptic which 
increases yearly the longitude of all the points of the heavens 
50^,K The absolute displacement of the perigee with respect 
to a fixed point of the ecliptic, or with respect to the stars, con- 
sidered as immoveable, is therefore, equal to the excess of its 
apparent motion above that of the equinoxes, that is, 

61/'905 — 5(y',l or 1 r',806. 
This IB the ndtrtal motion of the sun's perigee. We observe that 
the tropical motion of the perigee exceeds the retrograde motion 
i>{ the equinoxes ; accordingly the sidereal motion of the perigee 
is direct. By the theory of gravity we learn that it arises from 
the attraction exerted by the sun and planets upon the earth* 
It is consequently subject to some inequality proceeding from 
the displacement of the orbits of these bodies. But these varia- 
tions being very slight, we may represent it with sufficient accu- 
racy by an expression compounded of two terms, the one pro- 
portional to the time, and the other much smaller, being propor^ 
tional to the square of the time. We here speak only of the 
sid^i^eal motion. When we refer this motion to the varying 
equinox, the inequalities of precession enter also into the expres- 
sion. 

233. We have mentioned that the sun experiences small peri- 
odical perturbations, in consequence of the attraction of the 
planets, which cause it to oscillate about its mean place. Ac- 
cordingly, if we calculate directly l:he longitude of the perigee, 
firom the longitudes of the true sun as given by observation, the 
result will be affected by all these Simall perturbations ; these we 
correct before completing the calcul ation. Moreover, we reduce 
the observations to the mean equi nox by making in the obser- 
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ved longitudes tte corf ections required by notation. Then the 
longitude of the perigee, deduced from observations thus correct- 
ed, is exempt from these small inequalities, and reduced to its 
mean position. 

We have also applied the term anomaly to the angle contained 
between the radius vector and the line joining the centre of the 
earth and the perigee. It should be observed that astronomers 
have for a long time reckoned the anomaly from the apogee. 
This is attended with no advantage or disadvantage, as it respects 
the sun or the planets ; it becomes impracticable in the case of 
comets, which, as we shall see hweafter, have their orbits so ex- 
ceedingly elongated, that they can, for the most part, be observed 
only in that portion which is nearest the perihelion. This consid- 
eration induced the author of the Micanique Cikste to reckon the 
anomaly from the perigee, and the Board of Longitude have fol- 
lowed his example in their new tables, which renders them uni- 
form for all the heavenly bodies. The same will be done-in this 
work. But since^ notwithstanding the advantages of this mode 
of reckoning, it has not yet been generally adopted, the learner 
should be apprized that, before employing the anomalies laid 
down in other works, it is necessary to observe from which point 
they arc reckoned, and to make his calculations accordingly ; if 
this precaution be taken, the difference will be attended with no 
difficulty. 

934. The moment the sun passes the perigee of its orbit, is 
that which astronomers have agreed to adopt as the arbitrary 
origin of absolute mean time ; we say agreed, because they 
might have fixed this origin in any other way. When they 
have ascertained by observation the mean longitude of the 
perigee, making all the corrections above described, they re- 
duce it to the plane of the mean equator, reckoning from the 
vernal equinox, and proceeding from west to east, as if it were 
right ascension.'*' This longitude thus reduced, they regard as 
the right ascension of the mean sun, referred to the mean equi- 
nox, for the instant when the true sun is in the perigee of its 

• By mean equator we here understand the equator which corre- 
sponds to the mean pole of the eart^. This pole remains stationary 
c^t the centre of the small ellipse of nutation, while the true pole is 
constantly moving in the circuDdference of the ellipse, and drawiD|^ 
ibe true equator with it. i r^r^nio 
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erbit« The position of the mean sun is completely determined 
hy this constrnction, for the instant of its passing the perigee ; 
and hence it is determined once for all, since wc know that the 
motion is uniform. 

Suppose we wish to calculate for this instant, the mean horarj 
angle of the mean sun for a determinate place, sa Paris, for exam-* 
pie* We have only to determine for that instant the distance of 
the mean equinox from the mean meridian of Paris.* This dis« 
tance is simply the sidereal time converted into degrees. If 
from this we subtract the right ascension of the mean sun, deter^ 
mined as above, it is evident that the remainder will be, for the 
same instant, the distance of the mean sun from the mean meri- 
dian of Paris, or its horary angle reckoned from east to west, 
like that of the true sun. If we convert this arc into mean time 
by the proportion of 15^ to an hour, we shall have the mean 
hour, or absolute mean time, for the instant of the true passage 
of the sun through the perigee, and consequently for any other 
time, the motion being uniform. 

This direct and rigorous method may be much simplified in 
the application, by considering that the true equator and equinox 
always differ very little from the mean equator and equinox. 

In order to illustrate this simplification clearly, let V'VAF*-*^ 
represent the ecliptic, ¥Q the mean equator, and ¥ the mean 
equinox ; also let V'Q' be the true equator, and V the true 
equinoctial point ; so that the two equators being produced, shall 
intersect each other in /• Then the angle at / will represent the 
variation of the obliquity, and the arc Y¥^, the variation of lon- 
gitude, occasioned by the nutation. Let us now suppose that at 
the instant for which we wish to calculate the mean time, the 
arc ^^M is the true right ascension of the zenith of the place of 
observation, that is, the apparent sidereal time converted into 
degrees. Also let TJlf be the mean right ascension of the mean 
zenith of the same place, on the mean equator, so that ^M shall 
be the mean sidereal time converted into degrees. All the ques^ 
tions which can arise respecting mean time, are reduced to cal- 
culating YJIf, ^^M^ being given, or reciprocally, to calculating 

* By mean meridian we here understand that which passes through 
the mean zenith of Paris and the mean pole of the earth, perpendicu- 
lar to the nMAn equator. 
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^'M^ V Jtf being known. In performing this calcalatioHf it is to 
be remembered that in nutation the poles and the eqaator vary 
their positions at the same time, so that the points and the cirdes 
which make part of this system, are displaced together without 
altering their relative positions. From this self-evident fact, it 
follows that the two points Jtf, JIf , always correspond to the 
same physical point of the equator, whether true or mean 5 for, 
being the intersection of this plane by the meridian of the place 
of observation, they move with the whole system of terrestrial 
circles^ and consequently do not change their relative positions 
with respect to each other.. This amounts to the same as saying 
that the points JIf, M\ always preserve the same geographical 
longitude on the globe. Accordingly the distances JIf/, M'l^ of 
these points from the intersection of the two equators are equal ; 
that is, the true right ascension ^'M\ increased by the arc V/5 
is equal to the mean right ascension TJH, increased by the arc 
V/, or in other words, to obtain the true right ascension of the 
zenith of a place, when we know its mean right ascension, we 
must add to this last the excess of the arc T/ above the arc T7. 

Now if from the mean equinox we draw an arc of a great cir- 
cle T"f , perpendicular to the true equator, and which will be 
the meridian of Y, it is easy to see that on account of the ex- 
treme smallness of the angle / and the arc VT', which expresses 
the nutation in longitude, the difference between the arc ¥/ and 
W, is nearly equal to the arc <¥*'T", contained between the true 
equinox and the meridian of T. This distance "f'Vis really the 
apparent right ascension of the true equinox. Thus, if we stop 
at this approximation, which is always sufficient, it appears that 
the mean right ascension of ike zenith is equal to its apparent right 
ascension minus that of the mean equinox. 1 his last may be easily 
calculated; for in the right-angled triangle <y><¥*'T" we know 
the angle V, equal to the apparent obliquity of the ecliptic, and 
the side TT% equal to the nutation in longitude. It is easy to 
see that VV, the arc sought, is equal to the nutation in longi- 
tude multiplied by the cosine of the apparent obliquity of the 
ecliptic. In all these calculations we can resolve the triangles 
/W, Y VV, as if they were plane triangles, on account of 
the smallness of the arcs by which they are formed. 

Reciprocally^ to obtain the apparent right ascension of the xeniA 
of aplace^ when the mean right ascension is known^ l»e add to the 
latter the apparent right ascension of the ^^"^^^f^i^^^QQql^ 
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By these very simple methods it is easy to determine for any 
instant whatever, the absolute mean time, when we know, for the 
same place and instant, the mean right ascension of the mean 
son upon its equator and the apparent sidereal time. We have 
only to apply the rules just given. 

For example, by means of a variety of observations of the 
sun, made by Dr Maskelyne, M. Delambre ascertained that the 
true sun, corrected for the small perturbations which affect it| 
and thus reduced to the elliptical motion, passed the perigee of 
its ellipse the 30th of December 1780, at lO'' 04' 00^^,4 sidereal 
time at the meridian of Paris,! this time being reckoned from the 
superior meridian and from the true equinox. The longitude of 
the perigee, referred to the mean equinox, was at this instant 
279*^ Oy 26'',7 ; this therefore was the mean right ascension of 
the mean sun, according to the preceding definition. If we re- 
duce it to lime, it becomes 18^ S6' 37'%8. The nutation of the 
mean equinoctial point in right ascension, or its apparent right 
ascension, was — 0° 10'',7 or in time — 0'',7. It was negative, 
because the node of the moon was then in the ascending signs of 
the ecliptic, between Y and £d. Thus, by subtracting it from 
the sidereal time lO'' 04' 00,''4 it becomes additive, and we shall 
have 10^ 04' 01",1 for the mean right ascension of the zenith 
referred to the mean equinox. If from this we subtract the 
mean right ascension of the sun 18^ 36' 37",8, adding 24^ if 
necessary, to render the subtraction possible, the difference 15^ 
27' 23",3 will be the horary angle of tt\e mean sun at this epoch. 
Thus we say that the true sun, corrected for perturbations, and 
leduced to the elliptical motion, passed the perigee of its orbit 
the 29th of December 1780 at Ib^ 27' 23",3 mean time at the 
meridian of Paris« We have taken 1 from the number of days^ 
because one day was converted into hours to render the subtrac- 
tu)n possible. 

235. Now that the origin from which we reckon mean time 
is well known, we return to the phenomena presented by the 
mobility of the solar ellipse. The major axis of this ellipse hav- 
ing a progressive motion in the plane of ecliptic, it must at cer- 

t The time is readily changed from the meridian of Paris to that 
of Greenwich, by subtracting O'' 9' 20'', and vice versA^ by adding the 
same quantity. 
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tain epochs, coincide with the line of the equinoxes, and at others 
be peq>endicular to it. These epochs are easily determined, 
because we know bj observation the present position of this 
axis and its motion. 

. According to the observations of Lacaille, the longitude of the 
perigee in 1750 was 278® 37' 27",95. Wlien the major axis 
was perpendicular to the line of the equinoxes, this longitude 
was 270O. The difference is 8® 37' 27'',95, which, at the rate 
of 61",905 for a year, gives a number of years equal to 

6l",905 • 

or about 500. This phenomena therefore took place in 1250. 
Then the perigee of the sun coincided with the winter solstice, 
and the apogee with the summer solstice. 

In like manner, when the major axis coincided with the line 
of the equinoxes, the longitude of the perigee was 180®. From 
this period lo 1750, it advanced 93® 37' 27",95. The number of 
years necessary for this advancement is equal to 

98 ^37^ 2rS95 
61 ",905 

or about 5735; which refers this phenomenon to about 4000 
years before the christian era. By a singular coincidence, this 
is nearly the time when most chronologists fix the first residence 
of man upon the earth ; although a variety of arguments, drawn 
from natural science, tend to show that the existence of the earth 
itself is to be traced to a period far more remote. 

236. It is evident that the same phenomenon will again take 
place when the sun^s perigee shall h^vc attained a longitude of 
360®; that is, when it shall hove described 90® — 8® 37' 27",95, 
frotii its place in 1750 ; and from what has already been shown, it 
will be seen that the number of years necessary for this, is equal 
to 6735 — 2 X 500 or 4735, which refers the phenomenon on- 
ward to the year G485. Then the perigee will coincide with 
the vernal equinox, whereas in the opposite position it coincided 
with the autumnal. In these two cases, the line of the solstices 
which is always perpendicular to the line of the etjuinoxes, coin- 
cides with the minor axis of the solar ellipse. 

In general, it is obvious that this line of the solstices never 
corresponds during two consecutive years to the same points of 
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the solar orbit. The preceding results are evidently only ap- 
proximations ; for it is plain that we should. obtain values some- 
nrhat different, if account were taken of the variations of the 
perigee and equinoxes ; which might easily be done, by employ- 
ing the exact expressions which we have given for these motions* 
But such precisi'in could not be of any great utiUty. 

SS7. When the major axis ^P^ is perpendicular to the line of Fig. 50. 
the equinoxes, the equator £e divides this ellipse into two unequal 
portions, the smallest of which is situated next to the perigee. 
This part must, then, be described in less time than the other ; 
since the extent is less, and the surfaces described are propor- 
tional to the times. This circumstance, added to the motion of 
the major axis, renders the duration of the four seasons unequal, 
and different in different centuries. 

At the time of this position of the sun in 1250, the perigee 
coincided with the winter solstice. Then the interval between 
the vernal equinox E and the summer solstice, was equal to that 
between this solstice and the autumnal equinox. Spring was 
therefore equal to summer, and autumn to winter. 

At the time of Hipparchus, or 128 years B. C* the apogee was 
less advanced than in 1750, by a quantity equal to 
61",905 X 1878 or 320 17'37",56. 
The longitude of the perigee, at this epoch was therefore equal 
to 246° ly 49",39. The ellipse was situated very nearly as is 
represented in figure 51, and the angle PTS was equal to 23° 
40^ icy J* The interval EAS between the vernal equinox, and 
the summer solstice, was then 94^ days, and the interval 5^e be* 
tween this solstice and the autumnal equinox, was only 92^ ac- 
cording to the observations of this great astronomer. Spring was 
therefore longer than summer, and winter longer than autumn. 

238. At present the position of the ellipse, is such as is repre- 
sented in figure 52. At the beginning of 1800, the angle PTS 
was 9° 43' 52" ; and the lengths of the different seasons were 
as follows : 

« h / // 
Prom the vernal equinox to the summer solstice 92 21 44 28,0 
FVom the summer solstice to theautumnj^l equinox 93 13 34 48,6 
From the autumnal equinox to the winter solstice 89 16 47 20,3 
From the winter solstice to the vernal equinox 89 01 42 23,0 
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At present, therefore, spring is shorter than saminer, and au- 
tamn longer than winter. 

As long as the solar perigee remains on the side of the equa- 
tor where it now is, spring and summer, taken together, will be 
longer than autumn and winter. In this century the difference 
is about 7 days, as may be seen by the preceding statements. 
These periods will become ecjual, about the year 6485, when the 
perigee will have reached the vernal equinox. It will then pass 
to the other side, and spring and summer will together be shorter 
than autumn and winter. 

339. These phenomena would not take place, if the motion 
of the sun were circular and uniform. All the seasons would be 
equal to each other, and we should never perceive any differ- 
ence. The eccentricity of the orbit, though very small, has, 
therefore, a sensible effect upon the duration of these periods. 
The motion of the major axis, although very slow, produces the 
variations observed in different centuries ; variations which are 
imperceptible during the shbrt period of a single life, but whose 
effects will be actually felt by the successive generations of men. 
This is the second time we have had occasion to point out the 
application of astronomy to the past and future condition of our 
system ; a consideration which has induced us to dwell so long 
upon this subject. 



Exact Determination of the Eccentricity^ from Observations of the 
Equation of the Centre, 

240. The position and eccentricity of the solar ellipse are 
determined by the preceding calculations. If these were rigor> 
ously exact we mi^ht thence deduce the course of the sun. 

But there still remains much uncertainty with respect to the 
eccentricity. We first deduced it from a comparison of the ap- 
parent diameters of the sun at the apogee and perigee. But the 
observations in this case are liable to inaccuracy from irradia- 
tion, of which we have no means of divesting them. Besides, this 
method is impracticable in the case of the planets, on account of 
the smallness of their apparent diameters.* Accordingly, we have 
had recourse to this method only to demonstrate the cUipticity 
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of the sun^s motion ; and, this eflipticity being once known, we 
have deduced the eccentricity from the observed angular veloci- 
ties at the perigee and apogee* But in order to obtain this ele- 
ment with all the necessary precision, we must seek some result 
in which its influence shall be more continued and more sensible. 
Such is the variation in the angular motion of the sun. 

The fundamental law of this motion is that the areas described 
by the radius vector are proportional to the times. If the sun's 
orbit were circular and without eccentricity, equal areas would 
correspond to equal angles, and the motion would be uniform. 
The periodical inequalities which we observe are, therefore, the 
necessary eSect of the eccentricity of the orbit. They are con- 
nected with this eccentricity, and their extent depends upon its 
magnitude. Now these inequalities may be observed with great 
precision, by means of the excellent clocks which are now in 
use ; so that we may hope to determine the eccentricity by this 
means, with much greater precision, than by direct observation. 

341. In order to have a clear idea of these inequalities, we 
must consider the motion of the sun as composed of a uniform 
circular motion, and a correction depending on the eccentricity 
of the ellipse, by which the first value is modified. 

Or, if we would express these ideas geometrically, we must sup- 
pose a fictitious sun s moving uniformly about the earth in a cir- ^ig* 53- 
cumference whose radius is equal to the distance of the perigee. 
To this fictitious sun we ascribe a mean motion equal to that of 
the true sun ; so that departing together from the perigee P, they 
return to it together after an entire revolution. Let us follow 
their course from this point. While the fictitious sun moves in 
a uniform manner, the true sun moves unequally, forming, with 
the distance of the perigee, elliptical sectors proportional to the' 
times. As the velocity of the true sun is greatest at its depar- 
ture, it at first precedes the sun s ; but its velocity diminishes as 
it removes from the perigee ; and there is an instant when its 
motion is the same as that of the other ; after which this last has 
the greater velocity, and overtakes the first at the apogee A^ at 
which they arrive together. The contrary takes place in passing 
from thence to the perigee. In this csrse, the fictitious sun s at first 
precedes the true one. Soon the velocity of the latter increases ; 
and there is a moment when the velocities of the two are equal ; 
after which that of the true sun predominates ; it approaches the 
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other, and the two arrive together at the perigee, performing 
their mean tropical revolutions in the same time. 

Consequently, if we conceive two radius-vectors, drawn at any 
instant from the centre of the earth to the two suns, the angle 
formed by these lines, will first be nothing at the perigee ; it will 
then increase to a certain limit where it will have attained its 
maximum ; after which it will diminish toward the apogee where 
it will again become nothing. From thence to the perigee it will 
vary, in a contrary direction, by the same degrees. This angle, 
therefore, is the correction to be made in the circular motion, in 
order to obtain the elliptical motion. It is called the equation of 
the orbit or the equation of the centre^ since it is the custdm of 
a8tronoraci*s to apply the term equation to those quantities which 
require to be added to the mean results, or subtracted from them, 
in order to make them eqtial to the true results. 

242. From the perigee to the apogee, the equation of the cen- 
tre is to be added to the mean motion of the sun, to obtain the 
true motion ; from the apogee to the perigee, it is to be sub- 
tracted. Moreover, there are two points in the orbit where it is 
at its maximum. The calculus shows that if this value is known, 
the eccentricity may be deduced directly from it. Now it is 
easy to determine this maximum by observation, as we shall see* 

In these two points, the two suns move for some instants with 
the same velocity, and the motion of the real sun, is therefore 
equal to that of the mean, or 0^ 51' 23",2974. This is the con- 
dition by which we know the epoch of the greatest equation. 

Now there are two such points in the orbit ; and since the 
figure of the orbit is symmetrical, these points must necessarily 
be situated symmetrically on the two sides of the major axis, as 
in figure 53, where they are denoted by S and S'. Moreover, 
before the sun passes the apogee, the equation is additive, and 
after the passage, it becomes subtractive ; whence it follows that 
in both cases, the true sun is nearer the apogee than the other, 
as appears in the figure. 

It is obvious, therefore, from a mere inspection of the figure^ 
that if we could calculate the angles STS^^ s Tsl^ their difference 
would be equal to the sum of the angles ST s^ SfTs/^ or doable 
the greatest equation of the centre ; for, on account of the sym- 
metry of the orbit, these two angles must be equal. 
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N0W9 if we represent by £ e the line of the equinoxes, ihe 
angle STS^ is easily calculated. It is the difference between the 
true longitudes of the sun JETS, ETS\ observed at the points of 
the greatest equation. 

The angle ^ 7^ is also readily found* It is the angle which 
the sun would describe in virtue of its mean tropical motion, dur« 
ing the same interval of time. U is equal to the difference be- 
tween the mean longitudeay this expression being used to denote 
the longitude which the sun would have had at these epochs, on 
the suppositon of a uniform motion from the perigee. 

Hence we have the following rule. Having dbeerved the true 
longitude of the aun at the epoch of the greatest equation on each 
side of the line of the apsides^ we obtain the equation of the centre by 
taking half the difference between the mean and true motions in Ion- 
gitude for the same interval. 

343. Hitherto we have paid no regard to the progressive dis. 
placement of the solar orbit. Yet it has an influence on the po- 
sitions of the sun with respect to the major axis. 

In consequence of this displacement, the longitude observed at 
the first epoch, becomes too small ; and in order to reduce it to 
the same point of the ellipse, to which it first corresponded, we 
must add to it the arc described by the perigee, during the inter- 
val between the first and second observation. Thus the angle 
STS', deduced from the difference between the true longitudes, 
is too great by the same quantity. But the difference of the 
mean longitudes, which is estimated by the time elapsed between 
the two observations, is augmented in the same manner and by 
an exactly equal quantity. The error, therefore, disappears in 
the final result, which is the difference between the preceding, 
and the whole is reduced to the simple rale above given. 

244. For example, among the observations of Dr Maskelyne 
for the year 1775, we find the longitude of the sun on the Sd of 
April at 0"» 03' 35^,01, mean time at Greenwich, 12^ 33* 39^,00. 
The sun was at this epoch very near its greatest equation, a cir- 
cumstance indicated by its diurnal motion. 

On the 30th of the following September at 23^ 4V 35",2 the 
longitude of the sun was 188^ 05' 44",45. At this epoch also, it 
was near its greatest equation. 

The difference between the two longitudes is 175<^ 32^ 05^,39. 
To obtain the difference of time between the two epochs, we must 

Astron. ^ 20 
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consider that from the 3d of April at 0^ to the 30tb of September 
at 34*^ is 183 days. The first observation is later by (^ 03^^ 
36",0l ; the second earlier by l** 10' 24",8, which makes in all 
<)^ 13',59^81 to be subtracted from 183 days. The remainder, 
181* 33* 46' Otf'jiD, is the interval required. 

The mean tropical motion corresponding to this ^ o / // 

• f 1 • 3^° X 181* 2S^ 46' 00^^19 _ > 179 33 41,48 
interval is ---^---j_-_^- ^ 

The true motion is . » • • • 175 33 05,39 

The difference is ...... 3 50 36,09 

Which gives for the greatest equation of the centre 1 55 18,04 

To have this result rigorously exact, the longitudes should 
have been observed precisely at the epochs of the greatest equa- 
tion, which is hardly to be expected^ But the error is always 
very small; since about this epoch, the true and mean suns 
move on with nearly the same velocity for several days, and the 
equation of the centre varies very little. Yet, if greater accu- 
racy be desired, we may proceed as in the observations for the 
solstice. We ascertain from the tables how much the observed 
longitude wants of being that of the greatest equation, and. this 
may be done with great accuracy from the approximate value of 
the eccentricity. We find also how much the equation of the 
centre wants, at the epoch of observation, of being the great- 
est in the orbit, and this also may be done with great precision, 
although we have only the approximate value of the eccentricity. 
Then, by adding to the observed longitude the reduction of the 
longitude, and also the reduction for the equation of the centre, 
the whole is brought to the same condition as if the observation 
bad b)&en made at the point of the greatest equation ; and the 
result obtained from observations, thus reduced, becomes rigor- 
ously exact. 

We may even dispense with the correction of the longitude; 
for if we transfer the true longitude to the epoch of the greatest 
equation, we must transfer the mean longitude also; and for this 
purpose, we must perform a reduction similar to that for the true 
longitude. Now these corrections are not only similar but ex- 
actly equal ; for, about the epoch of the greatest equation, the true 
and mean motions are equal. Since, then, the mean interval is to 
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be sobtracted from the true, it is obvious that this common correct 
tioQ cannot affect the result, and it may accordingly be dispensed 
with. 

As we have the means of reducing observations to the epoch 
of the greatest equation, it is manifestly not necessary to confine 
ourselves to a single one; but the greatest possible number 
should be made to concur in the determination of this important 
element. Accordingly, we reduce to this epoch several obser* 
vations made a few days prior and subsequent to it. Each of 
these will give the equation of the centre for the moment it is 
made, and the mean of the whole will express its value very 
exactly. It was nearly in this manner that M. Delamhre found 
the greatest equation of the centre, for the year 1775, to be 
1® 55' 31',66. From this wfe deduce immediately the eccentri- 
city for the same epoch, namely, 0,016803. 

245. The observations we have been considering suggest an in*- 
terestinf remark. The epochs which separate them are about 182 
days distant from each other, that is, half a year. The correspond* 
ing radius vectors must therefore be nearly in a straight line; 
and as we know, besides, that they make equal angles with the 
major axis of the orbit, they must aL^o be nearly perpendicular 
to this axis. Thus the anomaly which corresponds to the great- 
est equation differs little from a right angle. It appears by cal- 
culation that this circumstance is owing to the smallness of the 
eccentricity. 

246. It is proved by a comparison of observations, that the 
equation of the centre diminishes nearly uniformly. This dimi- 
nution is confirmed by the theory of attraction, and its value is 
thus made known more exactly than it could be by observation. 
It is 0^ 0' 17", 17 in a century for the greatest equation; and 
firom this we can easily deduce the corresponding variation for 
each point of the orbit. 

247. This phenomenon supposes a corresponding diminution 
in the eccentricity of the solar orbit, for these two quantities 
are connected, and must increase and decrease together ; since, 
if the eccentricity were nothing, the equation of the centre 
would also be nothing* The theory of attraction establishes 
this dependence, and makes known the corresponding dimi- 
nution of the eccentricity. It is 0,0000416612 a century, the 
mean distance being unity* If we call the mean distance of 
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the BUD fntfii the earth 9MO0O0O miles, the dimiDUtiim it about 
S958 miles in a centiiiy or 39^ miles in a year. Thus we see 
that fractions which appear almost insensible in the heavena, 
become very considerable quantities when we refer them to our 
ordinary measures. 

348. If this diminution were always progressive, the solar 
ellipse would at length become a circle ; and consequently the 
perpetual decrease of eccentricity would cause the earth after a 
long series of ages to be precipitated upon the sun. But it is 
shown, by the theory of attraction, that the variations of the ec-* 
centricity and the equation of the centre, are periodical ; so that 
after decreasing for a certain period, the eccentricity will begia 
to increase, and pass through the same gradations in the inverse 
order. Although the limits within which this oscillation is con* 
fined are not yet accurately fixed, still we know that they are 
very restricted. Thus it appears that the order of our system 
will be perpetual, unless some foreign and unknown cause shall 
operate to modify the laws by which it is at present governed. 



kuqualitjn of the Solar Dcys.-'^Equation of Timt. — Convernoa of 
Tfut Tinu into Mean or Sidereal Time and the Reverse* 

S49. Haviko ascertained with precision the sun's motion and 
the dimensions of its orbit, we must be able to calculate the arc 
which it describes parallel to the equator, during each day of 
the year. If these daily arcs were equal to each other, the du- 
ration of the solar days would be constantly the same. But they 
are unequal, and hence the solar days are unequal. 

In order to understand clearly the principle and the laws of 
these inequalities, let us leave nutation out of the question, and 
suppose the equator and ecliptic immoveable. Through the 
pole of the equator, let us suppose two meridians to be drawn to 
the extremities of the arc of the ecliptic, described by the sun, 
in a sidereal day. The arc of the equator, intercepted by thesa 
meridians, will represent for this epoch, the difference between 
the sidereal and solar day ; for, when the rotation of the celes- 
tial sphere is completed, this small arc of the equator most sttll 
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traverse the plane of the meridian before the sun passes iu Now 
it is easy to see that these daily arcs are not of the same length 
in the different parts of the yean 

In the first place, they mnst evidently vary from the mere 
effect of the inequalities of the sun's proper motion in its orbit. 
Bat this is not the only cause of their inequality. They would 
alill be unequal, though the sun were to pass through the ecliptic 
widi a uniform motion^ describing equal arcs each day. Indeed^ 
en account of the obliquity of the ecliptic, these arcs take sue* 
cessively different inclinations, with respect to the equator. At 
die time of the equinoxes, they cut this plane under an an^ 
equal to the obliqutty of the ecliptic ; because their du-ection is 
then perpendicular to the line of the equinoxes, which is tint 
common section of the ecliptic and the equator. On the coo'* 
trary, at the time of the solstices, they became parallel to thia 
same line. The meridians drawn through the extremities of the 
daily arcs, near the solstice, are therefore, farther apart than 
they would be if they embraced the same arc of the ecliptic 
near the equinoxes ; and as the divergence of these meridians, 
measures, on the equator, the successive retardations of tl\e sun 
ID its return to the meridian, compared with that of a star, these 
retardations are unequal and smaller at the equinoxes than at 
the sobtices. 

The daily variations of the sun's motion in its orbit, is another 
cause of inequality in the lengths of the solar days ; for it aug- 
ments or diminishes the daily arcs which the sun describes on 
the ecliptic; and this affects the divergence of the meridians, 
and the length of the arcs of the equator comprehended between 
them. 

2d0« It appears then that the inequality of the solar days, ia 
owing to two distinct causes, namely, the obliquity of the eclip« 
tic, and the inequality of the sun's proper motion. These two 
causes have each their separate e&cts, so that both must be 
destroyed in order to render the solar days equal ; that is, the 
ecliptic mu^ coincide with the equator, and the motion in the 
«rbit become uniform* Now it is demonstrated, by the theory of 
tHiBction, that this can never be Uie case, at least, under the 
present system of things. 

351. Hence in order to determine the inequality of the solar 
iajB, it is necessary to calculate the arcs which the sua de- 
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scribes each day in the ecliptic, by virtue of its true motion in 
longitude, to project these arcs on the equator by means of me- 
ridianS) and to take the successive diflferences of the horary 
angles comprehended between them. 

353« It is the inevitable inequalities in the sun^s motion in 
right ascension, which have prevented astrononaers from making 
use of this motion in their tables and observations as a measure 
of time. For these perpetual variations, which must be taken 
into consideration, would have rendered the calculations exceed- 
ingly complex without being attended with any advantage. This 
inconvenience is not felt in civil reckoning, where such extreme 
accuracy is not necessary ; and accordingly, for civil purposes, we 
measure time by the true motion of the sun, considered as uniform, 
its inequalities being of no importance in this point of view. ^J'his 
mode of reckoning is the more judicious, smce all the labors 
of society are distributed with reference to the true and not the 
mean motion of the sun. 

But with astronomers uniformity is indispensably requisite in 
order to attain to any thing like simplicity in their calculations, 
and the civil mode of reckoning would be inadmissible. On the 
other band, the necessity of dating their observations, and oC 
finding without difficulty the approximate epochs, admonished 
them not to depart too far from the common usage of society 
which perfectly fulfilled the conditions in question. These con* 
siderations induced them to adopt as the measure of time, the 
mean motion of the sun, and they fixed the origin of their reck- 
oning in such a manner that the mean solar time should only 
oscillate about the true, without ever varying much from it. 
This is indeed a necessary consequence resulting from the aiode 
of estimating mean time as already explained ; but we shall com- 
prehend it better by means of a geometrical construction, repre* 
senting the conditions there established. For this purpose, we 
must first abstract from the true sun, the perturbations whrch 
afiect it, in order to reduce it to the elliptical motion, without 
which it would be impossible to represent its irregularities. We 
then suppose a fictitious sun to describe the great circle of the 
ecliptic with a uniform motion, and to pass the perigee and 
apogee at the same time with the true sun. This fictitious sun 
is already exempt from the inequalities of the elliptical motion. 
We next suppose a third sun to pass through the mean equiooxet 
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at the same time with the second, and to move in the mean eqna* 
Cor with a uniform velocity, in such a manner that the angu- 
lar distances of these two fictitious suns from the mean vernal 
equinox, shall be constantly equal to each other. The eflfect 
of the obliquity of the ecliptic would then disappear with respect 
to this third sun ; and, as we have corrected the inequality of 
the proper motion, by the first supposition, the motion here sup- 
posed is subject to no irregularity whatever. It is this which 
measures the mean time of astronomers. The mean day is the 
interval comprehended between two consecutive passages of this 
fictitious sun over the mean meridian ; and mean midnight and 
mean noon are the instants when it is in this plane. 

253. It is obvious that this construction completely satisfies 
the conditions already made known, respecting the origin of 
mean thne. Indeed, according to the definition we have given, 
the third sun, whose motion in right ascension is uniform, passes 
the mean equinox at the same time with the second. Accord- 
ingly it then coincides with the second. Moreover, departing 
from this point, the two have a perfectly equal motion, the sec- 
ond in the ecliptic, and the third in the equator. When, there- 
fore, the second has arrived at the apogee or perigee of its orbit, 
the third will have its right ascension equal to the longitude <^ 
the apogee or perigee. This is precisely the condition by which 
we have determined the origin of mean time in the article above 
referred to. 

Now since we know the right ascension of the mean sun at the 
instant of passing the perigee, if we take this right ascension 
from 360'', we shall have the arc which remains to be described 
by the third sun before arriving at the mean vernal equinox. 
Since we know also its proper motion, which is 0^ 59^ 08^^3397 
in a mean day, we can easily calculate the time required to 
reach this equinox. This interval, added to the time of passing 
the perigee or apogee, will give the instant of the mean sun^s 
passing the equinox. This instant is called the mean equinox. 

354* The interval between two consecutive returns of the 
mean sun to the same mean equinox, forms the mean tropical 
ytar^ which, as we have before seen, consists of 365^ 5^ 48' 
61%61. It difiers a little from the civil year which is measured 
by the returns of the true sun to the true equinox. This last is 
nbject to periodical oscillations, caused by nutation, which 
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sometunes increase and sametioies diminish the year, by causing 
the equinoctial point by turns to advance and recede. The pnn 
gressive displacement of the solar orbit produces also slight va« 
riations in the civil year, since the velocity of the sun is un« 
equal in the different points of the ellipse which arrive succes- 
sively at the equinox. 

255. In general it is easy to find the place of the mean sun in 
the plane of the mean equator for any given instant ; for we have 
only to determine, by the tables for this instant, the value of the 
mean longitude of the sun reckoned from the mean equinox ; and 
this longitude, referred to the plane of the mean equator, is the 
right ascension of the mean sun, or the mean right ascension of 
the sun. 

If there were no nutation, the true pole would coincide with 
the mean, and the true right ascension be measured on the same 
equator as the mean. These two right ascensions would genen* 
ally differ from each other, because the motion of the true sod 
in right ascension is unequal while the other is uniform. Their 
difference reduced to time, would give the interval between the 
true and mean sun for the instant under consideration. This 
interval is called the equation of time ; since, when its value is 
known, by adding it to the true time we obtain the mean time, 
and by subtracting it from the mean time we have the true time. 

This may be easily demonstrated if we suppose no nutation ; 
for, calling A the right ascension of the true sun, M that of the 

mean sun, and a that of the zenith, it is evident that '^^ — wiU 

15 

b^ the true time, and — -- — the mean time. The difference 
between the two will then be -^ "^ — ^ 

or simply -j^ ; 

so that, a disappearing, there remains only the difference between 
the right ascensions. 

Mutation modifies the above result a little, since, in consequence 
of this, the two right ascensions A^ JIf, are reckooed neither ob 
the same equatcM* nor from the same equinox* Still we may, by 
an analogous process, find ih? difference between the true and 
mean time. For this purpose, let T be the mean time, and T the 
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the tnie time, reckoned for the same ioBtant, in a given place, w 
Paris, for example. If we convert these times into degrees, 15 T 
will be the horary angle made by the mean sun with the mean 
meridian of Paris, and 16 F will be th^horary angle made by the 
true sun with the true meridian of the same place.* Now, since 
we know the mean time T, we calculate for this same instant, by 
means of the tables, the mean right ascension Jlf, of th^ mean 
sun, reckoned from the mean equinox; and adding this to 15 T 
the arc ^ + 15 7, will be, for this instant, the right ascension 
of the mean zenith, reckoned from the same equinox. To con« 
vert this into the true right ascension, we have only to add to it 
the true right ascension of the mean equinox, that is, if; cos a>, ifr 
representing the nutation in longitude. This mode of reduction will 
be explained hereafter. It is founded upon the smallness of the 
nutation, and the slight obliquity of the true equator to the mean* 
M + i$T + ^^cosm will therefore be the true right ascension 
of the true zenith, reckoned from the true equinox. Dividing it 
by 16, m order to reduce it to time, we have th^ true sidereal 
time reckoned from the same equinox. 

But this right ascension may likewise be obtained by another 

process, that is, by adding to the true horary angle 15 7^, the 

true right ascension A' of the sun, reckoned from the true equi* 

' nox on the true equator. The eirc A' + Ib'P must then be 

equal to Jlf + \5T + tff co9 9»] and from this equation we ob- 

the quantity 

jf — ip cos Q > — M 

15 

is, therefore, properly the equation of the time ; for, by adding it 

* The mean meridian is that which is drawn through the mean 
senitb, perpendicular to the mean equator ; the true meridian is that 
which is drawn through the true zenith, perpendicular to the true 
equator. It is the mean meridian which is displaced by nutatioO| 
ti^etber with the rest of the earth, including the equator itself which 
It always cuts in the same physical point. In general, we must con- 
sider the true meridians and true equator as forming with the earth 
an invariable system, which oscillates about its mean position con- 
fonuMy to the laws of nutation. 
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t» the true time T% we obtain the mean time T\ and by subtract-, 
ing it from the mean time T, we obtain 7^. 

When we have formed tables of the sun for the meridian of a 
given place, it is obvious that with these tables, we can calculate 
for any given instant of mean time, the mean right ascension Jtf, 
the true right ascension A', and the nutation yf cos co. In this 
way the preceding formula may be reduced to numbers^ and it 
is thus that tables of the equation of time are constructed* 

These tables give the true time when we know the mean time ; 
but, by a very simple process, we may reverse the problem, and 
obtain the mean time by means of the true. The difference be- . 
tween the two being always very small, since it never exceeds 
Qk 16/ 2(y/^ we first employ the given true time as if it were the 
mean time ; from this we deduce a value for the equation of time, 
which, being added to the true time, gives an approximate value 
for the mean time ; and by means of this we obtain a second, 
equation of time which is suflSciently exact. 

256. The equation of time is sometimes additive, sometimes 
subtractive. In the first case, the true sun precedes the mean in 
right ascension ; in the second, the true sun is behind the mean« 
In passing from one of these stales to the other, the two suns 
must obviously come to the same meridian together ; then the 
equation of time is nothing* Indeed, by a very remarkable pro- 
perty, it becomes nothing four times a year. 

To show clearly the reason of this phenomenon, we must at 
first put nutation out of the question ; and afterwards consider 
what modifications are required on account of it. The funda- 
mental principle on which we proceed, is, that if we take on the 
ecliptic two equal arcs, the first near the equinox, and the sec- 
ond near the solstice, and refer them to the equator by means 
of meridians drawn through their extremities, the arcs inter* 
cepted on the equator by these meridians, will be unequal ; the 
first will be less, and the second greater, than the given arc, as 
249. already shown. 

Now let us suppose two suns S^, S^, to set out together from 
the mean vernal equinox, and to move with an equal and uni- 
form motion, S' in the ecliptic, and S" in the equator; and let us 
suppose their motions referred to the equator. S" will at first 
Fig. 64. precede the meridian of 5^' ; but the latter will afterwards over- 
take the former, and they will arrive together at the solstice. 
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From this point S' will at first precede S"j after which S^' wiU 
come up with S^', and both will arrive together at the second 
oqttinox. The same will take place in the remaining half of the 
orbit. Hence the two suns will coincide four times a year, namely 
at the two equinoxes and at the two solstices* 

257. In reality the mean sun does not set out from the mean 
equinox at the same time with the true sun ; they will not there- 
fore coincide exactly at the above points. The inequality of the 
sun's proper motion in the ecliptic will also affect the points of co- 
incidence. But these causes only change the epochs of the coin- 
cidences, the number remaining always the same. This we pro- 
ceed to show, putting nutation for the moment out of the question. 

In the present position of the solar orbit, let us suppose the 
two suns 5", S^, to depart together from the autumnal equinox 
towards the perigee. The tnie sun S, moving in the ecliptic, 
being referred by its meridian to the equator, is then behind 
them ; for it is preceded by S" up to the perigee, as we have 
shown. Let us now consider the order in which these three 
bodies move. Up to the winter solstice, S" precedes S'% and 5'^ 
precedes fif ; their order, therefore, in winter, is S', iS", S"\ At 
the solstice 9' coincides with 5^'^ and afterwards passes it, which 
leads to the order S\ SK'^, S'' ; but at the perigee S' coincides with 
S^, and then precedes it ; whence, in the interval, S' and S''' 
must have coincided. The order then becomes S"'', S"y S^. 
Thus, between the winter solstice and the perigee, the meridian 
of the true sun S' comes up with the mean sun S^'^ and the 
equation of time becomes nothing. 

From the perigee to the vernal equinox, S^ precedes S"^ and 
iS^' precedes S'" ; no coincidence, therefore, takes place in this 
interval. At the vernal equinox, S^^^ overtakes S^^ then passes 
it, and the order becomes S", S''', S^ ; but S''' cannot long re- 
main between the two others ; for, in each quadrant of the circle, 
the distance between S'^' and S^', amounte to ^^ 38' 24^^49, as 
may be seen by calculation. The distance between S^ and S'', 
on the contrary, never exceeds, in the ecliptic, 1** 55' 27",12. 
This is at present the greatest equation of the centre ; and as it 
takes place near the equinoxes, in the present position of the 
solar orbit, the arc which corresponds to it on the equator, must 
be still smaller. It is evident then that between the vernal equi- 
nox and the summer solstice, there must be an instant when the 
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mean sun S^'' overtakes the meridian of 5', when the eq^tion of 
lime becomes nothing a second titne." 

Proceeding tbenee toward the summer solstice, the order is 
fir, 8', ff^. At the soktice S' rejoitis S^, and then passes it. In 
the mean time S precedes 5" up to the apogee ; consequeotlj 
before the summer solstice, the meridian of S must coincide with 
jS"'', and the equation of time become nothing a third time* 

From the summer solstice to the apogee, the order is S^, S'^ 9* 
At the apogee S" coincides with 5^, and then passes it toward 
the perigee, which leads to the order fiT', S^ S\ Now at the au- 
tumnal equinox S^' rejoins S'' ; consequently, in the interval, it 
must coincide with the meridian of S^ and the equation of time 
is equal to nothing a fourth time. Then the order becomes ^, 
S'', S^" ; and the same phenomena are repeated each revolution. 

358. From this simple exposition, it is evident that in cense* 
quence of the obliquity of the ecliptic, combined with the un- 
equal motion of the sun, the equation of time becomes nothing 
four times a year ; namely, once between the winter solstice and 
the perigee, twice between the vernal equinox and summer sol« 
stice, and once between the apogee and the autumnal equinox* h 
is evident also that the epochs of these phenomena vary with the 
position of the line of the apsides^ At present they take place 
about the 25ih of December, 16th of April, 16th of June, and 1st 
of September. In general, we perceive that the progressive mo- 
tion of the line of the apsides must gradually change the abso- 
lute values of the equaticm of time belonging to each longitude of 
the sun. Accordingly, these secular variations have been caicu« 
lated by theory, and annexed to the solar tables. 

We perceive also that the causes which render the equation 
of time nothing, must continue to operate^ notwithstanding the 
slight variations occasioned by nutation, in the movement of the 
three suns. These variations, which never amount to more than 
a few seconds, will change a little the epochs of the conjunctions, 
but can neither prevent thetn, nor carry them beyond the limits 
we have assigned. 

269. If the obliquity of the ecliptic were nothing, that part of 
the equation of time which depends upon this obliquity would be 
nothing also. Then the mean and true motions would difier only 
by the equation of the centre. The true and mean sun woxAA 
coincide only at the perigee and apogee ; and true and men 
time would agree only twice, namely, at the a|8H^^ogj^ 
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S60. From wbftt we have said, it folbws, that the instant of 
true noon, as indicated on a meridian hj the shadow of a style, 
differs in general from that of mean noon. But, as we knaw for 
each day, the equation of time, we can mark for each day, on the 
two sides of the meridian, the direction and limit of the shadow, 
at the instant of mean noon. We shall thus have a series of 
points which mark, about the true meridian, the successive meri- 
diana of the mean sun. The curve whkh unites their extremi- 
ties, must evidently meet the true meridian in four points corre* 
aponding to the four epochs when the equation of time becomes 
nothing. Moreover, it must return into itself so as to enclose a 
•pace^ since the equation of time takes the same value after each 
revolution* Accordingly, this curve will nearly resemble the 
Ibrm of the figure 8. But it is not symmetrical, because the 
epochs at which the equation of time becomes nothing are un- 
equally distant from one anothw. It b called the meridian ^ 
mean iime^ and when we trace it about the true meridian on sun-- 
dials, we mark on its contour, signs corresponding to the differ* 
ent seasons, that we may easily determine the portion of the 
<ttrve which belongs to each part of the yean 



The Sun^s Spots^ Form^ and Rotation* 

Ml. Havino calculated with great exactness the motions of 
die SUB, we come now to consider its form and constitution. 

When we reflect how far we are from the sun^ it would seem 
that oor knowledge of these two points must be very uncertain. 
But if we consider the results already obtained, there is reason 
to hop&, that however minute the diflferences of aspect which this 
luminary may exhibit, at the vast distance at which it is placed, 
they will be detected by careful and repeated observations. 

The sun presents the appearance of a round luminous disc ; 
but we must not conclude that its surface is really fiat ; for all 
g^bular bodies, when viewed from a great distance, must necessa-. 
rily have this appearance. The telescope has enabled us to decide 
the question, since, by means of it, we find that th^ sun revolveis 
upon its axis, in a period of about S5| days ; and none but a 
globular body, presenting all its surfaces to us, could always ap- 
pear under the form of a circle. ^,g,^,^^^ by L^OOgle 



166 Theory of the Sun. 

The obeervatioDS thus made, have moreover taught us, that a 
violent ebullition and effervescence takes place on the surface of 
the sun. Every thing indeed concurs to show that it is an im- 
mense globe surrounded with flame, and emitting torrents of 
light from about its surface, of which we feel the effects at the 
distance of nearly a hundred millions of miles. 

As these phenomena are both curious in themselves, and im- 
portant in acquiring a knowledge of the system of the w<Mrld, we 
shall here detail them at considerable length. 

262. We often observe on the sun's disc, black spots of an 
iiTegular form, which traverse its surface in the space of a few 
days. Their number, position, and magnitude, are extremely 
variable. Some have been seen, which, judging from the space 
they occupy on the apparent diameter of the sun, must be five 
or six times as large as the whole earth. The dazzling light of 
the sun does not often admit of our observing them with the 
naked eye ; but we can see them very distinctly with a tele- 
scope, in which the intense brightness of the sun is diminished, 
but not extinguished, by means of colored glasses placed before 
the eye lens. Each black spot is usually surrounded by a pe- 
numbra about which we distinguish a border of light more bril- 
liant than the rest of the sun. Sometime^ we observe at first 
luminous clouds on the edge of the disc, without perceiving spots 
at their centre; but in proportion as they advance the spots 
begin to be formed, or at least to become visible ; and this phe- 
nomenon is so constant, that we can thence predict their appear- 
ance. When the spots first present themselves on the edge of 
the disc, they resemble a narrow dark streak. By degrees their 
apparent magnitude increases, as they advance towards the 
middle of the disc ; they then diminish by the same gradations, 
and at length entirely disappear. But the luminous border which 
surrounds them, is visible some time after. These augmentations 
and diminutions are easily explained, if we suppose the spots to 
adhere to the globular surface of the sun; for then the mere 
motion of rotation would cause them to be perceived under dif- 
ferent degrees of obliquity and magnitude. 

363. For the purpose of observing the spots which appear on 
the sun's disc, and determining exactly their successive positions 
on this disc, we make use of an instrument adapted to measure 
small differences of right ascension and declination. . By this 
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means we are able to trace the apparent path of a spot over the 
disc, with great accuracy, either by a graphic design, or by cal- 
culation which is much more precise. 

When we have carefully observed the same spot during the 
whole lime employed in traversing the sun's disc, which is about 
14 days, we see it again, after nearly the same interval of time, 
but on the limb of the sun opposite to that where it disappeared* 
This revolving course is common to all the spots. But it gen- 
erally happens that after several similar returns, we at length 
cease to see them. Yet, as we know that they sometimes grow 
less and less and disappear on the disc of the sun, we are led to 
believe that those which do not return, are in like manner dissi- 
pated on the opposite surface. Indeed their number and ap- 
pearance are extremely variable and irregular* There are 
some years when none are to be seen, and others when they are 
very frequent. 

264. These phenomena led Sir W. Herschel to the supposi- 
tion that the body of the sun is soUd and opake, surrounded by 
an extensive atmosphere, and that the atmosphere is almost con- 
stantly filled with luminous clouds, which, floating ai)Out at ran- 
dom, sometimes separate and discover to us the dark body or 
nucleus of the sun ; in the same manner as when elevated by 
means of a mountain or balloon, far above the surface of the 
earth, we can perceive the lower regions through the openings in 
the clouds which float beneath. Sir W. Herschel believes also 
that there are very high mountains on the surface of the sun, 
whose summits, appearing at intervals above the luminous mat- 
ter, exhibit the appearance of black spots. These explanations 
arc, it is true, sufiiciently conformable to the facts observed. But 
the phenomena may be accounted for equally well, by supposing 
with Laplace, that the body of the sun is itself inflamed. For 
the developement of the elastic fluids which would be formed in 
the interior of this mass, would occasion terrible convulsions 
there ; and on this supposition, the spots might be deep cavities, 
whence issue at intervals, vast eruptions of fire, feebly repre- 
sented by terrestrial volcanoes. 

265. Having discovered the spots on the sun, we endeavour to 
follow them and ascertain their motions. The most simple method 
of doing this, is, as we have already said, to note for several 
days the differences of right ascension and declination between 
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the spot and the sun's centre ; and thence deduce the d Wereocet 

Top.105. of latitude and longitude. 

fig. 66. Let us suppose that T represents the centre of the earth, 
£e the ecliptic or great circle described by the sun, BSA the 
sun's apparent disc, C its centre, and M the apparent position of 
the spot, which we suppose to be south of the plane of the eclip* 
tjc« The angle CTP will be the difference of longitude, and the 
angle PTM will be the difference of latitude, that of the centre 
being nothing* These two angles will be known from observa- 
lion, that is, they can be deduced from the differences of observ- 
ed right ascension and declination. 

These angles being very small, we may, in our first approin- 
nation, consider the arcs which measure them, as so many 
straight lines; and, if we suppose them, as is generally the 
case, measured on the celestial sphere whose radius is CT", the 
angle CTP, or the arc which measures it, will be represent- 
ed by the line CP ; the angle PTM by the line PM, and the 
sun's apparent diameter by BA. Consequently, in order to ob- 

Tip 66. tain a precise idea of the position of the spot, we may describe 
at pleasure, a circle ASB, the diameter of which may be sop- 
posed to contain as many parts of unity, as the apparent diame- 
ter of the sun contains seconds. We take the line CP equal to 
the number of seconds in the difference of longitude, and the 
perpendicular PM, equal to the number of seconds in the latitude 
of the spot ; and we shall thus have the position of the spot rep- 
resented on the apparent disc of the sun. If we repeat the same 

Fig. 56. operation for several successive days, we shall obtain a series of 
points as M, M', M", M*\ representing the apparent path of the 
spot across the sun's disc ; or rather, we shall have the projec- 
tion of the curve which it describes, on a plane perpendicnlar to 
the visual ray drawn from the earth to the centre of the sun* 
This projection is generally an oval curve much resembling an 
ellipse, and all the spots which are observed at the same time, 
describe similar and parallel curves. The duration of their 
revolution is also the same. They all employ about 27* 7* \9 
in returning to the same apparent position on the disc. 

366. The form, curvature, and inclination of these ovals, are 
subject to very great variations. At the end of November and 

Fig. 67. ^^ beginning of December, they are simply straight lines, as 
Mn^M' ffnf, M" m". Then the spots move from Jf lo m, that is, 
from the south to the north of the ecliptic. The poinU M, 
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JIP, where they begin to appear, and which may be called 

their rising, are less elevated than the points m, mf^ m'' . . . . 
where they disappear, and which may be called their setting. 
By degrees these straight lines become curved and form ovals, 
as in figure 58* During the winter and spring, the convexity of 
these ovals is turned towards the north pole of the ecliptic ; but 
at the same time, their inclination changes ; and about the first of 
March, the points where the spots begin to appear, are as much 
elevated in the ecliptic as those where they disappear. See fig- 
ure 59. From this moment, the change of inclination continuing 
in the same direction, the curvature of the ovals diminishes. 
They gradually contract until, by the last of May or the first of 
June, they again appear under the form of straight lines. But ri».eo. 
their inclination to the ecliptic is precisely the opposite to what 
it was six months before. From this time they again become 
curved as in figure 61, and their convexity is directed toward the 
south pole of the ecliptic ; at the same time their inclination 
changes. The first of September, they appear under the form 
represented in figure 62. The points where the spots appear are 
as high as those where they disappear. Having reached this 
limit the ovals contract and become again inclined to the cclip 
tic ; till in the month of December we see them under the form 
of straight lines, as we did the year before. 

267. These phenomena are repeated every year, observing 
the same periods of increase and diminution. Hence we infer 
that the cause which produces them is equally uniform and 
regular. It must also be common to all the spots, since it makes 
them describe orbits exactly parallel, and subject to the same 
variations in their appearance. The most simple supposition is, 
th^ these spots adhere to the surface of the sun, and revolve 
with it in the course of a certain number of days. 

Moreover the different and successive inflexions of the lines, 
described by the spots, indicate an axis of rotation which is not 
perpendicular to the ecliptic ; for if it were, all the spots would 
describe circles parallel to this plane. These circles, seen 
from the earth at a great distance, would appear like so many 
straight lines parallel to the ecliptic ; and these appearances 
Would remain constantly the same, which is not conformable to 
observation. 

Astron. 22 
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On the contrary, all the phenomena are explained in the most 
simple manner by supposing the sun to revolve about an axis 
inclined to the ecliptic, and remaining constantly parallel to 
itself during its annual revolution. This axis, carried by the 
sun, takes successively different positions with respect to the 
earth, and exhibits the circles described by the spots under 
equally variable inclinations. Hence the changes we observe in 
their apparent curvature. Among all these positions, there are 
two which ought to present straight lines ; these occur when the 
plane drawn through the axis of rotation, perpendicular to the 
ecliptic, becomes also perpendicular to the visual ray drawn from 
the earth to the centre of the sun. This can take place only 
twice a year, namely, in two opposite points of the ecliptic, and 
with an interval of six months between them. Then we perceive 
the two poles of rotation of the mn, that is, the two points in which 
the axis of rotation meets the surface. In every other position, 
the course of the spots must appear oval ; but when we perceive 
the superior or north pole, the convexity of the ovals is turned 
towards the southern part of the ecliptic ; and when we perceive 
the inferior pole, the convexity is turned in an opposite direc- 
tion. The course of the spots being always in the same direc- 
tion, from left to right, or from east to west, the points of the disc 
where they rise must, during six months, be more elevated than 
the points where they set. The contrary takes place during the 
other six months ; and there are two epochs in the year when 
these points are equally elevated above the ecliptic. From the 
moment of this equality the inclination of the ovals must increase 
from day to day, and attain their maximum in three months ; 
after which it must begin to diminish until a second equality 
takes place ; hence it must happen that the epoch of greatest 
obliquity is that when the path of the spots appears to be a 
straight line ; and, on the contrary, the moment of equal eleva- 
tion must be that at which the curvature appears greatest. At 
all other times when the inclination decreases, the curvature must 
increase, and vice versd. 

We have endeavoured to represent these appearances in figure 
63, where A, B, C, D, jB, are the successive positions of the sun 
with respect to the earth, situated in T. Pp indicates through- 
out, the axis of rotation, and Mm^ M'tnf^ M" ntl'^ are the paths 
of the spots. 

Digitized by LjOOQ IC 



iSunV S^tSi Form, and Rotation. 171 

It being impossible to represent, in the figure, the extreme dis- 
tance of the sun, we must in imagination supply the imperfection. 
B is the place where the axis of rotation becomes parallel to the 
plane of the solar disc, and consequently perpendicular to the 
visual ray TB. A^ C, are the points where the apparent open- 
ing is the gi*eatest. As to the opposite points, we cannot repre- 
sent the body of the sun as seen from the earth ; but it is evident 
that the appearances would be the reverse of those at the points 
A, Bj C For example, the sun having arrived at C, will present 
to a spectator, placed at 7, the same appearance that it would 
have presented in A six months before, to a spectator placed at 
A^' on the opposite side of the earth ; that is, the path of the 
spots then appears in the form of ovals, whose extremities are 
equally elevated above the ecliptic, but present themselves in the 
opposite direction. A similar opposition takes place in all the situ- 
ations of the' sun, which are diametrically opposite in the orbit. 

268. All these consequences being exactly conformable to ob- 
servation, we may conclude with certainty, that the sun actually 
ft9ohe$from east to west about an axis inclined to the ecliptic* 

The plane drawn through the centre of the sun, perpendicu- 
lar to this axis, is called the sun^s equator. It cuts the plane of 
the ecliptic in a straight line called the line of the nodes of this 
equator. The nodes themselves are the points where this straight 
line, produced indefinitely in both directions, meets the celestial 
sphere. 

269. In order to ascertain the position of the axis of rotation 
in space, we must determine the inclination of the solar equator 
to the ecliptic, and the angle which the line of the nodes makes 
with a fixed straight line drawn in the plane of the ecliptic ; for 
instance, with the line of the equinoxes. This angle is called 
the longitude of the node. The following is the method which ap- 
pears the most simple and exact for determining these elements. 

When we have observed the position of a spot on the sun's 
disc, and calculated its latitude and longitude, we know the direc- 
tion of the visual ray drawn from the earth to this spot, at the 
moment of observation. We know also, for the same instant, the 
longitude, distance, and apparent diameter of the sun. It then 
becomes a simple problem in geometry, to find the intersections 
of its supposed spherical surface, by the visual ray drawn to 
the spot. Three similar observations of the same spot determine 
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three poioU od the surface of the sun, and these are situated in 
the cirGumference of the same circle, parallel to the solar equa- 
tor* Now, in general, the position of a plane is fixed, when we 
know that it passes through three known points ; the plane of 
the circle described by the spot, will therefore be fixed by these 
three observations, and we can thence deduce the position of the 
solar equator which is parallel to it* 

370. To fix the successive positions of spots on the surface of 
the sun, supposed to be spherical, we conceive to be drawn 
through the centre of the sun, in known directions, three rectan- 
gular axes, remaining constantly parallel to themselves, during 
its annual revolution. The first b perpendicular to the ecliptic; 
the two others are situated in this plane. One is parallel to the 
line of the equinoxes, and the other perpendicular to it. They are 
Fig. 64 represented in S* By heliocentric latitudes and longitudes, we 
understand those which are reckoned from the centre of the sun, 
about the three preceding axes. They are evidently determined 
when we have their analogous values, measured from the centre 
of the earth, which are called, by way of distinction, geocentric 
latitudes and lor^itudes. These values are easily ascertained by 
spherical trigonometry. 

By means of this method, we find that the solar equator is 
inclined to the ecliptic at an angle of 6^ 2V 6^'\ It appears to 
remain constantly parallel to itself. . The points of this equator, 
rising by their motion of rotation above the ecliptic towards the 
north pole, traverse this plane in a point which, as seen from 
the centre of the sun, is found to be 70° 44' 44'' from the ver- 
nal equinox; this, therefore, is the heliocentric longitiide of the 
ascending node of the solar equator. It does not appear to experir 
ence any sensible variations, unless it be those which result from 
the precession of the equinoxes, a general effect already con- 
sidered. 

271. We have said that the mean period of the sun^s rotation 
with respect to the same point of the earth is 27* 7'' 26' 24". 
This is the time after which a given point of the sun^s surface 
returns to the same distance from the apparent centre ; but it 
is not the time of an absolute rotation. During this interval, 
the sun describes in the ecliptic an arc equal to 

0° 59' 08" X 27* 7*^ 26' 24" or 26° 55' 08". 
In consequence of this motion alone, it discovers to us each day 
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new points of its sorface, of which it must, in the coime of a 
year, present successively all the parts. Hence results an ap- 
parent rotation, which appears to take place annually about an 
axis perpendicular to the ecliptic* The effect of this optical 
deception is combined with that of the real rotation, in the results 
of observation ; and in order to distinguish between the effects 
of these two causes, they must be considered separately. 

First, let us leave out of the question the real rotation. Then 
let us suppose a visual ray drawn from the earth to the centre 
of the sun, and a plane passing through the centre perpendico- 
lariy to this ray. The sun's disc is only the projection of all 
the points of its surface on this plane. The intersection of the 
plane and the visual ray, forms what we call the centre of the 
disc. It is to this centre that we refer the point of the sur&ce 
of the sun^ which is in the direction of the visual ray. Now it 
is not difficult to see that this point varies on the surface of the 
.sun, when the sun changes its position in the plane of the eclip- 
tic. If it is S, for example, T being the pentre of the earth, and p^ ^ 
TS the visual ray drawn to the centre of the sun, C will be the 
point of the surface referred to the centre of the disc. But when 
the sun is in S^, the point C which will then be referred to the 
centre of the apparent disc, will differ from the point C; and U> 
determine the arc described by this last, we must draw 5^7^ 
through the point S parallel to ST-j the point C will then be in c. 
This point is, therefore, removed from the apparent centre of the 
disc, by the single effect of the sun's annual motion. The quan- 
tity of the removal is the angle TS^T, which is equal to S'TIS, 
or the motion of the sun in its orbit, during the interval of the' 
observations. 

The effect of the real rotation alters this apparent rotation, 
since it is in a contrary direction. If it took place about an 
axis perpendicular to the ecliptic, it would be easy to estimate it. 
For when the same point of the sun's surface returned to the 
same distance from its apparent centre, which it would do in 
27* 7* 26' 24'', it would in reality have described 386° 55' 08", 
that is, an entire circumference plus the angular motion of the 
sun during this interval ; whence, by proportion, we easily per- 
ceive that the time of a complete rotation would be 25* 9*^ 36'. 

The real axis of rotation being oblique to the ecliptic, this 
result is not strictly exact, and the arc of 26^ 55' 08", described 
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by the points of the surface parallel to the ecliptic, do not pro- 
duce exactly the same angle on the solar equator* But, as the 
inclination of these two planes is inconsiderable, the error is 
much less than those to which this kind of observations is liable. 
Finally, the duration of the real rotation is naturally determined 
when we calculate the successive positions of the same spot, with 
reference^ to three fixed axes drawn through the centre of the 
•un, as we have described above ; for by this method we ascer- 
tain the arc actually described by the spot on its parallel, be- 
tween the observations, and by comparing this arc with the^time 
employed in describing it, we deduce the duration of the total 
rotation. 

372. By a very careful comparison of the intensity of the 
light which comes from the sun^s limb, with that which comes 
from the centre of its disc, Bouguer assured himself that the lat- 
ter is the greatest. But as the sun is a round body, its borders 
are presented to us more obliquely, offering a greater surface 
under the same angle. The light from this part ought, therefore, 
to appear more intense. If the fact were otherwise, it must be 
because there is at the borders some more active cause to dimin- 
ish the intensity of the light, than at the centre. Such would be 
the effect of a thick atmosphere ; for, if there exist a medium 
of this kind about the sun^ the luminous rays coming from the 
borders of the disc, must traverse it for a much greater extent 
than those which come from the centre. It is thus that our 
atmosphere weakens the light of the sun and moon much more 
in the horizon than on the meridian. This phenomenon, there- 

4bre, furnishes a strong probability of the existence of an atmo- 
sphere about the sun. 

373. Another remarkable phenomenon to be attributed un- 
doubtedly to the actual state and nature of the sun, is that lumi- 
nous appearance accompanying it, to which has been given 
the name of zodiacal light. We observe it at evening after sun- 
set, and at the very place where the sun has left the horizon. 
Its form is that of a very flat lens seen edgwise, and placed ob- 
liquely with respect to the horizon, its tranverse axis being 
extended far into the heavens, as in figure 66. The light is 
whitish like that of the tniOcy way; we have sufficient evi- 
dence that it always accompanies the sun, and in total eclipses 
of this luminary, it may be seen about the disc like a luminous 
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atmosphere. It is always directed in the plane of the solar 
equator, and it is on this account that we do not see it, in the 
evening, equally well at ail seasons. For this equator being dif* 
ferently inclined to the horizon, according to tlie different posi- 
tions of the sun in the ecliptic, the zodiacal light is inclined also, 
and for the most part concealed below the horizon ; or at least 
its brightness is greatly weakened by the vapours which rise 
near the surface of the earth. The most favourable time for 
observing it in our climate is about the vernal equinox, in Feb- 
ruary and March. Then the line of the equinoxes is in the 
horizon at evening. The arc of the ecliptic SS' in which the 
sun is, rises higher above the horizon than the equator SEZ. 
The difference is equal to the obliquity of the ecliptic. Thus the 
zodiacal light, always directed in the plane of the solar equator, 
which is nearly' coincident with that of the ecliptic, is then higher 
than the equator, by the whole of this quantity. In our climate, 
no other position of the sun is so favorable. For example, at 
the summer solstice the arc S"T of the ecliptic, is parallel to the 
arc EQ of the celestial equator. The luminous pyramid, is at 
evening, parallel to this equator, that is, much more inclined 
than at the vernal equinox. The same may be said of all other 
positions. 

274. There are several hypotheses respecting the nature and 
cause of this light. It was first supposed that it emanated from 
the atmosphere of the sun; but the author of the Micanique 
CHtBit has shown from its form and magnitude, that this is im- 
possible. Some have thought they could perceive a diminution 
when the sun had fewer spots, and an increase when the num- - 
ber was greater. But whatever be the cause of this light, it is 
certain that the matter which it sends to us, is extremely rare, 
smce the smallest stars may be seen through it. 

275. With respect to the name zodiacal light, it is derived 
from a zone called the zodiac^ extending 8^ on each side of the 
ecliptic, and within which it was formerly believed that the orbits 
of all the planets were contained. The luminous appearance in 
question being always comprehended within this zone, it has 
hence received its denomination. 

376. We shall not here speak of the magnitude of the sun, nor 
of the means employed to estimate its density. These subjects 
cannot be discussed till we know exactly the distance of the sim 
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from the earth, and that of the other heavenly bodies. We must, 
therefore, defer the consideration of them until we have explain- 
ed the method of determining the sun's parallax, and the true 
dimensions of the planetary orbits. 



Inequalih/ of Days and Seasons in Different Parts of the Earth. 

277. We now return to the earth, and since the presence of 
the sun has so much influence on its productions, we avail our- 
selves of the knowledge we have just acquired, for the purpose 
of considering the earth in this new relation. By comparing the 
different aspects under which it presents itself to the sun in its 
different positions, we shall be led to some curious conclusions. 

We remark, first, that we cannot trace the plane of the ecliptic 
on the surface of the earth, as we already have that of the equa- 
tor. For the equator is perpendicular to the axis of rotation of 
the celestial sphere ; and in turning with it, it does not change 
its position with respect to the earth, which it always cuts in the 
same points. But the ecliptic is oblique to the axis of the equa- 
tor ; it is fixed in the heavens, but moveable with respect to the 
earth. In turning with the celestial sphere, it necessarily cuts 
the earth in different points, and the line of its intersection is 
perpetually varying.* 

But we can fix the portion of this intersection, and determine 
Che part of the earth in which it is always comprehended during 
the rotation. It is bounded on the north and south by two ter- 
restrial parallels, corresponding to the tropics of cancer and 
Capricorn. If we suppose a straight line drawn from the centre of 
the earth to two opposite points of the celestial tropics, and cause 
the earth to turn upon, its axis, this straight line remaining fixed, 
will trace on the surface of the earth the two parallels in ques- 

* We generally trace the ecliptic on globes intended for the study 
of geography, and represent it as passing through the points where 
the equator cuts the first meridian. But this b attended with a great 
inconvenience ; for the learner may be led to believe that the inter- 
section of the ecliptic u actually fixed by the points marked on the 
globe ; while it is in reali^ variable. 
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tion, which receive the same names as the corresponding lines 
on the celestial sphere. All the places which are situated in 
them, have one of the points of the celestial tropics for their 
senith, and their latitude is equal to the obliquity of the ecliptic 
or 23^ 2V 4V\ These conditions are sufficient to enable us to 
determine them. 

278. The tropic of cancer^ or northern tropic^ traverses the 
northern part of Africa, passing to the south of Mount Atlas, 
through Sienna in Ethiopia, across the Red Sea, and to the north 
of Mecca. It then enters India south of the Persian Gulf, and 
passes out through the coast of China ; thence over a part of the 
South Sea to North America, at the southern extremity of Cali* 
fomia. Finally, it extends through the Gulf of Mexico, and 
crossing the Atlantic Ocean returns by the western coast of Af- 
rica not far from the Canaries. 

279. The tropic of Capricorn^ or southern tropic^ cuts the south- 
em extremity of Africa and the Island of Madagascar ; thence 
it passes through the Indian ocean to New Holland ; crosses the 
whole extent of the South Sea, traverses Paraguay in South 
America, and returns to Africa through the Atlantic ocean. A 
great portion of this tropic lies along the surface of water. In 
general, there is much less land in the southern hemisphere than 
in the northern. 

380* It is well, moreover, in physical geography to distinguish, 
on the surface of the earth, the two small circles correspondiiig 
to the celestial polar circles. If we cause the earth to rotate in 
the direction of the diurnal motion, the axis of the ecliptic, remain- 
ing fixed, will trace on the terrestrial surface the parallels in 
question. The places which are situated on them have some 
point of the polar circles for their zenith. Their latitude is 
therefore equal to the declination of these circles or 66^ 32^ 13'^ 
This is the complement of the obliquity of the ecliptiow 

381. The north polar or arctic circle crosses Iceland in the 
Northern ocean, enters Norway, and cutting the northern ex- 
tremity of the gulf of Bothnia, traverses Asiatic Russia, the 
Northern Strait, and having passed through unknown countries 
in North America, extends through Davis' Straits, and a part of 
Greenland, and thence returns to Iceland. 

383* The south polar or antarctic circle^ seems to be bound on 
all sides by perpetual ice. 

Astren. 23 
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283. In general, the southern hemisphere appears to be colder 
than the northern. The region of ice surrounding the north pole, 
scarcely extends to the distance of 9^, while that surrounding 
the south pole, extends more than 18^, and the enormous masses 
which detach themselves from it, float 25° or 3(P from the pole. 
The same holds true with respect to the lands abandoned by the 
waters ; and countries like Terra del Fuego, situated in the 
southern hemisphere, a latitude not exceeding that of France, are 
covered with perpetual snow. 

The two polar circles and the two tropics divide the surface 
of the earth into five zones^ which are as much distinguished from 
each other by their position with respect to the sun, as by the 
variety of their productions and temperature. 

284. To understand these varieties, let us follow the course 
of the sun from one tropic to the other, and as the heat which 
it diffuses, depends simply on its elevation and the duration of 
its presence, we need only notice its motion in declination. 

The sun, by reason of its magnitude, illuminates more than 
half the earth at once 5 for it is proved by the eclipses of the 
moon, that the earth's shadow has the form of a very elongated 
cone. But the rays of this cone cross each other under so small 
an angle, that, in these general views we may regard them as 
absolutely parallel. Then, if we suppose a straight line drawn 
from the centre of the earth to the centre of the sun, the plane 
perpendicular to this line, will separate the illuminated part of 
the earth's surface from the dark. The circle forming this limit, 
is called the circle of illumination* 

Let us now suppose the sun to be in S at the southern tropic. 
Fig. 69. Then the ray CS makes with the equator CE an angle equal to 
the obliquity of the ecliptic. The circle of illumination IF 
makes with the same plane an angle ICE of 90° — 23° 27' 47" 
or 66° 32' 13", equal to the complement of the obliquity. Thus 
the parallel IP is the arctic j}olar circle, and /'P' is the antarctic 
polar circle. Now if we cause the eanh to turn about the axis 
AB of the equator, to represent the effect of the diurnal motion, 
the following phenomena will present themselves : 

The equator £Q will be half in the illuminated and half in 
the dark part ; the night will therefore be equal to the day. 

All the points situated between the north pole B and the arc- 
tic circle /P, will have no day. 
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All the points situated between the .south pole A and the an- 
tarctic circle PP', will have no night. 

The parallels intermediate between these two extremes, will 
have the night or day the longer, according as they are siluated 
north or south of the> equator. 

Lastly, this position of the sun is that of the winter solstice for 
the northern parallels, situated beyond the tropics, and of the 
summer solstice for those to the south* 

As the sun approaches the equator, the circle of illumination Fig. 7«i 
//' approaches the poles ; it leaves a portion of the south polar 
circle which is thrown into the shade, and embraces a portion of 
the north polar circle, which begins to be illuminated by the sun. 
By the effect of this change, the days increase in length to ihc 
people of the north, and decrease to those of the south. 

In general, the northern parallel which begins to enjoy day- 
light, has its polar distance equal to the declination of the upper 
limb of the sun, that is, equal to the declination of the centre 
minus the apparent semidiameter ; and the southern parallel, 
which begins to be exposed to night, has its polar distance equal 
to the declination of the sun^s centre plus the apparent semidiam- 
eter. It is evident that we must here employ the apparent decli- 
nation, that is, the declination affected by refraction minus the 
horizontal parallax. 

Having reached the plane of the equator the sun illuminates Pig. 72. 
the earth from one pole to the other, and the nights and days 
are equal ; this takes place at the instant of the equinox. 

Soon after, advancing toward the northern tropic, the sun 
abandons entirely the south pole, which is exposed to continued 
night ; and illuminates entirely the north pole, which is favoured 
with uninterrupted daylight. At the equator the equality re- 
mains constant. ^'K- ^ 

This progressive state continues till the sun reaches the north* Fig. 73. 
ern tropic. 

Then all the points situated between the north pole and the 
arctic circle have continued daylight. 

AH the points situated between the south pole and the antarc* 
tic circle, are exposed to night without interruption. The inter- 
mediate parallels have the day or the night the longer, according 
as they are situated north or south of the equator, where the 
days and nights are always equal* 
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This is the instant of the summer solstice for the northern par- 
allels situated beyond the tropic, and of the winter soktice for 
those to the south. 

These phenomena are the reverse of those which take place 
when the sun is in the southern tropic. In returning toward 
this tropic the same phenomena are presented in the inverse 
order. 

The zo!ie comprehended* between the two tropics always 
has the sun nearly vertical. The heat is therefore great, and 
hence it is called the torrid or burning zont* It is there that 
nature has developed all her resources. Animals, plants, and 
even inorganic substances, are there endowed with the liveliest 
colours \ and there are found the mbst delicious fruits. 

On the contrary, the regions extending from the poles to the 
polar circles, never have the sun, except under a very great ob- 
liquity. They have long intervals of day and night ; and directly 
at the poles, there is but one day and one night in the year, each 
of six months. These regions are exposed to extreme cold ; 
they are consequently barren and almost uninhabitable. Tfaev 
are called /rigid ov frozen zones. 

The countries, which, like Europe, lie between the tropics 
and polar circles, never receive the sun's rays under a very 
great or a very small obliquity, and being never subject to long 
periods of day and night, they preserve a mean temperatui^ on 
which account they are called temperate zones. 

285. There are, however, several causes which tend to lessen the 
long continued darkness of the polar regions. In the first place, 
the smallest visible portion of the sun's disc is sufficient to afibrd 
a considerable light. Accordingly the day commences when 
the centre of the disc is below the horizon QP 15' 32'', that is, 
by a quantity a little less than its semidiameter. This circum- 
sflince adds several days to the time the sun is visible, under the 
polar circles. Refraction also increases this effect, and the more 
80 as it is more considerable in these frozen regions, where the 
air is always rendered very dense by cold. Another cause 
which tends to increase the refraction still more, is the almost 
constant congelation of the surface of the ground, which must 
render the decrease of the density of the air very rapid, for small 
heights. These circumstances combined, must often produce 
extraordinary refractions which render the sun visible much 
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gooner thsui it would otherwise be* A phenomenon of this kind 
was observed in 1697, by three Hollanders, who having ad- 
vanced to the parallel ^5^^ north latitude, were overtaken 
by ice, and obliged to pass the winter at Nova Zembla. After 
a night of three months duration, the cold having become ex- 
cessive, the sun suddenly appeared in the horizon at the south 
14 day's sooner than they expected it in this latitude, and coa«- 
tinued from this time to rise higher and higher* If what is here 
alleged be true, there must have been a refraction of nearly 3^^« 

Moreover, twilight which continues longer in these countries 
than in ours, afibrds a degree of light sufficient for many import- 
ant occupations. To understand the reason of this it must be 
remembered that twilight does not cease till the sun has de- 
scended 18^ below the horizon. This limit is determined by 
noting the time which elapses between the setting of the sun and 
the instant when the small stars in the direction of the twilight 
become visible to the naked eye. If then we draw a plane par- 
allel to the horizon and passing 18^ below the centre of the 
earth, the twilight will be visible till the upper limb of the sun 
has reached this plane. Let us suppose ourselves placed at the 
north pole B. We have the equator in the horizon ; the sun Fls. 74 
will remain visible as long as his upper limb, elevated by the 
refraction minus the parallax, is above this plane, and will dis- 
appear when it passes below ; but the twilight will continue till 
it has descended 18^ below. Now the greatest depression of 
the sun takes place when it is in the southern tropic 23^ 27' 47'' 
distant from the equator. Thus, if we call the semidiameter of 
the sun, plus the refraction, minus the horizontal parallax, only 
0^ 59^ 24", the time of complete obscurity at the pole, will only 
be the time employed by the sun in describing 

23^ 27' 47" —180 — 69' 24" or 4^ 28' 23", 
before and after the solstice, which amounts to only 70 days of 
night instead of 6 months. This duration would be still less, if 
instead of supposing ourselves at the poles, we were situated 
at any point nearer the polar circle, where the means of sub- 
sistence are afforded. 

286. Moreover, when the moon passes to the north of the 
equator, it revolves constantly about the pole, and the inhabitants 
of the polar regions see it continually near the horizon, as they 
do the sun at the time of its ncNthern declination. 
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Lastly, the long nights of these regions are alleviated by a 
Tarietj of meteoric lights, as the aurora borealis, and fire balk 
which are very frequent, and serve to diminish the dreariness 
of a polar winter. 

287. As we have undertaken to speak of twilight, it may be 
worth while to give some further details on this subject. Accord- 
Fig. 76. ingly, let O represent the place of an observer on the sur&ce of 
the earth, and let him be supposed, at the same time, at the centre 
of the celestial sphere ; let ABH represent the horizon, EQ the 
equator, HEH* the meridian, and A'WO the crqmsculum circle 
18^ below the horizon. The twilight will not cease till the sun 
has reached this limit ; but the sun will not always reach this limit 
in the same time. If wc leave oat of account the inequalities of 
its proper motion, which are of little importance in the view we 
are now taking, the sun will describe the same number of de- 
grees in the same time in every parallel of latitude. Now the 
arcs AA\ BB\ CC\ are unequal in two respects. 1. They do 
not contain the same number of degrees. 2. The degrees are 
not of the same length. These two causes are opposed to each 
other. If we consider, for instance, a southern parallel, situated 
near the equator, it will be readily seen that the increase of 
southern declination tends at first to diminish the length of the 
arc AA\ For, the parallel becoming south, the plane of the hori- 
zon and that of the crepusculum circle, cut it nearer its centre than 
if it were north. The arc AA\ intercepted between these planes, 
becomes less oblique to them, and as their direct distance asunder 
is always the same, the length of the arcs intercepted, diminishes 
with their obliquity. But, on the other hand, as the declination 
increases, the radius of the parallel diminishes, and the number of 
degrees belonging to the same length, becomes greater. Whence 
it is obvious that there must be one parallel where the compensa- 
tion takes place in the most perfect manner ; and it is this which 
gives the shortest twilight. For the latitude 48^ 5V N. it is found 
by calculation, that this parallel is situated about 6*^ 60' 56* south 
of the equator. When, therefore, for the above latitude, the sun's 
southern declination is 6^ b(y b^'% that is, about the 3d of March 
and the 10th of October, the twilight is the shortest, being I'' 47*. 
The duration, as well as the time of the shortest twilight, is dif- 
ferent in difierent latitudes. But the shortest possible twilight 
takes place at the equator at the time of the equinoxes. Its du- 
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ration is 1^ W. The longest twilight takes place at the time of 
the summer solstice, with respect to all countries which are in an 
oblique sphere^ that is, with respect to those which have the axis 
of the equator inclined to the horizon. In latitude 49P 23' 28'' 
it is ^^ W 31''. 

288. By means df the twilight we are able to calculate the 
height of the atmosphere, or rather of that part of the atmosphere 
whose density is sufficient to reflect to the observer a sensible 
light. Let C be the centre of the earth, O the observer placed Fig. 7«. 
at the surface, SH the direction of the solar rays at the end of 
twilight, that is, when the angle S'CH' which they form with 

the horizon, is 18^. Then the last particles of the atmosphere 
which give us twilight, are in the horizon at JEf; and the ray 
Sir, by which they are illuminated, is a tangent to the earth. 
Accordingly, if we draw the radius CO^ and the secant CH^ the 
angle OCO, equal to JET'CS', will be 18<>, and HCO will be Qo. 
Now the tables give, for the secant of 9**, 1,01, radius being unity. 
GH is therefore equal to the hundreth part of the radius of the 
earth, that is, 39,56 miles. 10£. 

Thus the superior strata of the atmosphere are elevated at 
least 39,56 miles. As this result is taken from observations 
which may not have been very exact, it is not to be regarded as 
the precise limit. For this reason we have neglected the frac- 
tions in the calculation, and paid no regard to atmospherical re- 
fraction, although this must modify, in some degree, the duration 
of twilight. 

289. What we have said respecting the duration of twilight, is 
to be understood as applying only to the general level of the 
earth^s surface. It appears that on the tops of high mountains 
the light reflected by the atmosphere is visible much longer. 
This is not to be ascribed to the eflfect of the atmospheric strata 
where the observer is placed, for the density of the air grows 
less and less as we ascend ; but the light is reflected by the 
thick and extensive volume of air, which borders the horizon on 
all sides* During several nights which Saussure passed on one 
of the summits of the Alps, about 11000 feet high, called Col du 
Giant, he saw the whole extent of the horizon bordered by a 
pale but distinct light, which continued from sunset .to sunrise ; 
although at midnight the sun descended much below the ordina- 
ry limit of twilight, since it was no less than 45? below the 
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horizon. M. de Humboldt observed a similar light from the 
summit of the volcanic mountain Antisana. It has been sup- 
posed that this phenomenon was occasioned by phosphoric va- 
pours spread through the atmosphere ; but it has been proved 
that a decrease of density in the atmosphere, a little more rapid 
than that which ordinarily takes place in the lower strata, is 
sufficient to produce this effect, and might even bring to an ob- 
server placed on the summit of a mountain, the light from the 
opposite hemisphere. We shall hereafter notice a similar phe- 
nomenon arising from the same cause, to be observed in eclipses 
of the moon. 



Hypothesis of the Annual Motion of the Earth, 

S90. Hitherto we have supposed the earth to remain sta- 
tionary in space, and the sun to move about it in the plane of 
the ecliptic. But this may be only an appearance ^ it is possible 
that the sun is in reality the fixed body, and the earth the move- 
able one. According to this supposition, the earth must perform 
about the sun, all the motions that the sun appears to perform 
about the earth. The annual revolution must take place in an 
ellipse, the stationary body occupying one of the foci ; and all 
that we have said ^ith respect to the solar ellipse, must be un- 
derstood of the terrestrial ellipse. 

Not only is this supposition possible, but analogy renders it 
highly probable ; for we shall see hereafter that all the planets 
and comets move thus about the sun. We shall state in succes- 
sion the arguments we have to offer in favour of this hypothesis i 
and, in oi*der that their force and connexion may be the better 
perceived, we shall present the phenomena of the annual revolu- 
tion, in the same manner as we have done those of the diurnal 
motion. 

991. Let us suppose, then, that the earth has two motions, one 
of rotation oa its axis, and the other of revolution round the sun. 

The axis of rotation of the earth which is perpendicular to the 
terrestrial equator, remains very nearly parallel to itself during 
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each revoluticm ; for the changes which nutation and the attrac- 
tion of the planets, produce in the inclination of the equator to 
the ecliptic, amount only to a few seconds in the interval of a 
year. The earth, therefore, on the supposition that it revolves 
in an ellipse about the sun, will describe areas proportional to 
the times. 

292. This double motion composed of rotation and revolution, 
has, therefore, in itself nothing impossible or contrary to the 
laws of mechanics. We have a striking example in the tops 
with which children amuse themselves. The motion is produced 
and supported by lateral impulses, which cause them to turn upon 
an axis, and at the same time, to describe with their point very 
yarious curves. Indeed, it is demonstrated in mechanics that 
such a motion may result from a single lateral impulse ; and this 
applies at the same time to the top and to the earth, with this 
difference, that the earth not appearing to experience any resist- 
ance in space, there is no need of renewing the force ; whereas 
that of the top is incessantly diminished, in consequence of the 
fiiction of its point and the resistance of the air. 

393. To show in what manner the phenomena presented to us 
are explained upon this hypothesis, let us apply it to the differ- 
ence and inequality of the seasons. 

When we suppose the earth stationary, we explain the differ- 
ence of the seasons by making the sun to ascend and descend 
from one tropic to the other. When we suppose the earth in 
motion, the same phenomena are explained by the different 
aspects under which it is presented to the sun in different parts 
of its orbit. 

At the summer solstice, about the 22d of June, the earth is near 
its aphelion, or point of greatest distance from the sun ; then its po- 
sition is that which is represented in figure 77. The sun is verti- 
cal at the northern tropic Ti\ the north pole is entirely illumi- 
nated, and it is summer in the north^n hemisphere. 

At the winter solstice, about the 2Sd of December, the earth 
takes a position directly the reverse, as represented in figure 78, 
It is now near '\\&ptnhtliQn^ or point of least distance from the sun ; 
the rays of the sun fall vertkally upon the souAern tropic T i\ 
and tbe south pole is completely illuminated. It is winter in the 
northern, and summer in the southern hemisixhere. 

Astron. 24 

Digitized by LjOOQ IC 



1 86 Theofy of the Sun. 

Between these positions, there are also two others opposite to 
each other, in which the plane of the terrestrial equator passes 
through the centre of the sun. These are the equinoxes which 
happen about the 21st of March and the 34th of September. 

This brief statement is sufficient to show how the explanations 
already given from observation, apply to the motion of the earth* 



Precession of the Equinoxes considered as the Effect of the Displace' 
ment of the Terrestrial Equator. 

394. We have seen that the annual motion of the sun in the 
ecliptic may be an appearance caused by the real motion of the 
earth in a contrary direction* The same is true of the preces- 
sion of the equinoxes, and those small motions of the stars re- 
ferred to under the name of nutation. In general, we may ob- 
serve that this must be the case with respect to all those general 
motions which appear to belong to the heavenly bodies. There 
is no more reason for attributing them to the heavenly bodies in 
common, than to the earth simply, in a contrary direction. In- 
deed, if we were not influenced by the involuntary habit of con- 
sidering our position as fixed, it might be said that the idea of 
referring these motions to the earth is infinitely more simple than 
the other. But conjectures alone are not sufficient to enable us 
to decide such a question. We must enter into details, and find 
arguments on which to rest our opinions. Let us then inquire 
whether the phenomena of precession can be represented by 
each of the two hypotheses, and by which they can be explain- 
ed with the greatest simplicity. 

295. When we consider the motion of the sun as apparent, 
and that of the earth as real, the signs of the ecliptic correspond 
*^ "^^^ to the difierent points of the earth's orbit. 

Then a spectator on the earth sees the sun always in the 
part of the ecliptic, opposite to that which he occupies. When 
he is in the sign aries, he sees the sun in libra ; when in taurus 
he sees the sun in scorpio, and so on. As the earth moves in 
the order of the signs, the sun appears to move in the same 
direction in the opposite part of the orbit. 
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We proceed to show bow the precession of the equinoxes may 
be explained according to this hypothesis, without supposing the 
whole celestial sphere in motion. 

296. Let TV ttf^ be the annual orbit of the earth, having the Fig. 80; 
sun in one of the foci. Let ETQ be the plane of the equator, 
and TP the axis which is always perpendicular to it ; the equi- 
nox will take, place when the line TQ, the intersection of the 
equator and ecliptic, passes through the centre of the sun ; for 
then the sun will be in the plane ETQ of the equator. 

The equator being supposed to remain parallel to itself dur- 
ing each revolution, there will be two opposite positions in the 
orbit, T and /, when an equinox will take place ; one will be the 
vernal equinox on the 21si of March ; the other the autuomal on 
the 24th of September. The passage of the earth through these 
points does not then divide the year into two equal portions. 
This is owing to the nature of the elliptical motion, and to the 
present position of the perihelion, as we have already seen* 
According to the values above obtained, we find that, at the pre- 
sent time, the earth employs 186"^ 11** 19^ 16^',61 in passing from 
the vernal to the autumnal equinox, and only 178^ 18^^ 39^ 
43^^,30 in returning from the autumnal to the vernal. 

If the line TQ remained always parallel to itself, the equinox 
would always take place in the same points. But while the 
earth moves in the direction 70, this line itself has a slight mo- 
tion ; and when the earth arrives at P, it no longer has the 
direction TS\ parallel to TS, but that of 71Q, which makes 
with T9, a small angle S'TQf, equal to 50'^l. Then the line 
7^0^ passes through the sun^s centre before the earth arrives at 
T; and the equinox takes place sooner than it otherwise would 
do. In this consists the precession of the equinoxes. 

The line T^Q' produced appears to correspond to i' in the 
ecliptic. It seems, therefore, to fall back each year by the 
quantity t i\ contrary to the order of the signs, or to the annual 
motion of the earth. For this reason, the motion of the equi- 
noxes is said to be retrograde. 

To complete the explanation of the motions of the terrestrial 
equator, we have also represented in the figure the circle par- 
allel to the ecliptic, described by the mean pole of the equator, 
in virtue of the motion of precession ; and the small ellipse of 
natation^ in which the apparent pole oscillates, according to the 
laws laid down in a preceding section. 
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General Phenomena attending the Motions of the Moon. 

297. We have made known the phenomena attending the pro- 
per motion of the sun, the laws of this motion, and the applica- 
tions of these laws to practical purposes. We have thus ful- 
filled the design of astronomy with respect to this luminary* 
We shall proceed in the same manner with the motions of the 
other heavenly bodies, advancing by observation and reasoning 
from the most simple appearances to the most complicated laws. 
But we shall find the inquiry greatly facilitated by what we have 
already done ; for, the end being the same, the same methods 
may be almost always employed ; and if diversity of circum- 
stances obliges us to modify them, the changes necessary to be 
made will be indicated by the nature of the case. 

298. We shall begin with the moon whose appearance is 
80 remarkable, and follow out the series of phenomena which it 
presents. Its light is paler than that of the sun, and it produces 
DO sensible heat. It is subject to periodical variations in its 
degree of illumination, to which we give the name of phases. 
If we observe it when it passes the meridian at midnight, its disc 
will be found to be completely illuminated, and of a circular 
figure ; it now rises when the sun sets, and sets when the sun 
rises. If we continue to observe it for several days, we shall 
perceive that it gradually loses its light. The illuminated part 
of its disc grows less and less ; at the same time it rises later ; 
and when its disc is reduced to a semicircle, it is visible only 
during the last half of the night. Some days after, this figure is 
reduced to a crescent^ the extremities of which are turned towards 
the west, that is, towards the part of its disc most distant from 
the sun# It then rises only a short time before the sun. At 
length, by the daily diminution of the crescent, the moon bc- 
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comes entirely obscured ; it now rises with the sun and ceases to 
be visible. 

After having disappeared for three or four days, it reappears 
at evening in the west a little after sunset* At first it exhibits 
only a thread of light which gradually increases in width. For 
several days it presents the form of a crescent, the extremities of 
which are turned towards the east, that is, to the part of the 
heavens opposite to the sun. It continues to recede from the 
sun, its disc being gradually enlarged, until at length it regains 
that full, round, bright figure, we first observed. The period of 
these phases is about 29^ days. 

Such are the phenomena presented by the moon. In order 
to attain to a sure knowledge of the causes of these appearances, 
we must, in the first place, endeavour to acquire some precise 
notions respecting the lunar motions. 



First Approscimaiion to the Moon^s Motion$**^TTieory of its Circular 

Motion. 

399. We have seen that the moon, after passing the meridian 
at the same time with the sun, arrives at it later and later each 
succeeding day, receding in a direction opposite to that of the 
apparent diurnal motion. It has, therefore, like the sun, a proper 
motion, but more rapid, and directed the same way, namely, from 
west to east. This is fully confirmed by the manner in which it 
recedes from the stars which it meets with in its course. 

To ascertain the precise law of these motions, we employ the 
general method laid down in the first section of the preceding 
part as applied to the sun. We observe for several days the 
meridian altitude and right ascension of the moon's centre, and 
thence deduce by calculation its longitude and latitude. The 
The results of these calculations determine the velocity and 
direction of its angular motion. 

300. In this manner we find that the moon describes on the 
celestial sphere a great circle, of which the earth is the centre. 
This great circle is oblique both to the equator and the ecliptic. 
Its inclination to the latter varies within moderate limits which 
we shall soon determine. But its mean value is 5^ 08^ 59^',93. 
The variable values which it has each revolution, may be de- 
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duced immediately from the results of observations employed in 
determining the moon's greatest latitude ; in the same manner as 
the obliquity of the ecliptic is deduced from the greatest decli- 
nation of the sun. 

301. The position of the moon^s nodes^ or the intersection of the 
moon's orbit with the ecliptic, is ascertained by observing when 
the latitude is nothing; for then it is obviously in the plane of the 
ecliptic, and consequently its longitude is the same as that of its 
node. 

303. The ascending node is that through which the moon 
passes when moving from the south side of the ecliptic to the 
north ; and the descending is that through which the moon passes 
in returning from the north side to the south. The longitude of 
the ascending node, or its distance from the vernal equinox, on 
the first of January 1800, was 15^ 55^ 26^^,29, which determines 
for this epoch the position of the lunar orbit. 

303. These nodes are not fixed in the heavens, but have a 
retrograde motion in the ecliptic. The mean arc described by 
the moon parallel to the ecliptic in a hundred Julian years, 
forms what is called its secular tropical motion ; it is the difference 
between the mean longitudes for this interval. Its value in 1800, 
was 4812670 53/ 45'%4764 or simply 307° 52^ 45^4764, taking 
out 1336 entire circumferences. This arc, divided by 365,25 
days, gives the daily tropical motion equal to 13^ lO' 35'^, about 
13 times as great as that of the sun. 

304. With these data we determine by a simple proportion 
the time which the moon employs in returning to the same longi- 
tude at any given epoch, or its periodical revolution. It is equal to 

isS^^Zei ^-^ ^^' '" ''' ^^"''- '^•'^ '^ called aperi- 
odical lunar month* 

305. If from the secular tropical motion we subtract the pre- 
cession of the equinoxes for a century, that is, 1^ 23' 30^', 01, 
we shall have the secular sidereal moiion, or the moon's motion 
with respect to the stars ; for the motion of the stars and moon 
with reference to the equinoxes being in the same direction, their 
relative motion is equal to the difference of the arcs which they 
describe. We thus obtain 481266° 29^ 15'',46 or simply 306° 
29' 15'%46 for the secular sidereal motion of the moon; and 
by a simple proportion we obtain 27* 7"^ 43' 11",5 for its side* 
real revolution. 
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These two revolutions of the moon are therefore connected 
together by the precession of the equinoxes, and may be deduced 
the one from the other; ihcy gradually diminish from century 
to century, since the motion of the moon is accelerated ; and 
these variations are perceptible in observation made after incon- 
siderable intervals. 

306. In general the motions of the moon, like those of the 
sun, are composed of a small number of elements, whose mean 
value reiftiins the same ; of several secular inequalities, which 
change these values very slowly ; and lastly, of a great number 
of periodical inequalities which go through their successive 
values at short intervals. These last sometimes accelerate and 
at others retard the motion of the moon ; whereas the secular 
inequalities observe a constant course of increase or diminution ; 
at least they have done so from the time of the most ancient ob- 
servations to the present ; and many centuries must yet elapse 
before their periods will be completed* The effects of these dif- 
ferent causes will hereafter be examined in detail* For the pre- 
sent we barely mention them. 

307* In these motions, as in those of the sun, we cannot arrive 
at once at accurate results. We begin with approximations, and 
arrange the results in tables. By comparing these tables with 
the observations of several years, we can detect the errors which 
exist in the mean motion; for these continuall; increase with the 
time, while those arising from the periodical inequalities, only 
oscillate within certain limits* It is obvious then, that in the 
latter, as in case of the sun, the effect is weakened when we 
compare observations made at very long intervals, for they must 
have been compensated and reduced to nothing a great many 
times, thus leaving only mean results. Accordingly, by such 
observations the mean duration of the moon^s revolution may be 
obtained with a great degree of accuracy for such intervals, and 
may even be employed without great error for several years 
before and after* But so long as the secular inequalities which 
affect the moon^s motion, are not all known, their variable effect 
being included in the estimate of the mean motion, must necessa- 
rily affect its value, and afiect it unequally according to the 
epoch of the observations. It is necessary, therefore to know 
dl these inequalities and to make allowance for them in the 
results of observation, before we can ascertain the true mean 
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motion. Then only can we foresee the changes which must be 
made in the tables ; and in this way we can extend them with 
confidence to distant centuries before or after the time of the 
observations which have served to form them* It is the theory 
of attraction which has furnished us with the knowledge and 
measure of these phenomena, and enabled us to determine their 
laws exactly. We can here only indicate these laws. 

On the first of January 1801, at mean midnight for the meri- 
dian of Paris, the rman longitude of the o:oon was^l i 1^ 36^ 
42^^088. This, together with the mean motion, enables us to 
calculate the mean longitude for any other epoch anterior or 
posterior. This primitive value of the mean longitude is deduced 
from observation, in the same manner as the epoch of the solar 
tables, or the instant of the mean equinox. From a great num* 
ber of observations, made at short internals, we calculate the 
value of the true longitude ; we then correct these values for the 
periodical inequalities laid down in the tables already existing ; 
the result is the mean longitude for the moment of observation. 
We reduce all the values thus obtained to the same epoch, by 
knowing simply the mean motion ; for even when there remains 
some little uncertainty with respect to this element, the influence 
of it is not sensible in the reduction of observations made near to 
each other. This being done, we take the arithmetical mean of 
all the results to prevent any small errors in the observations ; 
and we thus obtain, with precision, the value of the mean longi- 
tude for the epoch in question. By performing the same reduc- 
tions and calculations upon observations separated from the first 
by a long interval, we obtain another value of the mean longitude 
reduced to another epoch very distant from the first ; the differ- 
ence between these two longitudes will verify the mean motion 
which we employ, and if it involve any small error, will enable 
us to correct it. 

308. Hitherto we have spoken only of the proper motion of 
the moon ; that of its nodes is measured in the same manner by 
'the difference of their longitudes at different epochs ; and the 
time employed in returning to the same longitude, gives the tro- 
pical revolution of the nodes. The mean secular and tropical mo- 
tion of the nodes in 1800 was 1936^ 56^ 26^^,639, which gives 
6788* l^ 67' 52'',42 for their tropical revolution, and 6793* 
10^ 06' 2y',96 for their sidereal revolution. 
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If this motion were uniform, it would be sufficient to know, by 
observation, the longitude of the nodes for a certain epoch, in 
order to deduce by a simple proportion, their longitude for any 
other epoch. .But their motion is subject to several inequalities, 
and is moreover diminishing from century to century, as we shall 
see hereafter. 



Phases of the Moon* 

309. Having ascertained the circular motion of the moon, we 
now proceed to investigate the cause of those periodical varia- 
tions which we witness in its light. We cannot reasonably sup- 
pose that this body successively acquires and loses the capacity 
of shining; for, in this case, we could not attrilDUte to any pro- 
bable cause the regularity of these changes. Neither can we 
suppose that it has a luminous and an obscure face which it 
shows us alternately ; for it is ascertained that it always pre- 
sents to us the same face ; indeed when its disc is only partly 
illuminated, its obscure part is not altogether invisible. It still 
presents a faint light by means of which the same spots and 
sinuosities may be observed, as when the whole disc is illumi- 
nated. These phenomens» can only be explained, in a reasonable 
manner, by supposing the moon to be a round body, in itself 
obscure, and shining with a borrowed light ; in which case, the 
variations in its phases will be the simple effect of its different 
positions. 

But if the moofi is an opaque body, whence does it receive its 
light. To determine this, let us observe the course of its phases. 
These are conrtected in the most obvious manner with its posi- 
tion in reference to the sun. When the moon is entirely illumi* 
nated and passes the meridian at midnight, the sun is below the 
horizon ; the face which it presents to us is therefore enlightened 
by this luminary, and its light ought to be reflected to the earth, 
provided it be so far removed as not to be enveloped in the 
earth's shadow. On the contrary, when the moon and sun ap- 
pear in the same part of the horizon, at the same time, the en- 
lightened face being always turned towards the source of its 
light, we do not perceive it, or perceive only a small part of it; 
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and that face which is turned towards us is in the shade. General- 
ly when any part of the moon's disc appears illuminated, that part 
is turned towards the sun, and so situated that its light may be 
reflected to the earth. It is moreover proved that the moon is 
an opaque body. From all these considerations then, we must 
conclude that the light which we receive from the moon comes 
originally from the sun. 

This opaque body must appear as a dark spot when it crosses 
the disc of the sun in passing between the sun and the earth. It 
must also be obscured when, being opposite to the sun, it passes 
into the conical shadow which the earth projects to a distance 
behind it in space. Hence the phenomena of eclipses. 

Reciprocally, the earth must perform the office of a moon to 
this opaque body whenever it is properly placed, that is, it must 
reflect to it the rays it receives from the sun. Accordingly, 
when the face which the moon presents to the earth is not wholly 
illuminated by the sun, the portion which does not receive the 
direct light, is not entirely obscure. If we look at it through a 
teloscope, we shall perceive a feeble light which renders it sen- 
sible, and serves to define its outline in the heavens. 

310. With the knowledge of these truths we are led to the 
discovery of others. The moon presents in its phases exactly 
the same appearances that would be presented by a round body, 
always seen from the same point, and illuminated successively 
on different sides. The light does not spread over it suddenly, 
as it would do if its disc were a plane surface without thickness ; 
but advances in a slow and progressive manner. The convexity 
of the surface of the moon is therefore rendered evident by these 
regular increments in the portion illuminated,%nd we may hence 
infer that it is very nearly spherical. 

.31 1« This appears with still stronger evidence, when we con- 
sider the order of the phases. Figure 82 represents all the 
positions of the lunar spheroid with respect to the earth and 
sun. These positions are projected on the plane of the ecliptic. 
C is the centre of the earth, an3 CS the direction of the solar 
rays, which, for greater simplicity, are supposed to be pap-' 
allel to each other. The face which the moon continually pre- 
sents to the earth, is successively obscure, or illuminated to a 
greater or less extent ; and the curve which forms, on this face, 
the separation between the light and shade, being seen in per- 
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spective from the earth, takes successively different figures ac- 
cording to the positions of the spheroid. In the first place, when 
the moon is at L on the same side of the earth with the sun, we 
do not see it. It is then called new moon* When it passes out 
of the line of the rays falling directly upon the earth, as to I/, 
the luminous part appears under the form of a crescent whose 
points are turned to the part of the disc most distant from the 
sun. In U the limit of the shadow is a straight line, and we say 
that the moon is in its Jir^t quarter* In L^, the luminous part ap- 
proaches more nearly to the appearance of a circle ; and finally 
when it arrives at /, it becomes a complete circle, and is then 
called Jiill moon* The same appearances are presented in an 
inverse order, in passing from / to L. In P it has the form of a 
semicircle, which is called its last quarter; and after completing 
its revolution, it again returns to the state of new moon in L. 

The^e positions do not in reality take place ii^ the ecliptic, but 
in the orbit of the moon which is inclined to this plane. We 
have supposed them to coincide for the sake of simplicity ; but 
if we would see the phenomena as they actually present them- 
selves, we must have recourse to figure 83, where C is the cen- 
tre of the earth, LL'D'L^' the moon's orbit, / /' f T the projection 
of this orbit on the plane of the ecliptic, and CS the direction of 
the radius-vector, drawn from the earth to the sun. The differ- 
ent positions which the lunar spheroid takes with respect to 
this radius-vector, above and below the plane of the ecliptic, 
give rise to the different phases of the moon in the order in 
which we have considered them. « 

312. We have also, in this first view, supposed the sun immov- 
able in the plane of the ecliptic ; but in reality, this body and 
its radius-vector appear in motion in the ecliptic. This circum- 
stance, combined with the proper motion of the moon, determines 
the period of the return of the different phases. If the moon's 
revolving motion were exactly the same as that of the sun, so 
that the same interval of time would bring the two to the same 
point of their orbits, the two radius-vectors, drawn to them from 
the earth, would always preserve the same angular distance, and 
the same relative position with respect to each other. We should 
then see the moon always under the same aspect with respect to 
the sun, and the enlightened part of its disc would always pre- 
serve tb« same magnitude. For example, if it had been placed 
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originally at the distance of 90 degrees from the sun, we should 
always see it in its first quarter ; and if it had been placed in 
opposition, we should always see it a full moon. Hence, in order 
that the moon may have the different appearances which it ac- 
tually presents, it is necessary that its revolving motion be not the 
same as that of the sun. 

813. This naturally brings us to consider the period of the 
different phases, or the interval between two consecutive returns 
of the moon to the point of conjunction. If we take into view 
only the mean motions, this inquiry is very simple. The circle 
of latitude which passes through the moon only removes from 
the sun by the excess of the moon's motion in longitude. Now 
the mean secular motion of the sun, is 36000^ 45' 44^^,9993. 
That of the moon is now 481267® 52' 45^4764. T^jeir differ- 
ence, equal to 445267° 07 '00'',4771, is therefore the quantity by 
which the mooi\has removed from the sun in the space of 100 
Julian years, by virtue of its mean motion. Hence we see by a 
simple proportion, that it removes from it 360° in the number of 
days expressed by 

days 

360O X S65,25_^ , 

445267^ or 00",4771 
This interval is denominated a synodic revolution of the moon, 
from two Greek words which signify to move tt^ether. It is also 
called a lunar month. 

314. We can also determine the time which elapses between 
two consecutive returns of the sun to the node of the lunar orbit. 
The s^ular motion of the node is 1934° 11' 14",928 ; that of the 
sun is 36000** 45' 44",9993. As they move in contrary direc- 
tions, the relative motion of the sun and the node is equal to 
their sum or 37934° 56' 5&",9273. This is the quantity by 
which the sun and the node depart from each other during 100 
Julian years. Hence, by proportion, the time required for a de- 

860® X 365 25 
parture of 360®, is expressed by 379340 55/ 59/^92^ ^ o'' '^ ^^"^1 to 

364^ 14^ 52' 16". This period is denominated the synodic rev- 
olution of the nodes. It is less than the tropical year, for the 
obvious reason that the node moves round to meet the sun, and 
the junction consequently takes place before the sun has made a 
complete circuit of the heavens. As we have made use of only 
mean motions, it is evident that our results will not always con- 
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form exactly to the true motion of the moon ; but they will not 
Tarj much. By neglecting the periodical inequalities, which 
alone affect them, they will become exact* 

315. Several other points of the lunar orbit deserve attention 
on account of their relation to the different phases ; such, for 
example, as those in which the radius-vector of the moon coin* 
cides with that of the sun. Then these two bodies, together 
with the earth, are situated in the same plane, perpendicular to 
the ecliptic, and the longitude of the moon is the same with that 
of the sun, or exceeds it by 180^. These points are denominat* 
ed syiygies* When the moon is thus situated, it is either between 
the sun and the earth, or the oartb is between the sun and the 
moon. In the first case, the moon is said to be in conjunction ; in 
the second, in opposition. 

316. New moons and solar eclipses take place when the moon 
is in conjunction. In order that the latter phenomenon may hap« 
pen, it is not absolutely necessary that the moon be in the plane 
of the ecliptic ; it is sufficient that the distance of its inferior limb 
from this plane, be less than the sun's apparent semidiameter. 

317. On the other hand, full moons and lunar eclipses take 
place when the moon is in opposition. It is necessary for a 
lunar eclipse, that the distance of the moon^s nearest limb from 
the plane of the ecliptic, be less than the semidiameter of the 
shadow projected by the earth at this distance. We shall again 
recur to these phenomena. 

318. The points in which the moon attains its first and last 
quarters, are denominated quadratures. The angular distance of 
the moon from the sun is then 90^ ; that is, the projection of the 
moon's radius vector on the plane of the ecliptic makes an angle 
of 90^ with the direction of the solar rays. The points intermedi- 
ate between the syzygies and quadratures, w^hich are 45^ from 
the sun, are denominated octants. 



Moon^s Apparent Diameter and Parallax. 

319* Hitherto we have considered only the moon's motion 

.about the earth, and its successive positions on the celestial 

sphere. But its distance from the earth is subject to variations 
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so considerable as to deserve attention. They are indicated bj 
observations of its apparent diameters. These diameters are 
capable of being directly measured by means of micrometers. 
They may also be deduced from occultationsof the stars, by ob- 
serving the time which elapses between immersion and emersion. 
By means of these different methods^ we find that the greatest 
apparent diameter of the moon is 201 r',07, or 33' 31'',07, and 
the least 1761",91 or 29' 21'',91. The corresponding values for 
the sun are I955'',66 or 32' 35",56, and 1890'S96 or 31' 30",96. 
It follows then that the variations of the moon's distance from 
the earth must be considerable, since they are sufficient to ren- 
der its apparent diameter greatec than the greatest, and less than 
the least, apparent diameter of the sun. 

320. This conclusion is confirmed by observation of the par- 
allaxes. That of the moon is, as we have before seen, so great 
that it may be obtained by methods incapable of being applied 
with complete success to the sun, on account of its distance. By 
comparing the parallaxes of the moon, observed at different 
epochs, in the same place, we find very great variations. The 
greatest horizontal parallax of the moon at Paris, is l** 1' 
29",32, and the least 0** 63' 51". It has successively all possi- 
ble values between these two extremes. 

321. The greatest and least distances of the moon from the 
earth, obtained from these parallaxes, are 63,8419 and 55,9164. 
The arithmetical mean of these two is 59,879118, nearly 60 
times the radius of the earth for the latitude of Paris. The dis- 
tance of the sun is incomparably greater, as we have before 
seen. 

322. If we divide the greatest distance by the least, their ratio 
1,1417, will express the greatest variation in the moon's distances 
from the earth. The same result may be obtained by dividing 
the greatest parallax by the least, since these are inversely as 
the distances. For the sun, this value was only 1,034. Com- 
bining the above results, we arrive at two important conclusions. 
The moon is incomparably nearer the earth than the sun, and is 
subject to variations in the ratio of its distances, which arc ac- 
cordingly much greater. 

323. The moon's parallax not only varies with different 
epochs, in consequence of these inequalities, but its value is not 
the same at the same epoch, when it is observed at different 
places on the earth's surface. Modern observations S^A^Jt^ 
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perceptible differences in this respect. In order to explain this 
phenomenon, or rather to understand the consequences to be 
thence deduced, it must be remembered that the horizontal par. 
allax of a heavenly body is the angle under which we should 
see, from this body, a radius drawn from the centre of the earth 
to the observer. This parallax, not being the same at the same 
instant in different places, is a proof that all the radii of the 
earth are not equal, and that the surface is not perfectly spheri- 
cal. Thus, by the variations of its parallax, the moon makes 
known the inequalities of the terrestrial surface, as by its eclipses 
it discovered to us the earth's globular form. 

The inequality of the terrestrial radii, therefore, has an influ- 
ence upon the apparent positions of the moon as observed in dif- 
ferent latitudes, it affects (hem also in the same place, accord- 
ing to the vertical planes in which the moon is situated at the 
moment of observation. It is very necessary to pay attention to 
these differences, when we wish to fix with precision the appa- 
rent positions of the moon ; for the supposition of the earth's per- 
fect sphericity might occasion sensible errors in the epoch of k 
star's occultation, or of any other phenomenon where precision is 
important. In determining what corrections are necessary, we 
are obliged to adopt an hypothesis respecting the figure of the 
earth, and we usually suppose it elliptical, which leads to no ma- 
terial error. 

324. If we divide the apparent semidiameter of the moon re- 
duced to the centre of the earth, by the value of its horizontal 
parallax, for a given place, we find between these quantities a 
constant ratio. From what has been demonstrated, we see that 143. 
this ratio is that of the radii of the moon and earth, supposed to 

be spherical. The value of this ratio for the equator, is deter- 
mined by the most exact observations to be 0,27293056, suppos- 
ing the semidiameter reduced to the centre of the earth, to be 
QQ iQ/ 2^^5494 when the parallax is 1^. This result behig 
once obtained, we make use of it to calculate the apparent diam- 
eter of the moon when its horizontal parallax is known; and 
vice versd. 

325. As the moon describes its diurnal circle about the earth, 
each observer, placed on the earth's surface, sees it nearer when 
in the zenith, than when in the horizon. This difference, as be- 
fore stated, produces a sensible effect upon its apparent diameter, 
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which increases as it rises. This increase is easily calculated, 
and its total value from the horizon to the zenith is found to be 
about 7V9 because, during this interval, the distance of the moon 
fr^om the observer diminishes by a quantity equal to the radius 
of the earth, which is nearly a sixtieth part of this distance. 



S^ond Approximation to the Motion of the Moon.-^^Theory of its 
Elliptical Motion. 

326. We have seen that the moon's distance from the earth is 
subject to considerable variations. Its motion therefore is not cir- 
cular, as it appears to be when projected on (he celestial sphere. 
By measuring a great number of these distances and comparing 
them with the angular motion, we ascertain the nature of its 
orbit. The method is the same as in the case of the sun. In 
this manner we have obtained the following results which may 
be regarded as certain. 

The moon's orbit is an ellipse having the centre of the earth 
for one of its foci. The radius vector describes areas nearly 
proportional to the times. The mean distance being taken for 
unity, the eccentricity of the orbit was in 1800, 0,0548553, 
which gives 6° 17' 54'',49 for the greatest equation of the cen- 
tre. The methods to be pursued in obtaining these results 
have been explained in the elliptical theory of the sun. 

327. The moon's perigee has a direct motion, which is meas- 
ured by determining, from observation, the longitude ofthe peri- 
gee at different epochs. In the beginning of 1800 this longitude 
was 266^ 6' 5'',098. The motion of the perigee with respect to 
the equinoxes, was then 4069^ S' 22",2 in a century, which gives 
for its tropical revolution 323H ll*" 24' 8'',6, and for its sidereal, 
3232* 13^ b& 12'',5. These periods change with the time, since 
the motion of the perigee is retarded, while that of the moon 
is accelerated. But their variations are very small, like those of 
the mean motion, with which they are found to be connected by 
the laws of attraction. 

328. These results being obtained, we can easily calculate the 
anomalistic revolution of the moon, that is, its revolution with 
respect to the apsides. For, its proper motion being in the same 
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direction with that of the perigee, it moves toward this point by 
the excess of its velocity over that of the perigee. This excess 
is 4771 98° 41' 3(y',62 in a century, as may be easily ascer- 
tained from what precedes ^ and this gives for the anomalistic 

revolution -|^, ^ fl^.^.^ or 27* 13M8' 3r',4. 
477198<> 41' 30",620 ' 

329. Such are the present elements of the lunar ellipse. We 
have already said that they change gradually with the time. 
But even when we take into account these variations, the ellipti* 
cal motion is still very far from representing exactly the course 
of the moon. This body is subject to periodical perturbations, 
the effect of which is very considerable, and to which it is abso- 
lutely necessary to have regard, even in the least accurate ob* 
servations. In order then, to attain to precise ideas of its motions, 
we must know the value of these inequalities. We shall proceed 
to explain the principal ones, beginning with the secular changes 
of the elliptical elements. But this course, which is the most me- 
thodical and the most simple, is not according to the order in 
which they were actually discovered. The results which we 
shall first consider were not obtained independently of those 
which follow. They were not fixed, often not suspected, tiU 
others which here follow them, were recognised and determined 
with considerable accuracy, by observation, the errors of the 
first supposition being gradually corrected as they were deve- 
loped by time. 



Secular Equation of the MoorCs Mean Motion. 

330. As the motion of the moon and the elements of its orbit 
do not remain' constantly the same, the progressive variations 
which they experience, must soon render the tables inaccurate, 
and make it necessary to correct them by new observations. 
The pnly means of avoiding this inconvenience, is to calculate 
these elements for various distant epochs, and thence to deduce 
the variations which they may have undergone, seeking after- 
wards the laws most proper to satisfy them. 

Let us apply these considerations to the mean secular motion 
of the moon, which has been determined with great accuracy by 
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n^odern observations, and which is made the basis of all the 
other results. Let us compare this with the result of ancient 
observations and see whether it has always been the same, or 
whether it has undergone any change* 

The process by which this is done, is the same as that em- 
ployed for correcting the tables of the sun. The ancient obser^ 
vations are regarded as so many observed longitudes. We cal- 
culate the place of the moon by the tables for the same epoch, , 
and see whether the results agree or not with the observations. 

331. Let us take as an example the ancient lunar eclipse, ob* 
served by the Chaldeans 721 years before the Christian era, and 
recorded by Ptolemy.* From observing the phases of this eclipse, 
we can determine the instant when the longitude of the moon 
was in opposition to that of the sun. This last is easily calcu- 
lated by means of the tables of the sun, since Ptolemy recorded 
the day and hour of the observation ; and we thus obtain the 
true longitude of the moon for the moment of the eclipse. 

If we correct this for the periodical inequalities which affect 
it, and wHich may be exactly estimated by the tables, we shall 
have the mean longitude. 

Now if we compare this result with another mean longitude 
deduced from modern observations, the difference of the longi- 
tudes, increased by the proper number of circumferences, will 
make known the arc described by the moon parallel to the . 
ecliptic, in virtue of its mean motion, during the interval of the 
observations ; and, dividing this quantity by the number of cen- 
turies elapsed, we shall have the mean secular motion. 

Now the mean motion thus determined by MM. Delambre, 
Bouvard, and Burg, is found to be less by 3 or 4 minutes than 
that deduced from modem observations. The same result is ob- 
tained from two other eclipses observed by the Chaldeans in 
719 and 720, B. C. This agreement leaves no doubt that the 
result is correct. On the other hand, the accuracy of modem 
observations is so great as to leave no room for such consider- 
able errors. We must, therefore, conclude that the mean motion 

* It was observed at Babylon the 19th of March, 721 years before 
Christ. The moon began to be eclipsed about an hour after rising. 
Lalande has calculated this eclipse in his memoir upon the secular 
•quation of the moon.— Jeadimi des Sciences^ 1757, pp. 429. 
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of tie moon is more rapid now than formerly ; or, in other 
wordfi, that the estimates of this motion involve a considerable 
inequality, for which allowance must be made before it can be 
regarded as uniform. 

New evidence is obtained on this point when we compare.the 
results of modem observations with those deduced from eclipses 
later than the preceding ; for, if the motion of the moon has really 
been accelerated during this interval, this new comparison ought 
to give a motion inferior to the present ; but the epoch of the 
ancient observation, here used, being nearer our own time than 
the former, the difference must be less than in the preceding 
case. This is actually found to be the result, when we make use 
of the eclipses observed at Cairo, by Ebn-junis, an Arabian as- 
tronomer of the tenth century. 

Such a coincidence must put beyond question the reality of 
the phenomenon, and the inevitable conclusion is that the motion 
of the moon has been accelerated from the time of the observa- 
tions of the Chaldeans to that of the Arabs, and from the time of 
the Arabs* to the present* 

333. In order to represent this acceleration, we must add to 
the mean longitude of the moon a term proportional to the square 
of the time, and another smaller proportional to the qube. This 
is called the secular equation of the moon* With this correction 
the present tables satisfy the most ancient observations, and 
might be extended to a thousand or twelve hundred years be- 
yond the epoch under consideration* 

But it must not be supposed that this acceleration will continu- 
ally go on, and that the preceding formula will always be appli- 
cable* The theory of attraction, which makes known the cause 
of this acceleration, has shown that it is periodical, and connected 
with variations in the eccentricity of the earth^s orbit ; so that 
after increasing for a certain time it will be changed into a retar- 
dation* But the extent of this period is very great, and only a 
small portion is comprised in the interval which separates us 
from the ancient observations. The inequalities which result 
from this cause, in the motions of the moon, will amount at least 
to a fortieth part of a circumference* Future generations, upon 
witnessing these great phenomena, will undoubtedly acknowledge 
their obligations, and do justice to the geometers of the present 
age whose sagacity enabled them to foresee and calculate them, 
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and furnished their successors with the means of judging of the 
past and future condition of the system, as we judge of its present 
state. 

The celebrated astronomer, Dr Halley, was the first Who re» 
cognised the existence of this acceleration ; and it was Laplace 
who, by a most profound analysis, made known the cause of so 
remarkable a phenomenon. The merit of the disciftvery must) 
therefore, be divided between the observer and the geometer* 
The last achievement is undoubtedly the greatest, because it is of 
the nature of a demonstration ; at any rate it is of more import* 
ance to the science which it perfects. But those who consider 
how difiicult it is for the most enlarged minds to renounce ideas 
long and generally cherished, will perceive that it required the 
firm and resolute spirit of a philosopher to question the uniformity 
of motions which had been regarded as uniform for 2000 years. 

333. The variation in the motion of the moon has an influence 
upon the duration of its tropical, synodic, and sidereal revolu- 
tions, all of which vary in different centuries. It will therefore 
be always impossible to find periods during which the sun and 
tooon shall long agree in performing each an exact number of 
revolutions. Such periods can be extended only to a small nam'* 
ber of centuries, and any attempt to carry them farther will be 
of no value. 



Secular Equntians whidi affect the Elements of the Moon?s Offttf. 

334. The motion of the lunar perigee is uniform ; it is subject 
to a secular equation connected with that of the mean motion, 
and depending on the same cause. The comparison of ancient 
and modem observations, places this fact beyond a doubt ; but 
we owe its discovery to the theory of attraction. This inequal- 
ity is equal to that of the mean motion multiplied by the Coeffi- 
cient — 3,00052. 

If from the mean longitude of the moon we subtract the mean 
longitude of the lunar perigee, we shall have the mean anomaly 
of the moon. This anomaly is therefore subject to a ser^o'ar 
equation, equal to the difference of the two preceding, (hat is, to 
that of the mean motion multiplied by 1 -f 3,00052 or 4,00052* 
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335. The motion of the nodes is also subject to a similar in* 
equality, and of the same sign with that of the perigee. It is 
equal to that of the mean motion multiplied by — J35452. As 
the motion of the nodes is retrograde, it is obvious that this cor- 
rection tends to augment their longitudes for the centuries poste- 
rior to that taken for the origin* All these results are confirmed ' 
by observation. 

SS6. It is evident from what is here said that, on account of 
the secular equations, the motions of the perigee and the motidn 
of the nodes, are retarded, while that of the moon iiself is accel- 
erated. Moreover, these inequalities are connected together by 
▼ery simple ratios, since they are represented by the numbers 1 ; 
.— 3,00053; -—0,735453. 

337. The anomalistic revolution, depending at once upon the 
motion of the moon and that of the perigee, is likewise modified 
by the secular equation. The same is true of all the quantities 
which depend upon the mean longitude, the perigee, or the nodes. 

338. The same analysis which disclosed these great phe- 
nomena, has shown that the distance of the moon from the earth, 
the eccentricity and inclination of its orbit, are, in like manner, 
subject to secular equations connected with those of the mean 
motion. But their effect has hitherto been very inconsiderable. 
Still, in the lapse of ages, it will be necessary to take account of 
it. The expression for the transverse axis of the orbit contains 
no inequality of this kind ; this is moreover a result of theory. 

The discovery of all these relations is due to M. Laplace. 
He was led to it by a knowledge of the cause which produced 
the secular equation of the mean motion, a cause which will be 
explained hereafter. It is seldom that a great discovery does 
not admit of important and multiplied applications. 



ftfioiiuH Iruqualities of the Lunar Mottons^-'^^eihods of at cer- 
totntng tium by Observation. 

339. All the inequalities hitherto discovered in the motions of 
the heavenly bodies, are confined within certain limits, and are 
subject to periods more or less extended ; but some of them com- 
plete their periods only after a great number of centuries ; and 
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their increments may, for a long time, be regarded as uniform ; to 
such we have given the name of secular inequalities. The teroi 
periodical has been confined to those which return successively to 
the same values, after intervals of time so small, that their re- 
currence admits of being frequently observed, and their laws of 
being determined. This distinction has already been adverted 
to several times. 

340. We at once perceive the effect of these inequalities in 
the motions of the moon, when we compare its actual positions, 
as given by observation, with those it ought to have in virtue of 
its elliptical motion. For if we calculate beforehand its longi- 
tude, latitude, and apparent diameter, according to this hypothe- 
sis, takmg account also of the motion of the perigee and nodes, 
we still find considerable deviations, which are appreciable even 
for a small number of days, and which did not escape the an- 
cient astronomers notwithstanding the imperfection of their m- 
struments. 

These deviations are not always the same ; they vary periodi- 
cally, and are reproduced successively in the same order, after 
regular intervals. Careful observers have followed out and de- 
termined their phases, and recourse has been had to theory to 
explain and confirm them. They are introduced into tables as 
so many corrections to be made in the elliptical motion. 

341. These various inequalities would have been estimated 
with difficulty if they had all been confined to periods that dif- 
fered but little from each other ; for they would then have been 
confounded together in such a manner as to render it almost 
impossible to separate them by observation. Fortunately it 
happens that some have a short duration, and recur several 
times a year, while others increase or decrease for whole years. 
The mean values of some are considerable while those of others 
are very small. Lastly, some are often at their minimum value, 
while others are at their maximum, so that by a judicio'js choice 
of circumstances we may seize upon the instant when any in- 
equality is most sensible, while others are least ; and thus we 
may succeed in separating them from one another, beginning 
with the greatest, which from the circumstance of bemg the most 
perceptible, are the first to be <lbserved. 

342. It is not difficult to peiipeive that all these inequalities are 
closely connected with the relative positions of the sun and moon 
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trith respect to the earth, or with respect to the perigee and the 
nodes of their orbits. They return to the same values when 
these return to the same positions, and then pass again through the 
same periods of increase and diminution. Now these positions 
are themselves determined by known angles, whose variations 
may be observed and calculated at all times. By comparing 
the course of these variations with those of the different inequali- 
ties for long intervals, we at length ascertain those which cor- 
respond to each other. We thus know the angles upon which 
each inequality depends, and from the variations which take 
place in these angles, we are enabled to predict the changes to 
which each inequality is subject. 

343. In order to represent, in a convenient manner, the laws 
of these changes, we have had recourse to quantities, which had 
also the property of increasing and decreasing periodically, and 
which were connected with the observed angles by very simple 
relations. Indeed the idea of comparing with these quantities the 
course ofthe periodical bequalities, was a very natural one. The 
sines of angles are well adapted to this purpose, as we have 
seen in the theory of the sun ; we have accordingly made use of 
them.* 

344. When we have thus obtained the expression for an in^ 
equality, it is easy to calculate the duration of its period, that is, 
the time requisite for passing successively through all its values. 
This time should be such that the argument^ that is, the angle on 

* In order to present thus empiricaUy an inequality, when we have 
determined by observation, the angles on which it depends, we seek 
the values of these angles answering to its maximum and minimum 
state. We hence deduce the sine which is fitted to represent it, and 
to which it is proportional. This supposition gives terms of the form 
k sin Ey in which E is the angle, or the argumerUy of the inequality, 
and k a constant number, called the eoejficienty by which sin E is to 
be multiplied, in order to obtain the absolute value of the inequality 
corresponding to the angle £. We suppose, as usual, that the sines 
made use of, are taken in a circle whose radius is equal to unity ; and 
as the greatest value a sine can have, is only equal to the radius of 
the circle, the greatest value that can belong to sin E, is unity. In 
this case k sin E reduces itself to k; this is the greatest value ofthe 
inequality. Under all other circumstances sin E is less than radiuS| 
that is, less than unity. It will accordingly be expressed by a frac«' 
tioD, and A: sin £ will be less than k. 
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which the'^inequalitj in question depends, should vsiry during the 
interval by an entire circumference, since it is then onlj that the 
sines revert to their first values. Accordingly, in order that the 
period may be terminated, it is necessary that this condition be 
fulfilled. We may then calculate the duration of this period bj 
a simple proportion, when we know the variation of the argu« 
ment for a given time ; and this is always easy, because we know 
the angles of which this argument is composed. 

The theory of attraction has confirmed these results, by show* 
ing that the inequalities of the celestial motions may in reality 
be developed in this manner. It has moreover determined the 
form of the terms by which they are expressed ; so that obser- 
vers have only to introduce into the general formulas the nu« 
merical data which are to particularize them. The course is 
the same as that which is adopted in the theory of the sun. 

345. Uniting these two kinds of data, the form of the inequali- 
ties deduced from theory, and their numerical values deduced 
from observation, it is obviously easy to calculate beforehand 
the true place of the moon for any given instant. This instant 
being known, we first ascertain the place of the node and the 
inclination of the orbit. We next obtain the expression of the 
moon's longitude for the same epoch, employing all the inequali- 
ties made known by theory and observation. We shall thus have 
the true place of the moon projected on the ecliptic, and know- 
ing the inclination of the orbit and the position of the node, we 
can calculate the true direction of the radius-vector in the orbit ; 
after which, the parallax will give the length of the radius^vec- 
tor or the distance from the earth ; and from all these the real 
position of the moon in its orbit and in space will be known. 

If the same calculations be made for a great number of instants 
very near to each other, the union of these results will enable us 
to predict the place of the moon for any instant. These results, 
reduced to a convenient form, constitute what are called tables of 
the moon. 

These tables being founded on theory, as it respects the form 
and number of the inequalities contained in them, their accuracy 
depends simply on that of the numerical data introduced, and 
consequently not on the precision of the observations from which 
these data were derived. The tables of M. Burg, published by 
the Board of Longitude, having for their basis the profound rtr 
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searches of Laplace, and a vast number of observations made at 
Paris and Greenwich, and being constructed with the utmost care 
and address bj the method of equations of condition, combine in 
the highest degree the qualities necessary to give them a durable 
success*! 

347. It would undoubtedly be interesting to consider the won- 
derful means by which, from the single principle of universal 
attraction, have been deduced all the inequaliiios of the lunar 
motions, numerous and complicated as they are. But, though we 
cannot present to the learner the profound analysis by which these 
relations were discovered, we will at least indicate the method, in 
some degree experimental, which was first employed to ascertain 
the existence of the greater part of them, and make known near- 
ly their value. We shall do this the more readily, since this me- 
thod is well adapted to illustrate the law of the different inequal- 
ities, and also affords great assistance in discovering the angles 
OQ which they depend. This subject will occupy the three next 
sections, and as it is attetided with s(ome difficulty, they may be 
omitted by the learner in the first reading. 



Periodical Inequalities which affect the Moon's Longitude* 

348. The periodical inequalities of the moon's motion are of 
three kinds, which refer themselves to the three coordinates by 
which we determine the position of the moon in its orbit. Some 
affect its longitude, some its latitude, and others its radius vector. 
We shall consider them in order. 

The inequalities which affect the elliptic longitude of the moon, 
increase or diminish the equation of the centre. Their effect 
becomes sensible by the greater or less deviation of the moon 
from its mean place, than that which would result from the sim- 
ple laws of the elliptical motion. 

t Later and more correct tables of the moon have been calculated 
by M. Burckbardt and published by the French Board of Longitude. 
M. Damoiseau has also constructed a set of lunar tabies in which all 
the inequalities are derived from theory. 

Astron. S7 
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349. The most considerable of these inequalities and that 
which was first detected, is called evection. It was discovered 
by Ptolemy. Its general and constant effect is to diminish the 
equation of the centre in the syzygies, and to increase it in the 
quadratures. If this diminution and increase were always the 
same, the evection might depend solely on the angular distance 
of the moon from the sun ; but its absolute value varies also 
with the distance of the moon from its perigee. After a long 
series of trials and observations, we have succeeded in re- 
presenting this inequality with great exactness, by supposing it 
proportional to the sine of double the angular distance of the 
moon from the sun, minus the mean anomaly of the moon. The 
coefficient of this proportionality is 1° 2Cy 29'',54. The period 
of the evection is 31* 19"^ 29' 11^53. 

350. Wc observe also a great inequality in the lunar motion, 
which disappears in the syzygies and quadratures, and attains its 
maximum in the octants. This inequality depends therefore on 
the angular distance of the moon from the sun ; and, as it com- 
pletes its period w^hile this distance increases 90°, we conclude 
that it is proportional to the sine of double this angular distance. 
Its greatest value is 0^ 35' 41'',6. It is called the variation^ and 
was discovered by Tycho Brahe, a celebrated astronomer, and 
the tutor of Kepler. Its period is half a synodic revolution. 

351. Lastly, the angular motion of the moon is accelerated 
annually when the sun's distance from the eaith is increasing, 
and retarded when it is diminishing ; hence results a third in- 
equality called the anntial equation. Its period is an anomalistic 
year. Its existence becomes obvious by calculating several 
places of the moon for the different seasons, and comparing them 
with the results of observation ; for, although we make allow- 
ance for evection and variation, the results are still found to de- 
viate from the truth in a very sensible manner ; and these devia- 
tions observe, with respect to their extent and sign, regular peri- 
ods. The observed motion is slower than the mean, during the 
six months of the sun's passage from the perigee to the apogee ; 
and faster during the other six. If, for example, the first obser- 
vation be made in the month of January, when the sun has just 
passed the perigee, and we calculate from this its place for a 
day in March, by means of the time intervening between these 
two epochs, we find the increase of its longitude less, by obser- 
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vation, than the calculation, founded upon the mean motion, indi- 
cates. The difference increases until the sun reaches its mean 
distance ; then it gradually diminishes, and becomes nothing 
when the sun is at its apogee. Here the results of calculation 
and observation agree. As the sun moves from this point toward 
the perigee, the same deviations occur in the inverse order; 
that is, the arcs described by the moon are at first greater than 
the calculation indicates ; the diflerence increases till the sun 
regains its mean distance ; thence it decreases to the perigee, 
where it becomes nothing. These regular and periodical va- 
riations make known the existence of an inequality depending 
on the distance of the sun from the perigee, or on its mean anom« 
aly. Such is in fact the argument for the annual equation. It is 
of exactly the same form as the equation of the sun's centre; but 
it always has a contrary sign. It is evident that its period is an 
anomalistic year. 

S52. We might make allowance for this inequality ; we might 
even suppress it entirely, in the theory of the moon, by modify- 
ing the equation of time, which would amount to the same 
thing as calculating the place of this body for an epoch a 
little different from the true one, and more or less advanced, 
according to the position of the sun in its orbit. By means of 
this alteration we might combine the error of the time in such a 
manner as to compensate for the variation of velocity. If, for 
example, we would calculate the moon's place for the 21st of 
March, when its true motion is slower than the mean, and the 
mean time corresponding to this epoch is accordingly slower 
than the true, by the whole quantity 'answering to this dimi- 
nution of velocity, it is evident that, by calculating it according 
to this imaginary time, we should find the moon in its true posi- 
tion. Accordingly, Tycho Brahe, who discovered the annual 
variation, presented it under this form, employing in the calcula- 
tioa of the places of the moon, an equation of time different from 
the true ; in this he was followed by several observers ; but now 
that we know the true law of the annual equation, we abandon 
this imperfect and complicated method of using it, and introduce 
it directly into the theory of the moon, under the form already 
indicated. The theory of attraction explains very simply the 
phenomenon of the annual equation. The sun in approaching 
the earth, approaches the moon also, and the attraction which it 

Digitized by LjOOQIC 



312 Theory of the Moon. 

thus exerts upon the moon, becomes greater* This attraction 
being opposed to the gravity of the earih, draws the moon 
further from the earth, and makes it describe a larger orbit ; 
hence its velocitj and angular motion diminish. The contra- 
ry takes place when the sun recedes toward the apogee. The 
earth's gravity, becoming greater, contracts the orbit of the moon 
and accelerates its motion. The annual equation of the moon is, 
therefore, a consequence of the eccentricity of the earth's orbit, 
which causes a variation in the sun's distance. Whatever then 
affects this eccentricity, must affect also the motion of the 
moon. Indeed, it is precisely in this manner that the secular 
variation of the eccentricity of the earth's orbit, produces the 
secular equation or acceleration of the moon's mean motion. 

353. The three inequalities of which we have spoken, called 
evecdoti^ variation^ and annual equation^ are the most obvious of 
those which affect the elliptic longitude of the moon, during short 
intervals ; but they are far from being the only ones. The pro- 
found researches of the analyst, compared with long series of 
observations, have made known many others, which, by means of 
their complexity and minuteness, would never have been detect- 
ed by observation alone. These small inequalities must therefore 
be considered as so many corrections to be made in the estimates 
of the preceding inequalities, in the same manner as these last 
serve to correct the elliptic motion ; or rather the whole are to 
be applied together to the correction of the mean longitude. 
These different inequalities are all calculated in the tables. 

But among the different inequalities of the moon's longitude, 
made known by theory, there is one which must not be omitted* 
It is not only very important in the formation of tables of the 
moon, but the discovery itself, which is recent, affords a striking 
example of the manner in which the inequalities are developed, 
and shows, at the same time, the use which is to be made of 
observations for rectifying the mean motion by successive cor- 
rections. We shall briefly describe this discovery which has 
brought our knowledge of the moon's motions to the highest de- 
gree of precision. 

354. The lunar tables published in the third edition of La- 
lande's Astronomy, suppose a secular tropical motion equal to 
481267° 53' 1 r^9796. The epoch for 1750, that is, the mean Ion- 
gitude of the moon on the 31st of December 1749, at mean noon, 

Digitized by LjOOQ IC 



Periodical IneqiuUitiis in the MwnCs Longitude* 913 

was, according to these tables, 188^ IV 14V68. With these 
daia we can calculate any other epoch anterior or posterior to 
17dO« It is sufficient to add or subtract the mean motion for the 
interval. 

Suppose we would have the epoch for 1756, 

o / // 
We take the epoch for 1750, which is . ,188 17 14,568 
To this we add the mean motion for six common ) eg i o o/i o ea 
years, rejecting the entire circumferences \ ' 

Plu^ the motion of two days on account of the two ) ^o a« ^/^ /^c* 

bissextiles } ^^ ^^ ^^'^^^ 

Also the secular equation, which gives for six years 00 00,033 

Adding these results together, we have • • 270 56 55,511 
\frhicb is the mean longitude of the moon, or the q>och for 1756. 

It is evident that this epoch might also be obtained by obser- 
vation, if we had any which were made about 1756. Now such 
observations are furnished us by Dr Bradley, and by means of 
them MM, Mason and Bouvard obtained a result exactly equal 
to the preceding. 

But in determining in the same manner the epoch for 1691, 
by means of more than two hundred observations by Lahire, it 
was found to be less than that of the tables. The error of the 
latter is 4^^,4, that is, at this^ epoch, the mean longitude of the 
moon was less by 4^^,4 than the tables of Lalande indicated. 
Accordingly, from 1691 to 1756 the moon described a greater 
arc than these tables suppose. Its true motion in this interval 
was therefore greater than that of the tables ; for, otherwise, 
being behind them in 1691, it could not have agreed with them 
exactly in 1756. 

On the contrary, since 1756, the motion indicated' by the 
tables has become greater than the real motion ; for, by calcu- 
lating the epochs for the subsequent years, we find them always 
less than those derived from observation. The series of errors 
is even increasing, as may be seen by the following statement ; 



Yean. 


Enon of the TaUei. 


1766 


— 3,0 


1779 


- 9,1 


1789 


— 17,6 


1801 


— 28,6 
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355. These results evidentlj indicated that the loean motion 
of the tables, determioed from observation, involved in its value 
the results of some inequality of a long period, the existence of 
which was not known, but the effects of which, in alternately 
augmenting and diminishing the moon's longitude were rendered 
sensible by lime* Hence the necessity of correcting continually 
the mean longitude indicated for the commencement of each 
year, as the tables became defective, and also the impossibility 
of extendmg them to distant times. 

The only means of avoiding these difficulties was to discover 
the inequality in question. But there was little hope of doing this 
by simple observation ; for, as it had hitherto escaped all obser- 
vers, the probability was that it was subject to a very long 
period, perhaps dependent on a great number of elements, and 
consequently, in all its relations, difficult to be determined. 

It only remained then to have recourse to theory, and (he aids 
astronomy had already received from this source, encouraged 
the hope of new success* 

356. Laplace has realized these anticipations* By a new 
and profound examination of all the parts of the lunar theory, 
he discovered a new inequality which had not before been sus- 
pected, and the argument of which is equal to double the longi- 
tude of the node of the moon's ojbit, plus the longitude of its 
perigee, minus three times the longitude of the sun's perigee* 
It is proportional to the sine of this angle* Its period is 184 
years.t 

In 1691, this inequality was subtractive and diminished the 
mean longitude of the moon. It must have become nothing some 
time after, for it was additive in 1756, and had then nearly 
attained its maximum* The difference between the mean longi- 
tudes during this interval is then found to be increased by the 
progressive influence of this inequality* Accordingly the mean 
motion, given by the tables, appeared to be too small, when we 
wished to go back from 1756 to the epoch of 1691* On the con* 
trary, after 1756, the inequality which had attained its maxi- 

t In M. Burckhardt's tables the period of this inequality is reduced 
to 179 years, and the ailment to twice the mean longitude of the 
moon's node, plus the longitude of the moon's perigee* These points, 
however, are not considered as definitively settled. 
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mum, began to decrease ; and its effect in augmenting tbe longi- 
tude of the moon, became less. Then the increase of the mean 
longitude from 1756, became less than it ought to have been, in 
virtue of the mean motion ; and consequently the motion assign- 
ed by the tables appeared too great. Lastly, from this epoch 
the error must necessarily increase, since the foreign increment, 
involved in the mean longitudes compared, is found to have 
diminished more and more in the second epoch, according as 
this was farther removed from 1756, and must even soon change 
to a diminution. 

357. This discovery required several corrections. It be- 
came necessary to determine the absolute value of the new 
inequality, and to subtract it from the mean longitudes adopt- 
ed in 1750, for calculating the mean motion at the time of 
forming the tables ; and lastly, to calculate this mean motion 
anew, with the corrected longitudes. But these* corrections be- 
lt^ all connected together, could not be obtained separately. 
When observations make known the errors of the tables, they 
only make known the general result of all the causes of error 
with which these tables are affected ; they do not discriminate 
what belongs to each one separately. 

We must then regard all these corrections as so many un- 
known quantities, connected together by certain relations, and 
requiring to be represented by so many indeterminate quantities. 
We calculate from these relations the analytic expression of the 
infloence which each error must have upon the definitive result; 
and the sum of these hypothetical errors must be equal to the 
total error actually indicated by observation. 

356. Thus, Laplace found 15^^,3933 for the coefficient of 
this inequality, — 13^^4599 for the correction of the epoch of 
the tables in 1750, and 31^^,9639 for the secular diminution of 
tbe mean motion, which must be multiplied by the number of 
oenCaries after 1750, and which becomes consequently additive 
before this epoch. 



Digitized by LjOOQ IC 



916 Theory of the Moan. 



Periodical Inequalities which affect the Moon^s Latitude. 

359. Hitherto we have considered onlj the inequalities 
which affect the elliptical longitude of the moon ; there are 
others which affect its distance from the plane of the ecliptic, or 
its latitude. The most remarkable* is that which causes a varia- 
tion in the inclination of ihe moon's orbit ; it has for its maximum 
Qo 3/ 47//^ 15^ and its argument is double the distance of the sun 
from the ascending node of the moon^s orbit. It is proportional 
to the cosine of this angle. Its period is consequently equal to 
half a revolution of the sun with respect to the nodes of the 
moon, since, in this interval, its argument varies 360^. 

Tycho Brahe first discovered this inequality by comparing 
together the greatest latitudes of the moon, observed at different 
epochs, and in different positions of this body with respect to the 
nodes of its orbit. He perceived that these latitudes are not 
always the same. They deviated sometimes positively and 
sometimes negatively from the mean value, which we have said 
was equal to 5^ 8^ 59^^,93 ; and as the greatest latitudes of the 
moon give directly the inclination of its orbit to the plane of the 
ecliptic, it necessarily followed that this inclination varied. The 
same astronomer went farther, and by a long series of observa- 
tions, determined the law of this inequality, and presented it un- 
der a different form from that which is here given, but amounting 
to the same thing in the result. The motion of the moon's nodes 
involves also an inequality depending on the same angle as the 
preceding, with this difference, that it is proportional to the sine 
of this angle and not to the cosine. We might represent these two 
inequalities together by impressing a small motion of nutation 
upon the axis of the moon's orbit ; in the same manner as we 
have represented the periodical oscillations of the earth's equa- 
tor and the equinoxes, by means of the nutation of the earth's 
axis. For this purpose, it would be sufficient to place the mean 
pole of the moon's orbit at a distance from the pole of the eclip- 
tic, equal to 5^ 8^ 59^^,93, and then to make the true pole oscillate 
about the mean pole in a. small ellipse to be described in a pe- 
riod equal to a semi-revolution of the sun with respect to the 
moon's nodes, that is, in 178* 7"» 26' W^4. 
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There are several other inequalities Which affect the latitude 
of the moon and the inclination of its orbit, and which are com- 
bined in the tables with the preceding ; but they have been de- 
termined only by theory. For this reason we shall not speak of 
them in this place, our aim being only to give some idea of the 
aid which observation and theory mutually lend each other. 



Periodical Inequalities which affect the Radius Vector of the Moon. 

360. It remains to consider the periodical inequalities which 
affect the moon^s distance from the earth, or its radius vector, 
the last element necessary for determining its position in space. 

The variations of the moon's radius vector do not exactly con- 
form to the laws of the elliptic motion ; they deviate in a very 
sensible manner, sometimes positively and sometimes negatively. 
These deviations are rendered obvious by comparing together 
the distances of the moon from the earth, observed in the same 
point of its orbit at different epochs, or what amounts to the same 
thing, by comparing the parallaxes from which these distances 
are calculated; for we observe that these parallaxes are not 
always the same, and their changes have a marked reference to 
the positions of the moon with respect to the sun. We thus find 
that the smallest parallax 0^ 53' 51'', takes place when the 
moon is at the apogee and in conjunction ; and the greatest 1^ 
1' 39", when it is at the perigee and in opposition. But the 
union of these circumstances is necessary in order to obtain the 
extreme values. Often the parallax at the perigee is less thau 
1^ V 29", and the parallax at the apogee greater than (P 53' 51". 

361. These results show that the lunar ellipse docs not always 
preserve the same dimensions. It dilates and contracts succes- 
sively ; we have already noticed this fact in connexion with the 
annual equation. These phenomena must, therefore, be con- 
sidered as produced by periodical inequalities, which affect the 
radius vector of the moon. Their effect consists in causing the 
moon alternately to approach to and recede from the earth, and 
thus to oscillate within limits of small extent about a mean dis- 
tance, which it is our object to determine, and to which all the 
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periodical inequalities must be applied alteroatelj as positive and 
negative. 

The theory of attraction having made known the forces which 
act upon the lunar spheroid, furnishes the means of determining 
this mean distance, and the nature of the inequalities which 
affect it ; but as astronomical observations give immediately the 
value of the parallax, and as we can deduce from this the value 
of the radius vector by a simple proportion, it is found more con- 
venient and exact to ascertain the inequalities of the parallax 
directly by theory, that we may be the better able to follow 
out and verify them by observation. But then it is neces- 
sary to determine a mean parallax from which all the others 
shall deviate equally on the one hand and on the other, in con- 
sequence of the inequalities ; this is what is called the consiani 
of the parallax. 

In order to determine it, we in the first place have recourse to 
observation; by applying to the parallaxes observed, all the 
inequalities made known by theory, we obtain for the result the 
constant of the parallax ; but by a process more profound, La- 
place succeeded in obtaining this important element from theory- 
alone; its value is 0^ 5V 4^^,1648. It gives a mean distance 
equal to 60,23799 radii of the earth. The apparent diameter 
which corresponds to it, is equal to double 0° 5T 4^^1648 nmlti- 
plied by the constant ratio 0,27293, or 31' 7'^73. 

In order to determine this mean parallax by theory, we must 
consider the moon as a body subjected to the same action of 
gravity, as other terrestrial bodies, and revolving about the earth 
by the effect of a motion of projection. The velocity of this mo- 
tion is known by observations of the moon. We know also by 
experiments upon the pendulum, the intensity of terrestrial 
gravity at the surface of the earth. Thus, supposing this gravity 
to be inversely proportional to the square of the distance from 
the centre of the earth, we can calculate to ^hat degree it must 
be diminished, and consequently to what distance the moon must 
be removed, in order that the action of gravity upon it may be 
such as observations show it to be from its mean motion. We 
thus obtain the moon's distance from the earth, corresponding 
to this motion ; and hence we deduce the mean value of the par- 
allax, it being inversely as this distance. It may be proper to re- 
mark, that the value 0^ bT 4'^1648 is not the arithmetical mean 
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between the values 1^ 1' Sy' and 0** 63' 50" of the extreme par- 
allaxes; but approaches nearer to the second than the first. 



Ltbratton of the Moon and Situation of its Equator. 

363. It is found by carefully observing the spots on the moon 
that it always presents to us nearly the same face. Accordingly, 
during a revolution about the earth, its opposite hemisphere cor- 
responds successively to all the points of the heavens which are 
in the plane of its orbit. It has, then, a real motion of rotation 
about its axis. 

We shall be convinced of the existence of this motion in a 
manner still more striking, by referring the successive positions 
of the moon to a very distant point, as the sun ; for the face which 
it presents to us is sometimes turned towards the sun, and some* 
times m a contrary direction. An observer placed at the sua 
would, therefore, see the moon turn on its axis in the course of a 
•ynodic revolution. This rotation seen from the stars, would be 
of the same duration as the sidereal revolution of the moon ; 
with respect to the equinoctial points, it would be the tropical 
revolution. 

In order to determine the axis of rotation and the plane of the 
lunar equator, observers have been led to a very minute exami- 
nation of the spots. Two circumstances served to facilitate this 
inquiry; these spots are permanent, and, in general, may be 
observed during a whole revolution. 

They present, nevertheless, some varieties in their apparent 
position on the moon's disc ; we see them alternately approach 
to and recede from the limb. Those which are near the limb 
disappear and reappear successively by periodical oscillations. 
But as the spots themselves do not seem to undergo any sensible 
change in their relative positions, and as they always present 
themselves under the same form and magnitude, when they 
return to the same situation, we infer that they are fixed to 
the surface of the moon. Their oscillations appear, therefore, 
to indicate in the lunar globe a kind of motion, which has re- 
ceived the name of l^ation^ from a Latin word which signifies 
iobalaneu 
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But in adopting this expressioii, which represents very well 
the appearances observed, we must not affix to it an absolute 
meaning ; it is only the result of several optical illusions. 

363. To analyze these illusions, we must make use of precise 
language. Let us then suppose a visual ray drawn from the 
centre of the earth to the centre of the moon. A plane drawn 
through this latter centre perpendicular to the above ray, cutting 
the globe of the moon, will by its intersection form the circum- 
ference of a circle i this is the boundary of the apparent disc* 
If the moon had no real motion of rotation, that is, if each point 
of its surface were invariably directed towards the same point of 
the heavens, its single motion of revolution about the earth would 
discover to us successively all the parts of its surface ; and the 
visual ray would cut it successively in different points, which we 
should see pass one after the other over the centre of the disc* 
The actual motion of rotation counteracts the effects of this 9fpB^ 
rent rotation, and causes the lunar globe to present constantly 
the same face to the earth ; this is the reason why we never 
sec the opposite face. 

Let us now suppose that the rotation of the moon is sensibly 
uniform ; that is, that it does not partake of the periodical in* 
equalities; this supposition is at least the most natural that can 
be made, and theory has proved that it is correct. Then one o{ 
the causes which produce the libration becomes evident $ for the 
motion of revolution, being affected by the periodical inequali* 
ties, is someUmes more and sometimes less rapid* The apparent 
motion which it occasions cannot, therefore, be always comitcr* 
acted by the real rotation which remains constantly the same i 
and these two effects exceed each other alternately* The points 
of the lunar globe must therefore appear to turn alternately in 
different directions about its centre, and the appearance thus 
produced, is the same as if the moon had a slight vibratory mo- 
tion on each side of the radius vector drawn from its centre t» 
the earth. This is called the libration in longUudi. 

Several causes unite with the preceding and sensibly modify 
this first results 

The spots on the moon do not always pres^ve the tame dis- 
tance from the plane of its orbit ; aometimesi by the effect of 
rotation, they even pass from one side of this plane to the oppo- 
site. These phenomena indicate an axis of rotation, which is 
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not exactly perpendicular to the plane of the orbit* Now, as this 
axis appears under w its greatest and smallest obliquity, it must 
discover to us successively the two poles of rotation of the lunar 
spheroid ; in the same manner as the axis of the earth presents 
auccessively its two poles to the sun at the two solstices. It fol- 
lows, then, that we must sometimes see points situated about 
the poles, and then lose sight of them as they pass over the ap- 
parent edge. This is called the libruiion in latUude. It is in- 
Gonaiderable, from which we infer that the equator of the moon 
differs but little from the plane of its orbit. 

A third illusion arises from the observer being placed at the 
surface of the earth, and not at the centre. It is towards the 
centre that the moon always turns the same face, and the visual 
ray drawn from thence to the centre of the moon, would always 
meet its surface in the same point, the preceding inequalities 
being left out of consideration. It is not the same with the visual 
ray drawn from the surface of the earth ; this ray makes a sen- 
sible angle with the preceding, in consequence of the proximity 
of the mooo ; this angle at the horizon is equal to the horizontal 
parallax. On account of this difference, the apparent contour of 
the kmar spheroid is not the same with respect to a spectator at 
the centre of the earth and one at the surface. In the latter po- 
sition, when the moon is rising, some points are discovered to- 
wards, its uf^r limb, which are not visible from the centre. As 
the mooo increases in altitude, these points approach the upper 
limb of the disc, and at length disappear, while otiiers become , 
perceptible near the lower. The same effect continues as long as 
the moon is visible^ and as the part of its disc which is up- 
permost when rising, appears lowest when settings the differ- 
Qice is most obvious at these two epochs. T^us, by its diurnal 
motion, the body of the moon appears to oscillate about the 
radius vector, drawn from its centre to that of the earth. This 
ia called the diurnal libralion^ 

364. The precedii^ explanations satisfy the phenomena ob- 
served so readily and exactly that we cannot entertain a doubt 
•f their correctness. These three kinds of libration are, theoi 
purely o|itical effects ; accordingly they disappear entkrely, when 
we i^fer the positioA of the spots, as seen from the earth, to the 
position they would have with respect to an observer placed at 
the centre of the moon. Then, there remains only a uniform 
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motion of rotatioD about an axis nearly perpendicular to the 
moon's orbit* ^ 

365. To determine the position of this axis and the doration 
of the rotation, we make use of the processes already applied to 
the determining of the sun's rotation. We observe the differ- 
ences of right ascension and declination, between one of the 
moons' limbs and a given spot* As we know also by obser- 
vation or calculation, the apparent semidiameter of the disc, we 
deduce from these data, the difference of declination and right 
ascension between the spot and the centre, and consequently the 
difference of longitude and latitude* 

The geocentric positions of a spot being known, we convert 
them into selenocmtric positions, that is, the positions they would 
have as seen from the centre of the moon. The formulas neces- 
sary for this reduction, are the same as those employed in the 
case of the sun, with the exception of a small modification aris- 
ing from the circumstance that the latitude of the moon is not 0, 
like that of the sun* 

366* If the orbit described by the spot about the centre of 
the moon, is in the same plane, three observations, thus prepared, 
would seem to be sufficient to determine this plane, and conse- 
quently the position of the moon's equator which is parallel to 
it* But here a new peculiarity presents itself* 

If we employ three observations made within a short interval, 
for example, within the space of 15 days, we find that the longi- 
tude of the ascending node of the moon's equator is equal to the 
mean longitude of the ascending node of the orbit ; and as we 
find this equality to continue, at whatever epochs we repeat 
the operation, provided the interval be not great, we must con- 
clude that the intersection of the lunar equator with the eclip- 
tic is constantly parallel to the line of the mean nodes of the 
orbit; consequently this line of intersection has a retrograde 
motion equal to that of the nodes ; and thus the axis of rotation 
of the lunar spheroid describes a conical surface about the axis 
drawn through its centre perpendkular to the ecliptic* As to 
the inclination of the lunar equator to the ecliptic, it appears to 
be constant ; for, calculating it thus by observations made near to 
each other, we always obtain for it the same value, namely, 1^ 
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367. The mean revolution of the moon's nodes taking place, 

as we have seen above, in 6793"^ lO"^ 6^ 3(y^ it follows that these 306: 
nodes retrograde 1^ in IS^ 30'' 53^ W. The line of intersection 
of the lunar equator, therefore, following the motion of the nodes, 
must also retrograde 1^ in the same interval. The slowness of 
this motion is such that observations, made within an interval of 
a few days, give nearly the same longitude for the moon's node ; 
but we cannot combine in this manner observations made at dis- 
tant epochs ; for then the displacement of the lunar equator be- 
coming sensible, the selenocentric positions of the spot, cannot be 
comprehended in the same plane having a constant longitude, as 
is supposed in the formulas established for the sun ; hence an- 
other modification is to be made in these formulas in order to 
render them applicable to the moon. This modification consists 
in rendering the line of intersection of the lunar equator move- 
able on the ecliptic, conformably to the law we have determmed* 
This is easily done without rendering the calculations any more 
complicated. 

That nothing may be omitted which can conduce to precision, 
we remark that it is necessary to employ a difierent parallax for 
the centre of the lunar spheroid, and for the spots on its surface ; 
since, on account of the magnitude of the moon's parallax, this dif- 
ference is sensible. We can easily estimate it when we know 
the difference of the distances ; and to obtain this last, it is suffi- 
cient to calculate the parallel of the spot by a first approxima- 
tion, in which the parallaxes for the spot and centre are suppos- 
ed to be equal. 

368. By employing all the precautions which the case admits 
of, and applying them to a great number of observations, we 
establish with the utmost certainty the constancy 6{ the inclina- 
tion of the lunar equator to the ecliptic, and the parallelism of 
its nodes with the mean nodes of the orbit. These results may 
be represented by the following construction. Through the cen- 
tre of the moon suppose three planes to pass ; one representing 
the moon's equator, another the mean plane of its orbit, and a 
third parallel to the ecliptic. This last, which will be always 
comprehended between the two others, will pass through their 
common intersection. It will make with the first, an angle of i? 
2(y 1V\ which is the inclination of the lunar equator to the eclip- 
tic ; and with the second, an angle of 5^ 8' SCjSS, which is the 
mean inclination of the orbit to the same plane. , r^r^ri]^ 
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369. We have Been that there are secular variations in the 
motion of the moon, which mast, in the course of time, produce 
very considerable changes in it. If the rotatory motion remained 
always the same, and did not participate in these inequalities, it 
would soon cease to counterbalance exactly the motion of revo- 
lution, and the moon would gradually turn with respect to us 
until, in the lapse of centuries, it would present successively all 
the points of its surface. But theory has shown that this can 
never be the case. The rotatory motion, though independent of 
the periodical inequalities which affect the revolving motion, Js 
subject to the same secular inequalities. These motions will, 
therefore, pass through the same changes, always counterbal-* 
ancing each other, and the face of the moon now opposite to the 
earth, will forever remain so. By the same laws the constant 
inclination of the lunar equator to the ecliptic, and the parallel, 
ism of its nodes with the mean nodes of the orbit, will always be 
the same, notwithstanding the developement of secular inequali- 
ties. These valuable theorems are derived from the analysis of 
Lagrange. 

Of ike Form md Ph^tkal CoMiiiution of the JWaon* 

370. Wfi have seen that the ratio of the radius of the earth to 
that of the moon, on the supposition that they are spherical, is 
0,273, or nearly fV* 1*he ratio of their bulks, on the same hy- 
pothesis, is equal to the cube of the ratio of their radii, namely, 
tIIt ^^ TV* ^^ hence infer that tiu bulk or volume of the moon 
i$ about one fori}/ ninth part of that of the earth* 

It appears, by the theory of attraction, that the mass, of the 

moon is ^--- of that of the earth. This ratio is much less than 

oo,4 

that of tV T^^^ °^^ss of the moon, compared with that of the 
earth, is, therefore, not in proportion to their bulks, and conse- 
quently the moon^s density is less than that of the earth* 

From the phenomena presented by the moon's rotation, it is 
proved that the moon is not spherical. The form must be that 
of a spheroid,! having its greater axis turned constantly toward 

t The term spheroid is used here and in some other places, with 
the latitude of the original spheroidcp to stand for any figure that ap- 
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Che earth and situated in the plane of the lunar equator, its 
smaller axis in the direction of the poles of rotation, and for its 
third axis one perpendicular to these two and intermediate be- 
tween them as to length. These curious results were discovered 
by Lagrange. 

371. By examining carefully the disc of the moon when it is 
not entirely illuminated by the sun, we observe on the dark part 
certain bright spots that gradually increase and become more 
conspicuous, as the illuminated part extends itself* These spots 
never appear far from the confines of the illuminated part, and 
when they are lost in the general light, they are always accom- 
panied with a shade more or less deep which turns with the sun 
like a projected shadow, that is, so as to be always opposite to 
the sun. We hence conclude that the spots under consideration 
are mountains that elevate themselves more or less above the 
general surface of the moon, the summits of which are reached 
by the sun'9 light before their bases. They are found to be of 
various heights like those of the eai*th, the highest attaining to 
about the same elevation in both. 

We observe also portions of the lunar disc that are distin- 
guished by their obscurity. These, it would seem, are valleys, 
or depressions below the general surface. The result of the 
latest and best observations upon the different inequalities in the 
moon^s surface, together with those which relate to a lunar atmo- 
sphere, will be given in the Appendix. 



General Phenomena of Eclipses. 

372. Wk proceed noW to speak of certain phenomena which 
for a long time filled the world with terror, but which, owing to 
the progress of knowledge, have at length come to be regarded 
orAy as objects of interest and curiosity. 

'We shall first consider the general phenomena of eclipses, 
next the circumstances under which they can take place, and 
lastly, the means of predicting them. 

proachos nearly to a sphere ; whereas it ordinarily denotes, in Eng- 
lish, a solid generated by the revolution of an ellipse about one of its 
axes, and answers to what the French call an ellipsoid of revolution. 

Astron. 29 . r\r^n]o 
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We shall begin with eclipses of the mooD. The earth be*' 
ing an opaque body illuminated by the sun, will project a shadow 
behind it in space. When the moon enters this shadow it is cut 
off from the direct light of the sun, and is consequently eclipsed. 

373. ]f through the extremity of the sun^s diameter we sup^ 
pose straight lines to be drawn touching the surface of the earth, 

Fig. 85. as AB^ A'B\ these lines produced, will represent the limits of 
the shadow ; and, as the sun is much larger than the earth, they 
will meet behind the latter, and will thus give to the shadow the 
form of a circular cone, if the earth be spherical, and of an ellip- 
tical cone, if the earth be a regular spheroid. Accordingly, when 
the moon enters this shadow, a part of its disc still remaining illu- 
minated by the sun, this part will not be terminated by a straight 
line, but will have the form of a luminous crescent, its concavity 
being turned towards the shadow. The same phenomena will 
take place when the moon begins to emerge from the shadow. 

374. When the moon approaches the earth's shadow, it does 
not become eclipsed suddenly, but loses its light by imperceptible 
degrees. In order to comprehend this phenomenon, we must 
remember that a small opaque body, upon being placed between 
an object and the sun, does not entirely obstruct the sun^s rays, 
but the object becomes less, illuminated on this account, and if 
the opake body be sufficiently near, receives a shadow. There 
is then between the part which is perfectly illuminated, and that 
which is perfectly dark, an intermediate shade called the 'ptwam- 
bra. Such is the effect produced upon the moon when it ap- 
proaches the earth's shadow. 

To determine the limits of the penumbra, we suppose two 
straight lines J^B^ AB\ touching the surface of the sun and 
that of the earth, but on opposite sides, so as to cross each 
other between the two bodies, as in figure 86. The angles 
£J5C, E^B^C, represent the space comprehended by the penum- 
bra ; for, from any point situated without these limits, the entire 
sun is seen ; but from any point L within them, only the part 
AL/ of its disc is visible. This portion diminishes from the 
line EB to CB, where it becomes nothing ; and consequently 
the deepness of the penumbra increases from the first limit where 
it begins, to the second where it is confounded with the shadow. 
This explains the progressive obscurity observed in the moon's 
disc when it is eclipsed. 
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375. When the moon is totally eclipsed by the earth's shadow 
it is not entirely concealed from view. Its surface is still feebly 
illuminated with a reddish light, resembling that of the clouds 
after sunset. This light proceeds from the solar rays refracted by 
the earth's atmosphere, and bent to such a degree as to pass into 
the shadow ; for those rays which are not sufficiently refracted to 
reach the surface of tlie earth, where they would be absorbed, 
continue their course through the atmosphere. After they have 
traversed it they are bent behind the earth and tend as it were 
to the focus of a lens. If the light thus tending to a point behind ' 
the earth, were not in a great degree absorbed by the atmosphere, 
its effect would be very considerable ; for, if we consider one of 
the luminous points of the sun's disc, this point could only send 
directly a single ray to each point of space ; but, by the inter- 
position of the earth's atmosphere, it causes a cone of luminous 
rays to fall behind the earth. The focus where the rays unite, 
receives therefore a much greater number than it would do if it 
were illuminated directly. 

376. Hitherto we have spoken only of eclipses of the moon. 
Eclipses of the sun are to be understood in a similar manner; 
for they are produced by the conical shadow which the moon 
projects behind it in space. When this shadow meets the sur* 
face of the earth, the points upon which it falls are deprived of 
the direct light of the sun, and arc in complete obscurity. The 
points which are not strictly in the shadow but in the penumbra, 
lose only a part of the sun's light, and its disc would appear to 
a spectator thus situated to be hollowed out by the partial inter- 
position of the moon ; in a word, all we have said respecting 
eclipses of the moon is equally applicable to eclipses of the sun, 
if we suppose the spectator in the moon; for, what we call 
eclipses of the sun, are nothing but eclipses of the earth with 
respect to an observer thus situated. 

377. Let us now subject the phenomena to calculation, and 
attend to the circumstances under which they may happen. 

The first thing to be determined is the length of the conical 
shadow projected behind the earth, since it is necessary to know 
whether it always extends to the orbit of the moon. For this 
purpose we first leave out of consideration the earth's atmo- 
sphere and its oblateness. 
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Fig. 87. Let S be the centre of the sun, T that of the earth, AB a straight 
line touching the earth and sun, and forming the limit of per- 
fect shadow ; ST will be the axis of the conical shadow, and 
TC the length of the cone to be determined. Now it is suffi- 
cient to Know the angle TCB at the vertex of the cone. This 
is equal to the semidiameter of the sun, minus its horizontal 
parallax, or 8'',78, as will be readily seen by the figure. 

By means of this result we can easily find the length of CT*, 
for, in the triangle CBT, right-angled at B, we know the angle 
C and the side Tfi, which is the radius of the earth. 

It is obvious that the length of the conical shadow must vary 
with the apparent diameter of the sun, and consequently with its 
distance from the earth ; the following are the values correspond- 
ing to the mean distance and those of the perigee and apogee. 

Distance from the centre of the earth to the vertex of the conical 
shadow expressed in radii of the earth. 

When the sun is at the perigee . . • 212,896 
^' ^^ at its mean distance . • 216,531 

** ** at the apogee . . . 220,238 

378. From these values it appears that the shadow lengthens 
as the sun's distance increases. We have before seen that the 
moon's greyest distance from the earth is only 63,94145 terres- 
trial radii, and therefore much less than the smallest length of 
the shadow. Consequently if the moon moved in the plane of 
the ecliptic, it would traverse this shadow each revolution, and 
there would be an eclipse of the moon every month. 

379. In the same manner we may determine the length of the 
conical shadow, projected by the moon, on the supposition that it 
is spherical ; it is sufficient to employ for the apparent diameter 
and parallax of the sun, their values referred to the surface of 
the moon. It is easy to deduce these values from those we have 
already employed ; for the apparent diameter of the sun, as 
seen from the moon, will be equal to its apparent diameter, as 
seen from the earth, augmented in the ratio of the distances of 
the earth and moon from the sun. Also the sun's parallax at 
the moon is equal to its pal*allax at the earth, augmented in the 
ratio of the distances, and diminished in the ratio of the radii of 
the moon and earth. With these reductions, the formulas investi- 
gated in the case of the earth, will serve equally for the moon, and 
will enable us to determine the length of the conical shadow 
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which the moon projects behind it in space. This is the method 
by which the following results were obtained ; they relate to the 
two extreme cases in which the length of the cone is greatest 
and least, and are compared with the distance of the earth. 



Sun in the apogee, nummum parallax 
Sun in the perigee, minimum parallax 


Leagthofthe 
cone. 


Distance of 

the Moon 

from the 

Eanb. 


59,730 
57,760 


55,902 
63,862 



In the first case the shadow of the moon will reach the centre 
of the earth and pass it ; in the second, it will not even reach its 
surface* Thus, if we suppose the moon to move in the plane of 
the ecliptic, it would not always cause a total obscurity in any 
part of the earth, when passing before the sun, on account of the 
variations in its distance. Its only effect would then be to con- 
ceal a part of the sun's disc, 

380. To calculate the extent and duration of lunar eclipses, 
it is necessary to know the diameter of the earth's shadow at the 
place where it is traversed by the moon's orbit. This is very 
easily found ; for if LD represent this orbit, considered as cir-Pi& ^"^^ 
cular, the apparent semidiameter of the shadow as seen from the 
earth, at this distance, would have for its measure the angle LTC^ 
which is equal to the difference of the angles TCL and TLA. 
The angle TLA is the apparent semidiameter of the earth, as 
observed from the mooo ; or, in other words, the horizontal par- 
allax of the moon, at the moment of the eclipse. We have seen 
that the angle TCL is equal to the apparent semidiameter of the 
sun, minus its parallax. These two angles being known, the 
angle LTC, or the semidiameter of the shadow, becomes known 
also. We have only to add the parallax of the sun to the par- 
allax of the moon, and s^ubtract from their sum the apparent semi- 
diameter of the sun. 

By calculating the above value according to what we have 
before found for the greatest, mean, and least, parallax of the 
moon, we shall have for the results the following table. 
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Diameter of the EartVs Shadow at the Distance of the Moon. 



// 



C Moon at the apogee • • 4524,3 

Sun at the perigee < Moon at its mean distance 4982,3 

{ Moon at the perigee • 5440,9 

C Moon at the apogee • . 4556,9 

un at its mean distance < Moon at its mean distance 5014,9 

( Moon at the perigee • 5472,9 

C Moon at the apogee • • 4588,3 

Sun at the apogee < Moon at its mean distance 5046,3 

( Moon at the perigee • 5504,3 

The greatest apparent diameter of the moon being onljr 
201 V^, it is evident that it can always be comprehended and 
covered by the earth's shadow which is much greater. Accord- 
ingly whenever the moon traverses the centre of the shadow, it 
must be totally eclipsed. 

The diameter which we have calculated is that of the shadow 
projected by the great body of the earth. It appears that the 
lower strata of the atmosphere obstruct so much light as to oc- 
casion a sensible shadow ; for, the apparent diameter of the 
shadow which is deduced from observation, is always a little 
greater than the one above calculated. This diflference is com- 
monly estimated at 100^^, as indicated by the instant of the 
entrance of the moon into the shadow, and that of its emergence 
from it. But this estimate is wholly empirical. Besides, it is 
evident that the greater or less purity and transparency of the 
inferior strata of the atmosphere must produce considerable ac- 
cidental variations. Lastly, it is manifest that this shadow, pro- 
duced by the atmosphere, must grow less and less distinct from 
the centre to the circumference, like the density of the atmo- 
sphere itself, and this diminution, added to that of the penumbrai 
must prevent the limits of the shadow, projected on the moon, 
from being accurately defined. The lime during which the 
moon continues in the shadow, depends on the difference between 
its diameter and that of the shadow, and upon the rate at which 
it traverses the shadow by its horary motion. We shall resume 
this subject in another place. ^ 

Strictly speaking, the shadow is not circular, because the 
earth is not spherical. Indeed its form is elliptical ; its dimen- 
sions, therefore, when projected on the moon, cannot be the 
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same in all directions. But the limit of perfect shadow is not 
sufficientlj marked in lunar eclipses to allow the difference of 
its axes to be appreciated by observation. 

381. If we would determine, in like manner, the semidiameter 
of the moon's shadow at the distance of the earth, we have only 
to substitute in place of the data now used, those which belong 
to an observer stationed at the moon. Thus the semidiameter of 
the moon's shadow to an observer thus situated, would be equal 
to the sun's parallax, referred to the moon, plus the earth's par- 
allax, minus the apparent semidiameter of the sun as seen from 
the moon. The earth's parallax is simply the apparent semi- 
diameter of the moon as seen from the earth. We have then, from 
what precedes, all the required data. The formula is rendered 
more simple by neglecting the sun's parallax, the influence of 
which in the calculation is scarcely sensible, not amounting to 
a sixth of a second. Then the semidiameter of the moon^s shadow is 
equal to the excess of the apparent semidiameter of the moon orver the 
apparent semidiameter of the sun. 

If we calculate the length of the shadow under the most favour- 
able circumstances, which are those in which the sun is in its 
apogee and the moon in its perigee, we find that the semidiam- 
eter of the moon's shadow, as seen from the moon, is equal to 
about 6(/^ The apparent semidiameter of the earth, at this dis- 
tance, is equal to the horizontal parallax of the moon at the same 
instant, that is, 3689^^ Thus under these circumstances, which 
are the most favourable, the breadth of the moon's shadow is to 
the diameter of the earth's disc, nearly, as 60 to 3689, or as 1 
to 61,5, that is, it does not cover a sixtieth part of the breadth 
of the earth's hemisphere. It is obvious that in less favour- 
able circumstances the dimensions of the shadow will be still 
smaller. It would become nothing if the apparent diameter of 
the moon, as seen from the surface of the earth, were exactly 
equal to the apparent diameter of the sun, and negative, if it were 
greater. In the first case, the apex of the cone would barely 
reach the observer at the earth ; in the second, it would not ex- 
tend so far. 

But it might still reach other observers differently situated on 
the terrestrial globe ; for, in consequence of their situation, they 
might be more or less distant from the moon. Those, for exam- 
ple, who see it in the horizon, are farther by about ^V ^^^^ ^l^^^^^ 
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who see It at the zenith ; the apparent diameter of the moon will 
therefore appear smaller by about ^V ^o ^^^ ^^^ than to the sec- 
ond ; and as the effect of these different positions is insensible with 
respect to the apparent diameter of the sun, on account of its very- 
great distance, it follows that to one the apparent diameter of 
the moon will seem less than that of the sun, while to the other 
it will appear greater. The first will not be reached bj the 
shadow, while the second may be immersed in it. We perceive 
then, that within these limits the position of the observer becomes 
very important, since it may cause him to enter the shadow or 
escape it, by a mere difference of parallax in altitude. We shall 
pursue this subject farther in another place. For the present it 
is sufficient to remark, that the smallest apparent diameter of the 
sun being 1891'',and the diameter of the moon at it smean distance 
being 1878'% and consequently smaller than the first, there 
can never be a total obscurity at this limit, and still less when 
the moon is beyond its mean distance. We see moreover, that 
in consequence of the small dimensions of the moon^s shadow, 
there can only be a small portion of the earth's hembphere over- 
shadowed at once ; that very often the shadow does not reach 
the earth ; and that, for this double reason, eclipses of the sun 
are very much rarer, in any given place, than those of the moon 9 
which is confirmed by experience. 

383. Thus far we have considered only the perfect shadow; 
Fig. 87. yfQ proceed now to fix the limits of the penumbra. Let AB' be 
a straight line touching to the opposite limbs of the sun and moon, 
and LL' the moon^s orbit ; the angle DTC will give the distance 
of the penumbra from the axis CT» Now this angle being the ex- 
terior angle of the triangle OTL\ is equal to the sum of the two 
opposite interior angles, TUC\ TOL. The first of these is the 
horizontal parallax of the moon ; the second is equal to 

OAT + OTA, 
that is, to the sun's parallax plus its semidiameter, as seen from 
the earth. Consequently the angle L'TC, or the extreme ra- 
dius of the terrestrial penumbra, is equal to the sum of the par- 
allaxes of the sun and moon, plus the apparent semidiameter 
of the sun. 

Subtracting from L'TC the semidiameter of the perfect shadow, 

we have the breadth of the penumbra. This semidiameter is 

380. equal to the sum of the parallaxes of the sun and moon, minus 
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the apparent semidiameter of the sun ; consequently the breadth 
of the penumbra is exactly equal to the apparent diameter oi the 
sun. 

383. If we would calculate, on the same principle^ the extent 
of the penumbra, projected by the moon upon the earth, in eclipses 
of the sun, we have only to substitute, in the preceding formulas^ 
the data belonging to the moon instead of those relating to the 
earth* Thus the extreme radius of the penumbra will be equal 
to the sum of the parallaxes of the sun and earth, plus the 
apparent semidiameter of the sun ; these diameters and paral- 
laxes being supposed to be calculated for the moon. If we 
would simplify the process we may neglect the parallax of the 
sun, and then the extreme radius of the moon^s penumbra, as 
seen from the moon, becomes equal to the sum of the apparent 
semidiameters of the sun and moon, as seen from the earth. To 
his sum must be adJed 5" on account of the sun's reduced dis» 
tance. The total breadth of the lunar penumbra, as seen from 
the moon, is equal to the apparent diameter of the sun seen alsa 
from the moon, that is, to this diameter seen from the earth, plus 
very nearly 5^' on account of the reduced distance. 

384. in what precedes we have paid no regard to therrfrac* 
tion which the rays of the sun undergo in traversing the earth's 
atmosphere. We must now consider what allowance is to be 
made on this account. 

When we leave the atmosphere out of consideration, the liout 
of the perfect shadow is determined by the ray which touches 
the exterior limbs of the earth and sun. The intersection of this 
ray with the line drawn through the centres is, therefore, the ver- 
tex of the shadow. But if we take into consideration the atmo^ 
sphere the case is different. The luminous ray, coming from the 
exterior limb of the sun, a tangent to the earth, is no longer a 
straight line ; it is curved where it enters into the atmosphere^ 
and where it emerges from it, bending behind the earth so as to 
meet the axis of the shadow much nearer the earth than it would 
otherwise do ; by this means the vertex of the perfect shadow 
has its distance reduced. Suppose such a ray coming from the 
limb ./J of the sun, and touching the earth somewhere in B^ If rig. 8& 
8 be the centre of the sun, and T that of the earth, the refracted 
ray will meet the line ST somewhere in 0, but always nearer 
T than it would have done if it had been rectilinear., bet u» 
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now consider another point of the disc, as A^ for instance 
Amongst all the luminous rays emanating from this point, there is 
likewise one which will pass into the earth's atmosphere and be 
refracted so as to touch its surface in a point B' different from £• 
After bending behind the earth, it will meet the axis of the 
shadow in some point Cy farther from the earth than O. As the 
same may be said of all the points of the disc, it follows that all 
these points, even the other extremity A'^* of the diameter, wilk 
on account of refraction, send luminous rays to unequal distances 
on the other side of the earth, so that the whole image of the 
disc will be distributed from O to O^^ in the same manner as a 
lens, by refraction, disperses the images of objects transmitted 
through it. 

This being the case, if an observer happen to be placed at O, 
or a little beyond this point in the direction TO^^, it is evident 
that he would not be completely in the shadow ; for, he would 
begin to see, by refraction, the exterior border A of the sun? 
which would appear to him to surround the circumference of the 
earth^s disc, like a luminous ring. If he removed farther, as to 
(y for example, he would see, in this manner, the rays coming 
from A^ ; but he would see the whole interval AA', no longer, 
indeed, by rays touching the earth's surface, but by rays pass- 
ing higher into the atmosphere. If he removed to a still greater 
distance, the luminous ring would become larger* Finally, 
if he placed himself at C'', in the direction of the ray coming 
from the inferior border of the disc, he would see the whole disc 
of the sun around the surface of the earth. If he placed himself 
beyond this limit, he would no longer receive the solar rays 
touching the earth, since the diameter of the sun is supposed to 
end in A^^^ ; but he would receive rays from certain points in the 
heavens, situated below A^^' in the figure ; consequently the lumi- 
nous ring would be removed from the circumference of the earth, 
and the azure of the sky would appear in its place. Hitherto 
we have supposed the observer to be situated in the cone of the 
perfect shadow, and consequently all the portions of the sun's disc 
which are visible to him, becoming so by refraction only, they will 
be wholly comprehended within the space occupied by the earth's 
atmosphere. But at a still greater distance, the observer being 
entirely without the cone of the perfect shadow, formed by the 
extreme rays, he will begin to see the border of (he sun directly 
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and without refraction, while the rays which come from the inte- 
rior of the disc, would still traverse the atmosphere, and be still 
refracted. 

385. It is very easy to determine these different limits. For 

this purpose let us suppose a ray SB^ proceeding from the sun ng. 89. 
and touching the terrestrial surface. The curve described by 
this ray about the surface of the earth, supposed to be spherical, 
will be symmetrical for the different parts of this surface, and if 
its direction be ST when it enters the atmosphere, and PO when 
it emerges, the angles B77, J5P/, formed by these directions with 
the tangent TV^ will be equal to each other. Now the angle BTJ, 
DTS^ is Very nearly equal to DBS or the horizontal refraction, 
because the point T being little elevated above the point B, the 
lines 5/, and SBj drawn from these two points to the sun are 
nearly parallel. Thus the angle BVI is also nearly equal to 
the horizontal refraction ; consequently, the angle Sit', which 
expresses the inflection of the ray, is equal to BTI plus BT'Ij 
or double this same refraction. 

386. We may therefore regard the effect of the atmosphere 
as augmenting by this quantity the apparent semidiameter of the 
sun, for, having once emerged from the atmosphere, the luminous 
rays continue their course in a straight line, as if they had 
been emitted originally in this direction ; and the ray SBO, for 
example, emanating from the upper limb S of the true sun, 
arrives at in the axis, as if it had come from the superior limb 
of an imaginary sun whose semidiameter exceeded that of the true 
one by a quantity equal to the angle S^It. We perceive then, that 
in order to determine the distance of the vertex of the cone of 
perfect shadow from the centre of the earth, regard being had to 
the refracting power of the atmosphere, it is sufiicient to augment 
the semidiameter of the sun by double the horizontal refraction, 
and with this single correction the preceding formulas may be 
employed. If instead of considering the ray SB as coming from 
the exterior border of the sun, we suppose it to come from any 
point in the disc, situated at a known distan(:e from the centre^ 
we can substitute this distance for the semidiameter of the sun, 
and we shall then have the distance from the earth at which this 
part of the sun begins to be visible. We can thus determine 
successively the zones which become visible at each removal. 

In this manner the following table was calculated, the distance 
being expressed in terrestrial radii. ^,g,^,^^^ ^^ L^oogle 
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Limb of the Q begins to appear . . . 

A quarter of the © at the circumference 
of the earth 

Half the disc of the Q at the circumfer- 
ence of the earth 

Three quarters of the Q's disc at the cir- 
cumference of the earth 

Entire disc of the Q at the surface of the \ 
earth ( 

Azure of the sky equal to a quarter of the 
O's disc between the sun and the cir- 
cumference of the earth 

Azure of the sky equal to half the Q^s 
disc between the sun and the circum- 
ference of the earth 

Azure of the sky equal to three quarters of \ 
the O's disc between the sun and the > 
circumference of the earth J 

Exterior border of Q begins to be visible 
directly 



! 
I 
1 

} 
I 



at the 
Perigee. 



42,228 
46,674 

52,236 

50,316 

68,283 

81,499 
100,190 



130,140 
185,490192, 



O at its 
Mean Dim 



42,013 
46,502 

52,236 

59,820 

69,125 

82,144 
101,560 



131,570 
,590 



O at the 
ApoRce. 



41,842 
46,408 

52,236 

60,317 

69,645 

82,898 

102,980 

13234e 
198,200 



The smallest distance of the moon from the earth is, as we 
have seen, 55,916. Thus, under the most unfavourable circum- 
stances, even at the centre of the shadow, an observer placed at 
the moon, would still see, by refraction, three quarters of the sunn's 
disc through the atmosphere of the eanh. It is not then sur- 
prising that the moon, when eclipsed, appears coloured with a 
reddish light ; it would appear much more luminous if the ab- 
sorbing action of the atmosphere did not weaken this light to 
such a degree as to leave only a very small proportion to be 
transmitted. 

387. Hitherto we have supposed the moon placed exactly in 
the axis of the earth's shadow. It would be actually in this 
axis at every opposition if it moved in the ecliptic ; but as it 
sometimes rises above and sometimes descends below this plane, 
in consequence of the inclination of its orbit, it may happen that 
only a part shall enter the shadow of the earth, or that it shall 
merely touch the border of the shadow, or lastly, that it shall 
pass entirely without it. In the first case, the eclipse is partial ; 
in the second, it is called an appulse* Eclipses are said to be 
total when the moon passes wholly into the shadow, and central 
when the moon's centre coincides with the axis of the shadow. 
We shall soon determine by calculation the circumstances under, 
which these phenomena take place* 

^ Digitized by LjOOgle 



General Phenomena ofEcUpses* 9Sf 

388. In like manner with respect to eclipses of the sun, we 
call those partial in which the moon passes over only a portion 
of the sun's disc ; totals those in which the whole disc is conceal- 
ed. Annular eclipses are those in which the rooon is entirely pro- 
jected on the sun's disc, without competely covering it ; so that 
a luminous border, like a ring, surrounds it on every side. Cen- 
tral eclipses are those in which the observer is situated in the 
centre of the shadow, or in the line which joins the centres of 
the sun and moon. 

From what we have said respecting the extent of the moon's 
shadow, compared with that of the earth's disc, it is evident that 
total eclipses of the sun can happen only through a small part of 
the earth's surface, and can continue only for a short time; while 
eclipses of the moon are observed throughout the whole hemir 
sphere of the farth from which the moon is visible at the time; 
and, on account of the magnitude of the earth's shadow, the du- 
ration of the eclipse may be very considerable. 

389. A total eclipse of the sun is very remarkable for the de- 
gree of darkness which accompanies it, and which extends to all 
the points of the earth on which the moon's shadow falls, pre- 
cisely in the same manner as the shadow of a cloud, borne along 
by the wind, passes over hills and plains, and for a time de- 
prives them of the sun's light. 

The darkness which attends a total eclipse of the sun, is the 
more striking, as it follows so suddenly the full splendor of day. 
The inferior animals are filled with consternation. The heavens 
are at once enveloped in darkness 5 the larger stars become visi- 
ble, and a pale whitish halo appears about the black disc of the 
moon, which is supposed to be the zodiacal light, or the atmo- 
sphere of the sun. A faint light also often skirts the horizon 
which is a real twilight, proceeding from portions of the earth's 
atmosphere that are without the cone of the moon's shadow and 
within the view of the spectator. Under the most favourable 
circumstances total darkness may continue eight minutes. The 
first ray of the sun which escapes, darts forth like an arrow, and 
this deep gloom instantly vanishes. 
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Method of Deierminir^ the Circumstances of an Eclipse of the 

Moon* 

390. We proceed now to show how all the circumstances of 
an eclipse maj be determined. We begin with eclipses of the 
moon which, being unaffected by parallax, are more easily un- 
derstood than eclipses of the sun. 

Let us suppose that, at the moment of opposition, the pomt T 
Fig. 90. represents the centre of the earth's shadow. Let TE be the 
ecliptic, TY the circle of latitude in which the conjunction takes 
place ; L the centre of the moon then in this circle, and LA* its 
orbit inclined to the ecliptic. In consequence of the sun's mo- 
tion in the ecliptic the centre of the earth's shadow, always di- 
ametrically opposite to the sun, moves together with the sun, and 
with the same velocity from west to east, that is, from .Y toward 
£. During this time the centre of the moon also moves from 
west to east in its orbit, that is, from JV toward E\ The velocities 
of these two motions are given by the tables. The question is to 
determine from these data the instant when the two circles 
which represent the moon and shadow, will meet whether be- ' 
fore or after conjunction. 

The calculation is vqry much simplified by considering that 
the apparent distance between the centre of the moon and that 
of the shadow, during the continuance of an eclipse, being neces- 
sarily very small, may be considered as rectilinear, and that we 
may also regard the difference of longitude and latitude of the 
centres, as small straight lines respectively parallel and perpen- 
dicular to the ecliptic ; so that the motion of the two centres may 
be considered as rcferre'd to rectangular coordinates x and ;, 
the first being taken on the ecliptic ^C, the second on the cir^ 
cle of latitude which passes at each instant through the centre of 
the shadow. 

The duration of a lunar eclipse is always so short that the 
motion of the sun, and consequently that of the shadow, in the 
ecliptic, during the interval, may be considered as uniform. We 
may also regard as uniform the motion of the moon in longitude 
and latitude, at least in the first approximation. With these 
modifications the problem presents no difficulty. 
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391. Let P, I/, be two simultaneous positions of the shadow 
in the ecliptic and of the moon in its orbit, at a given instant, be- 
fore or after opposition* Since we know the velocity of the 
moon and of the shadow, both in longitude and latitude, we shall 
have also, for the same instant, the values of PP' and P^D^ 
which express the relative motion of the centre of the moon with 
respect to the centre of the shadow. The sum of the squares of 
these lines will give the square of I/T^ that is, of the distance 
between the centres ; since the triangle DP^V is right-angled at 
P'» From the value of this distance we shall know whether the 
eclipse has begun or not ; and by taking the algebraic expres- 
sion of this value for any given time, it is easy to determine the 
precise instant of each of the phases of the eclipse. For this it 
is sufficient to resolve an equation of the second degree. 

The above results are obtained upon the supposition that the 
motion of the sun and that of the moon are uniform. If we wish 
to attain to the utmost precision, they can only be regarded as a 
first approximation* Since we know, in this manner, very nearly 
the instant of each phase, we take this instant for the origin of 
the times, and having calculated by the tables the motion of the 
sun and that of the moon which correspond to it, we recommence 
the calculation of the phase with these new data ; and we thus 
find the correction to be made in the epoch determined by the 
first approximation. The result will now have all the exactness 
which can be desired, since the supposition of uniformity in the 
hourly motion applies only to a very small interval of time* By 
proceeding in the same manner with each successive phase, we 
shall obtain with great precision all the circumstances of the 
eclipse, regard being had to the variation in the motions of the 
moon and sun* 

It should also be added that in order to diminish the great 
uncertainty to which the difierent phases of a lunar eclipse are 
liable, astronomers are in the habit of observing the entrance of 
difierent spots into the shadow and their emergence thence. 
These spots being well known to all observers, and their position 
on the moon's disc being fixed, the mean epochs between their 
immersion and emersion answer to the middle of the eclipse ; 
and by observing these phenomena we are able to determine 
this instant with more precision. 
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In what precedes, we have left out of consideration the diur- 
nal motion of the heavens ; for, as it carries along simultaneously 
and with an equal motion the sun, moon, plane of the eclipiic, 
and all the celestial circles, it does not change the relative posi- 
tions of these bodies with respect to each other. ^ This motion 
has no other effect than that of presenting the eclipse succes* 
sivelj to different portions of the earth. It does not affect its 
absolute existence, but only the chance of its being visible or 
invisible. 



Method of Determining the General Circumstances of a Solar 

Eclipse* 

392. The questions which present themselves with regard ia 
a solar eclipse are; 1. Whether there will be an eclipse in any 
part of the earth ; 2. What will be the duration of the eclipse ; 
3, What will be the time of its commencement and termination. 

These questions are attended with no difficulty, if we consider a 
solar eclipse as an eclipse of the earth with respect to an observer 
at the moon* Then the object is to determine for any given instant 
the apparent distance of the centre of the earth's disc from the 
centre of the moon's shadow ; and from the known diameters of 
the earth and the shadow, we calculate the inst&nt when their 
discs will meet. This problem therefore is absolutely of the same 
nature with that respecting a lunar eclipse, as seen from the earth. 
Accordingly it may be solved by the same formulas. The only 
difference is in the graphic construction made use of to represent 
the centre of the moon as the centre of the visual rays. 
Fig. 92. ^^ ^ represent the centre of the earth, for any given instant, 
Lxhdii of the moon, S that of the sun ; and let us consider the 
rectilinear triangle TSL^ formed by lines connecting these three 
points in space. If we produce the side SL, which passes through 
the hun and moon, k will be the axis of the moon's shadow, and 
the angle OLT^ formed by this prolongation with the visual ray, 
drawn from the moon' to the earth, will be the apparent distance 
of the centre of the earth from thle centre of the shadow, or the 
quantity to be determined. Now this is very easily found ; for 
the triangle SLT furnishes all the necessary data,, since we 
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know tbc two sides ST^nd LT^ the distance of the sun and that 
of the moon from the earth, and the angle at T, which is the 
apparent distance between these two bodies as seen from the 
earth, and which is easily deduced from their di&rence of lon- 
gitude and laritude, as was done in th« case of lunar eclipses. 
We thus obtain, for any given instant, the expression for the ap- 
parent distance of the centre of the shadow from the centre c^ 
the earth's cBsc, as seen from the moon ; and, by making this ex- 
pression equal to the diflcrenccs of this distance which corres- 
pond to the fliflferent phases of the eclipse, and considering the 
time as the unknown quantity, we are enabled to determine the 
epochs' at which these phases will happen. 

393. We have here paid no regard to the diurnal motion of 
the heavens; for, this motion being common to the sun and 
moon and all the celestial circles, it cannot change their relative 
positions, and it is with these only that we are concerned. In 
this case, as in that of lunar eclipses, the diurnal motion has no 
other effect, except that of presenting the eclipse successively 
to different parts of the earth ; or rather, if we would attribute 
the diurnal motion to the earth, a supposition which equally sat- 
isfies the phenomena, and in a much more simple manner, this 
motion causes the observer to turn on his parallel, and presents 
the eclipse to him successively at different elevations above the 
horizon where he is situated. This rotation may even be the 
occasion of an eclipse being seen, or render it invisible by bring- 
ing the observer to the hemisphere where it is to take place or 
to the opposite. It may also affect the eclipse in another way, 
by causing the observer to approach to or recede from the moon^s 
centre by a change of parallax in altitude. But all these va- 
riations which render the problem complicated, when we con- 
sider a physical and determinate point of the earth, have no 
such effect when we have reference to the earth in general. 

394. There is a very simple means of removing these diflS- 
culties; and thai is by reasoning with respect to any point of 
the earth's surface, as we have just done with respect to its cen- 
tre. Only we must employ in the calculation the data which 
are suited to these new circumstances, that is, the apparent ele- 
ments of the two bodies, as seen from the point in question, 
instead of the true elements which belong to the centre ; ancT 
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as these two kinds of data differ only in the values of the par- 
allax in longitude, latitude, declination, and right ascension, 
which wc have learned how to calculate, it is obvious that when 
we know the instants of the different phases of the eclipse for 
the centre of the earth, we can calculate the corrections which 
must be applied to them, on account of parallax, in order to refer 
them to the surface. 

395. If we examine also, in a general manner, the course of 
the lunar shadow or penumbra on the earth^s disc, we shall per- 
ceive that it must move, with respect to us, from west to cast, in 
the direction of the proper motion of the moon ; for, as this body 
moves more rapidly than the sun, in its revolution about the 
earth, its shadow must follow it and move in the same direction. 
Thus an observer placed at the moon and observing the earth 
eclipsed, would first sec the western part of the disc obscured 
and then the eastern. To us who are situated on the earth, the 
disc of the moon appears to pass over that of the sun from west 
to east by the excess of its relative motion. This is all that is 
constant in the phenomenon ; for the magnitude of the part 
eclipsed and its position on the sun's disc, are extremely variable 
for several reasons, which will be soon explained. 



Method of Calculating tlvt General Circumstances of Occxiltations 
of the Planets and Stars by the Moon. 

396. OccuLTATioNs of the planets and stars by the moon are cal- 
culated upon precisely the same principles as eclipses of the sun. 
Fig. 92. ^^ ^ represent the centre of the earth, L the centre of the moon, 
and S the centre of the planet or star, the line SL will represent the 
axis of the lunar shadow, ind the argle TLO will be the apparent 
distance of the centre of the shadow from the centre of the earth. 
The general expression of this angle in a function of the time, 
may be obtained here as before, by calculating the angles at 5 
and T. Making this expression equal to the different values of 
the angle 7X0, which belong to the different phases of the 
eclipse, and considering the time as unknown, we obtain as be- 
fore the epochs of these phases. 
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We here understand by lunar shadow the portion of space 
which the rays from the planet or star cannot reach, in conse- 
quence of the interposition of the body of the moon. In this sense 
the expression lunar shadow is correct, though we are not to at- 
tach to it any idea of sensible obscurity. 

In solar eclipses, when the object is to calculate the angle 
STL^ or the apparent distance between the two bodies as seen 
from the centre of the earth, we have considered this distance, 
which is always very small in eclipses, as the hypothenuse of a 
right-angled triangle, the sides of which are the latitude of the 
moon, and the difference between the sun and moon^s longitude. 
In the occultation of planets and stars by the moon, we can like- 
wise make use of the same supposition ; but as the latitude of the 
eclipsed planet or. star is not zero, as is the case with the sun, and 
as that of the moon may not be very small, one of the sides of 
the triangle will be the difference of latitude, and the other the 
difference of longitude, reduced on account of its distance from Top, 35. 
the ec}iptic, by multiplying by the cosine of the latitude. This 
is all the difference that exists between the phenomena of occul- 
tations and those of solar eclipses. With these modifications, 
the formulas of the preceding sections will be completely appli- 
cable ; and it is sufficient to substitute for the parallax of the 
moon and that of the planet, their numerical values suited to the 
different cases which may happen. If the body eclipsed be a 
star it> parallax is nothing, and its motion in latitude and longi- 
tude is also nothing* 



Method of Determining the Circumstances of a Solar Eclipse or an 
Occultation for a Definite Point of the EartKs Surface* 

397. Hitherto we have considered the phenomena of solar 
eclipses only in their general circumstances, and as they would 
appear to an observer at the moon. If we would determine«their 
particular appearance at a given point of the terrestrial spheroid, 
it is necessary to introduce into our calculations some particular 
conditions relating to the position of the observer. 

In this case all the questions that can arise, resolve themselves 
into the two following* 1. To find the apparent distance of the two 
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bodies, as seen from a determinate point of the earth's surface, 
at a given instant; 3« To find the instant when a determinate di&- 
tance will take place for a given point. 

398. The* first problem is the easiest. We calculate the a^ 
parent latitudes and longitudes of the two bodies for the given 
instant ; that is, the latitudes and longitudes as seen at the place 
where the observation is made. We then calculate the apparent 
distance of the centres, considering this distance as the hypothe* 
nuse of a right*angled triangle, one of whose sides is the differ- 
ence of the apparent latitudes, and the other, the difference of 
the apparent longitudes, reduced on account of the moon^s dis^ 
tance, from the ecliptic by multiplying by the cosine of the lati- 
tude. 

Knowing the distance of the centres and the apparent diame- 
ters of the two bodies, at the given instant, we can easily deter- 
mine whether there is an eclipse. We have only to inquire 
whether the apparent distance of the centres is less or greater 
than the sum of the semidiameters. In the first case, there is an 
eclipse, in the second, it has not commenced or has already passed. 

In this calculation we must employ the apparent diameters as 
seen from the place of observation, that is, augmented accord- 
ing to the altitude of the bodies above the horizon. The moon 
only is sufficiently near the earth to make this apparent aug- 
mentation sensible. 

399. Of the two questions proposed at the beginning of this 
section, that which we have just solved is much the easier. We 
now pass to the second, which is the converse of the firet, and 
in which it is proposed to find the time, the distance of the cen- 
tres being considered as known. 

This second question is employed to determine, for example, 
if an eclipse is possible in a given place, and at what instant it 
will happen. 

In order to arrive at a solution, we begin by calailating the 
circumstances of the eclipse for the earth in general, by the 
methods laid down in the preceding section. We shall thus 
know the instant of the beginning and end of the eclipse, and 
consequently its total duration. Then wc divide this duration 
into a certain number of intervals, for example, into half hours, 
and calculate for each of these intervals the elements of the ap- 
parent place of the two heavenly bodies^ as seen from the given 
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point. We then determine the apparent distance of their cen« 
tres bj the method which we have jnst explained, and bj com- 
paring this distance with the. sum of the semidiameters, we shall 
discover if an eclipse takes place or not. We shall thus learn, 
at least within half an hour, the time o( the beginning and end 
of the eclipse for the place of observation. 

In the present state of astronomy all eclipses of the sun, and 
for the roost part, oceultations of the planets and fixed stars, are 
known beforehand very nearly. There b no occasion then for 
this preparatory calculation which we have explained, or at least 
rarely. Still it was proper to consider it in order to complete 
the plan we had proposed to ourselves in thia work, that is, to 
show bow an insulated observer could build- up the whole science 
of astronomy simply by his own observations and calculations. 

Taking it for granted, then, that we know very nearly the 
times of the beginning and end of the eclipse, at the place for 
which the calculation is made, it is i*equired to determine them 
more exactly. We calculate for these times the apparent longi- 
tudes and latitudes of the two bodies, their apparent horary mo* 
tions and their apparent semidia meters, regard being had to their 
altitude above the horizon. It is very easy to make the small 
coiTcctton which this altitude requires, by means of a formula 
to be found in the Appendix. It is necessary only in the case 
of the moon. 

We then suppose that the times sought differ from the pre- 
ceding only by quantities so small that the apparent horary mo* 
tions may be considered as uniform during this interval. Thus, 
regarding the correction of the epochs calculated as an unknown 
quantity C, we shall have an analytic expression for the dis- 
tance of the centres in a function of t^ and this expression, being 
equal to the true distance which must take place for the phase 
under consideration, will give an equation by which i^ is deter- 
mined. 

If we wish to obtain this with still greater precisk>n, we calcu- 
late again, for this new epoch, the elements of the apparent place 
of the two heavenly bodies, their horary motions^ and their semi- 
diameters, regard being had to their altitude above the horizon. 
Then we take this new epoch for the origin, and calculate in the 
same manner the necessary correction C'- This correction will 
be incomparably smaller than f, and it will give the epoch 
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sought wilh the greatest exactness* This mode of proceeding is 
precisely the same as that laid down for solar eclip^es, when 
we wished to correct the results of the first approximation. 

400. It might be proper here to notice a curious phenomenon 
in eclipses of the sun; we allude to the progress of the shadow 
of the moon over the earth's disc. We have already remarked, 
that it must proceed from west to east in the direction of the pro- 
per motion of the moon ; for, this body moving more rapidly 
than the sun, in the apparent orbit which it describes about the 
earth, its shadow must follow it in the same direction and at the 
same rate. Thus an observer, situated in the moon, and view- 
ing the earth thus eclipsed, would see the eclipse commence 
upon the westerly part of the disc, and terminate at the east- 
erly part. To observers upon the earth it is always the west- 
erly part of the sun which is first eclipsed, and the easterly 
last. Hence the disc of the moon appears to us to pass over 
that of the sun, from west to east, by the excess of its mo- 
tion over that of the sun. As to the portion of the disc which 
is thus eclipsed, it depends upon the respective positions of the 
moon, the sun, and the observer, which together occasion very 
great variations. In small eclipses, the inclination of the lunar 
orbit may be so great that the part eclipsed shall be entirely on 
one side of the disc. For example, if the moon approaches from 
its ascending node, rising towards the north pole of the ecliptic, 
it is possible that its disc may not meet that of the sun except in 
its most northern part, or rather a little on the side of this pobt 
towards the West. In this case, the eclipse would take place 
wholly on the western part of the sun's disc. The contrary 
might happen at the descending node, and the eclipse would 
take place only on the western part of the disc near the southern 
extremity. Similar efiects may be produced by change of parallax 
in longitude and latitude, which make considerable variations in 
the apparent inclination of the lunar orbit. 

Hence it will be perc^ved that the motion of the shadow 
and penumbra upon the earth must, in like manner, be subject to 
great variations* Still it is always very rapid, and the entire 
extent of the earth's disc is always passed over in a little less 
than 4^. To illustrate this clearly, we leave out of consider- 
ation the inclinatbn of the lunar orbit. Let the moon then be 
supposed to move in the plane of the ecliptic; and, for the 
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sake of greater sioipHcitj, we neglect also the parallax of the 
sun, which is extremely small. The case being thus simplified, 
let T be .the centre of the earth, MM'O a section of its surface rig.96w 
made by the plane of the ecliptic, TLS the projection of the 
circle of latitude corresponding to the conjunction. Under these 
circumstances the course of the moon^s shadow upon the carth^s 
surface, will follow the circle JHO, made by its intersection 
with the ecliptic. Suppose now that, at a certain instant after 
conjunction, the sun is in the prolongation of the visual ray TS* ; 
and the moon at U upon the visual ray 77!/, both lines being 
drawn from the centre T. Then, by drawing from the point U 
the straight line L^O, parallel to TS\ and meeting in O the ter- 
restrial surface, the point O will be the place of the shadow upon 
this surface, and the angle TDO will be equal to VTS^^ that is, 
to the relative motion of the moon with respect to that of the sun 
from conjunction. Let us take these bodies at their mean dis- 
tances, and consider only their mean motions. That of the sun 
is 59' 08'' a day, or ^ 28" an hour. That of the moon for 
a day is 13° IC 36", which gives for its hourly motion 32f 
57". The difference 30' 29" between these, is the relative motion 
of the moon, or its velocity over that of the sun. This is then 
the hourly increase of the angle TDO. And as double this 
value exceeds the mean parallax 57' 4", which represents iht 361 
apparent diameter of the earth as seen from the moon, it will be 
perceived that the axis of the shadow will become a tangent to 
the earth's surface, before two hours have elapsed after conjunc- 
tion. Then the angle L'TO will be equal to 90°, minus the 
horizontal parallax of the moon ; so that the centre O of the 
shadow will, during this time, have passed over, upon the earth, 
an angle equal to this quantity, plus the angle L7*Z/, described 
by the moon about the earth, reckoning from conjunction. 

Hitherto we have made no allowance for the diurnal motion of 
the heavens ; but it is necessary to attend to this circumstance if 
we would consider the variations of the centre of the shadow, with 
respect to a determinate point upon the earth. For the sake of 
greater simplicity, we shall neglect the obliquity of the equa- 
tor to the ecliptic, and suppose their planes to coincide with 
each other 5 then the circle MM'O will represent the terrestrial 
equator, and in order to simplily the reasoning, we attribute to 
this the apparent motion of rotation of the heavens, in a contrary 
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direction, which, as we have .'before remarked, makes no altera- 
tion in the phenomena as seen from the earth. This being done, 
suppose an observer at Af, at the instant of conjunclioo, that is, 
so situated as to have the sun and moon at his zenith. This ob- 
server, by the effect of the diurnal motion, will be carried on his 
circle of lalitude iiom JIf towards M^ from west to east. He 
will move after the lunar shadow, which proceeds in the same 
direction, but be cannot overtake it ; for, the rotation of the hea- 
vens, being 360^ in a day, is at the rate of 3(P in two hours, while, 
during the same time, the progress of the moon^s shadow upon 
the circle MM, exceeds it by 90^. It will then separate from 
the observer wkh the excess of its velocity ; but, on account of 
this disposition, the observbr will see the eclipse for a longer 
time than he would have done if he had been stationary. Nev- 
ertheless his velocity cai never be equal to that of the shadow. 
if it could be, it would render the shadow permanent upon this 
point of the terrestrial surface. 

The very great rapidity with which the shadow moves may 
be seen ioimediately from the triangle L'TO. In this triangle 
the sides X/T, 07, are to each other very nearly as 60 to I. 
Hence the sines of the opposite angles L'OT^ TL'O^ are in the 
same ratio. The first then varies sixty times as fast as the sec- 
ond. The angle T which completes the triangle, partakes of this 
rapid increase according to the same proportion. 

Beginning with this ratio, which becomes exact when the an- 
gles TDO^ L'TO^ are very small, let us seek to deduce from it 
the time which the observer, situated in M, will remain in total 
darkness. In order to do this it is necessary to know the rela- 
tive motion of the shadow with respect to the observer. The 
motion of the moon over that of the sun is, as we have seen, 3(y 
^y in an hour, or 3<K^5 in a minute, nearly. This will be the 
value of the angle TDO a minute after conjunction. 

In order to reduce this motmn to the centre of the earth, it is 
necessary to multiply it by 60, which gives SO' 29". This is 
the value of the angle DTO for the same instant. Moreover, by 
virtue of its proper motion in longitude, the moon has also de- 
scribed the angle L'TL which, in the same interval, is equal to 
33" nearly, since its hourly motion is 32' 57". The sum 31' 
2" of these two partial angles, will be the total angle MTO^ 
described by the shadow about the centre of the earth, in a 
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minute of time. But, during this interval the motion of the ob* 
server about the same centre, arising from the rotation of the 

earth, will be -^ or 15'. The relative motion then of the 

shadow with respect to the observer, seen from the centre of the 
earth, will be 31' 2" — IS' or 16' 2". It is in virtue of this 
excess that the shadow passes the observer. 

Now we have seen that the semidiameter of the perfect 
shadow, as seen from the moon, is, at a maximum, equal to 1' ssi. 
nearly ; consequently, its whole diameter will be 2'. Multiply- 
ing this quantity by 60 we shall have 2® nearly for the breadth 
of the perfect shadows as seen from the centre of the earth. This, 
value being more than seven times the quantity 16' 2", which ex- 
presses the relative motion of the shadow with respect to the ob- 
server, in one minute, it will be seen that the whole duration of 
total darkness may exceed seven minutes under the circumstances 
above supposed. 

401. By means of the principles which we have now laid 
down, we can predict and determine the moment of an eclipse with 
the utmost precision. But to avoid all superfluous calculations, 
it will be advantageous to devise some simple method of ascer- 
taining beforehand whether there will be an eclipse. This is 
easily done. If, for example, we first consider eclipses of the 
sun and moon, we shall perceive immediately that it is sufficient 
to find a period after which the sun and moon return exactly or 
very nearly to the same positions with respect to the node of the 
moon^s orbit. For, after this interval, the motions of these 
bodies recommencing in the same manner, the eclipses which 
depend upon them must, in like manner, recur successively and 
nearly in the same order. There can only be the differences 
arising from the inequalities to which the motions of the sun and 
moon are subject. The whole is then reduced to finding such a 
period ; and in order to this, we have only to combine the sy- 
nodic revolution of the moon and the synodic revolution of its 
nodes, in a period that shall just admit of each being completed 
a certain number of times. 

Now we have before seen that the synodic revolution of the 313. 
moon is 29*^ 12^ 44' 03", and the synodic revolution of the nodes 
346' 14^ 52' 16". These two quantities are to each other very 314. 
nearly as 19 to 223 ; that is, in 223 synodic revolutions of the 
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moon, the node returns 19 times to the same position with re- 
spect to the sun. The difterence is 10^ SC nearly, as may be 
easily shown, and it answers to 28' G9'', by which the longi- 
tude of the node is greater than it was in its former synodic posi- 
tion. Now 223 lunar months are equal to 6585*^,321124, or 18 
mean tropical years and 1 1 days ; so that after this interval 
all eclipses both of the sun and moon must also recur in the 
same order, which affords us a very simple means of predicting 
them when we know those which happened during the preced- 
ing period. The return of eclipses after 223 lunations has been 
known from the time of the ancient Chaldean astronomers. They 
^called this period Saros ; and we frequently find it thus designat- 
ed in the works of modem chronologists. 

In like manner, if we compare the sidereal revolution of the 
308. moon, which is 27* 7* 43' 1 1'',5 1, with the sidereal revolution of its 
305. nodes which is 6793* lO** 06' 29",95, we perceive that they are 
in the ratio of 17 to 4227, that is, in 4227 sidereal revolutions 
of the moon, there are very nearly 17 sidereal revolutions of 
the node. The difference is 12^. Then the position of the moon 
with respect to its nodes and to the different points of the hea- 
vens, becomes again very nearly the same. Occultations of the 
stars must, therefore, recur again in the same order. From the 
duration of a sidereal revolution we find this period to be 
1 15488* ,661 or 316 tropical years, 72 days, 2 hours, 24 minutes. 

But the above ratios not being rigorously exact, these laws 
are to be regarded only as approximations, and the order ob- 
served in the several periods, must at length be changed, as is 
well ascertained. The periodical inequalities which affect the 
motions of the moon, disturb also these returns, since they have 
not all for their periods a multiple of the synodic or sidereal 
revolution. Still, as these inequalities are inconsiderable, we 
make use of the ratio above established in finding approximately 
the epochs of eclipses, and then we calculate by astronomical 
tables, the precise instant at which they are to happen. If we 
wish to approximate nearer at first, it will be sufficient to allow 
for the principle inequalities of the moon^s longitude. 

Another cause of deviation arises from the great secular in- 
equalities, the nature of which we have already explained, and 
which in the immense duration of their course, sensibly change 
the values of the small periods, as will be easily conceived ; so 
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that all attempts to ascertain exactly the periods under considera- 
tion will be fruitless. In order to find directly, and indepen- 
dently of such periods, life syzygies when an eclipse is possible, 
we begin by calculating from the tables of the moon, the epoch of 
each mean conjunction. We commonly employ for this purpose 
the method of astronomical q>acts. 

The epacl of a year is the age of the moon at the commence- 
ment of this year, that is, the time which has elapsed, or which 
ought to have elapsed, from the last conjunction of the preceding 
year to the 31st of December, at noon, mean time, if the year in 
question be a common year, or to the first of January, at noon, 
mean time, if it be a bissextile. I speak here only of the an- 
cient tables. We unite these epacts to the other elements of the 
moon for the commencement of the year. The epact of each 
month then is the quantity which it is necessary to add to the 
epact of the year, in order to have the age of the moon at the 
commencement of this month. 

Knowing the epact of any month it is easy to find the mean 
conjunctions which take place in this month. For, in the first / 
place, by subtracting the epact ^ a synodic revolution of iheAjf^^^ 
moon, that is, rf 29* 12^ 44' 0^, the remainder will indicate ihijCit^^ 
day of the month and hour of the day when the first conjunc- 
tion will happen. I say the first, because there are sometimes 
two conjunctions in the same month, separated by a synodic 
revolution ; but there can never be more than two, since the 
months are at most but 31 days in length. 

When we know the epochs of mean conjunction or of new moon, 
we find those of opposition or of full moon, by subtracting from 
the first half a synodic revolution, or 14* 18"* 22^ 01''. 

The times of conjunction and opposition being thus determined, 
in order to know if there will be an eclipse of the sun at the one, 
or of the moon at the other, we must calculate the distance of the 
moon from its node, and see if it falls within the limits required 
for an eclipse to take place. These limits, as calculated by M. 
Delambre, are as follows. 

If the distance of C less than d^ ^ ^j^^ ^y C certain. 

the O from the < t of D is i 

3 's node is { greater than l^^ 5 i impossible. 

Between 9^ and 12|o it is doubtful, and recourse must be had 
to more precise calculations. 
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If the distance ( less than 1 34^ *) .. ^ ^r^«^ ) certain. 

of the O from ) \ S th^S ' ? 

the J) 's node is ( greater than 19^ ) ^ ne t; is ^ impossible. 

Between 13^*^ and 19*^ it is doubtful, and a more exact calcu- 
lation is necessary. 

We perceive that these limits are more extended in the case 
of solar eclipses than for those of the moon. The first, there- 
fore, must happen more frequently. But they are not visible, 
except from certain parts of the earth, on account of the paral- 
lax which modifies them ; while those of the moon are visible 
from all points of the terrestrial hemisphere which have the 
moon above the horizon during the eclipse. 

Id the new tables published by the French Board of Longi- 
tude, we have not the epacts laid down, but as we find the values 
of the mean longitudes of the sun or the moon, as well as the dis- 
tances of these bodies from the node of the moon's orbit, these 
arguments answer for calculating the epochs of the syzygies, and 
all the other phases, with no less despatch and greater precision 
than the method of epacts. The mode of proceeding is explain- 
ed in the tables. 

It remains to speak of an indispensable precaution to be used 
by astronomers in observing an eclipse. In solar eclipses the 
face which the moon presents to us does not receive the sun's 
rays ; it is therefore completely invisible ; for the light reflected 
by the earth to such a distance is entirely lost in the superior 
brightness of the sun. Hence we do not perceive the passage of 
the moon over the sun's disc, except by means of the interruption 
in the sun's light when it begins to make an indentation. But it 
is impossible to seize the first commencement of this phenome- 
non, unless we know beforehand the instant when it will happen, 
which may be calculated within a few seconds by means of the 
tables, and unless we know also in what part of the sun's limb 
the indentation first commences. The same problem presents 
itself in the transits of the planets over the sun's disc, and in 
emersions of stars and planets, in the case of an occultation by the 
moon. It is necessary to know precisely at what point of the 
moon's disc the star or planet will emerge, in order to be ready 
to observe the first indication of its reappearing. 

Let us consider this last case, which is the most general and 
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from which all the others may be deduced. We first calcu- 
late, by the tables, the precise instant of the emersion of the 
star or planet, and the difference of longitude and latitude 
between its centre and that of the moon at this instant. From 
this it is easy to determine the angle forined by the line of the 
centres with the circle of latitude which passes through the 
moon ; for the tangent of this angle is equal to the difference of 
longitude, reduced on account of the distance of the star or 
planet from the ecliptic, and divided by the difference of the lati- 
tudes* We shall thus have the arc of the lunar disc compre- 
hended between the point of emersion and the point of the disc 
nearest the plane of the ecliptic. This arc is denoted by SE in 
figure 95, fM'L representing the ecliptic, Y the vernal equinox, 
C the centre of the moon, CI its circle of latitude, and S the 
point of the disc where the emersion takes place. 

Now let Z be the zenith of the place of observation ; then 
VL will be its longitude, and LZ its latitude, both being referred 
to the ecliptic. The great circle ZC will represent the plane of 
a vertical in which the centre of the moon is found, since this 
vertical must contain the centre of the moon and the zenith. 
These two conditions are sufficient for determining the angle 
JfC /, formed by the circle of latitude of the moon with the ver- 
tical ZC^ and by adding to it the angle I C<S, just calculated, the 
sum will give the arc SH of the lunar disc comprehended be- 
tween the point of emersion S and the point SH of the disc 
which is most distant from the zenith Z, and consequently the 
nearest to the horizon. We reckon this arc from the lowest 
point of the disc proceeding towards the east, and from 0*^ to an 
entire i:ircumference. The formulas, being once established by 
means of this construction, are applicable to all cases, the rules 
respecting algebraic signs being carefully observed. If we wish 
to refer what is here laid down to eclipses of the sun, it is 
only necessary to substitute, in the formulas, the centre of the 
sun for the centre of the moon, and as the latitude of the sun is 
always nothing, the formulas become more simple (App.) 

By means of this preparatory calculation we always know, 
with an exactness abundantly sufficient, to what point of the 
moon's disc or that of the sun, it is necessary for the observer 
to direct his attention ; thus informed, he can seize the instant 
of the phenomenon with all the precision of which his organs 
are susceptible. 
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Of the Connexion betwun the Motions of the Moon and the Periodic 
cal Ebb and Flow of the Sea. 

402. Before passing to another division of my subject, I ought 
to give some account of a phenomenon extremely remarkable, 
upon which the moon appears to have an important influence. 
I refer to the ebb and flow of the sea called the tides. 

Twice every day the sea rises and falls with a regular oscil- 
latory motion* The water elevates itself at first during about 
one fourth part of a day ; it overflows the shores and runs into 
the channels of rivers, even to great distances from their mouths. 
When the water has arrived at its greatest height, it is said to be 
high water ^ full sea^ or flood tide ; it remains in this state only for 
a few moments. It soon begins to decline, and it falls at the 
same rate at which it rose. It withdraws from the places it 
bad overflown ; and continues to descend nearly a fourth part of 
a day. The water having reached its greatest depression, it 
remains stationary for a short time. It is then said to be low 
water or ebb tide. Very soon the same motion recommences, the 
sea advances and retreats again by the same steps, and accord* 
ing to the same laws. 

403« These oscillations of the sea may be increased by tbe 
action of the wind ; but they do not arise wholly from this cause, 
for they are observed, in like manner, when the weather is calm 
and serene. Aside from this their periods are so regular and 
constant, that we are able to predict the return of low and high 
water. This constancy clearly indicates a regular and dura- 
ble cause whose effects are produced periodically. In order to 
discover this cause, we must observe the phenomena for a long 
time, follow out all the results, and determine the periods to 
which their smallest variations are subject* We may afterward 
undertake to discover, in the course they take, the nature of the 
causes which produce them. By thus examining the phenomena 
of the ebb and flow of the sea, we perceive, even in their minu- 
test details, a marked connection with the conjunctions of the 
{noon and sun; the influence of the moon is particularly ap- 
parent. 

This is evident, in the first place, from the intervals at which 
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they return* These intervals are not always exactly the same, 
but they still have a mean duration from which they differ but 
little, and this, expressed in mean time, is 1^ 0^ 60' 28^^,32. 
During this time it is twice low water and twice high water. 
Now this is precisely the time which the moon employs in re- 
tumbg to the meridian by the effect of its mean motion, and this 
period of ebb and flow may be termed a lunar day. 

We perceive then, that if high water happens to day in a cer- 
tain harbor at 0^, tomorrow it will happen at 0*» 60' 28'',32, the 
day after at 1^ 4CK 56^^,64, and so on continually, the daily retar- 
dation being 5(y 28^^,32 ; but in this interval there will be an- 
other high tide, which may be called the morning tide ; this will 
happen the first day at 12^ 25' 14,''2, the second at 12* 25' 14",2 
+ 0* 5(y 28",32, and so on. 

404. But this is not exactly the course observed. The daily 
retardation from one tide to another is sometimes a little more 
than 5(y 28",32, and sometimes less. This is only an addiiional 
proof of the influence of the moon upon these phenomena, for the 
course of this body is not more regular, it is subject to many in- 
equalities which have a striking agreement with the retardations 
and variations observed in the tides. We may, therefore, con- 
sider this action of the moon, whatever may be its nature, as 
established beyond a doubt. 

405. But the moon is not the only body whose action is per- 
ceived in the tides ; the sun exerts also a sensible influence. We 
always remark, that the highest tides happen at the syzygies, 
and the lowest at the quadratures ; so that by observing simply 
the phases of the moon, we are able to predict their return. 

These elevations and depressions of the sea are more remark- 
able and conspicuous when the moon and sun are nearest the 
earth ; and they diminish as these bodies recede ; but even in 
this secondary effect the action of the moon maintains its ascend- 
ency, and the variations in its distance are particularly sen- 
sible. Finally, the position of these two bodies on the one side 
and the other of the equator, produces likewise modifications. 

All this is to be understood of a sea very extended and free 
on all sides like the ocean. In small seas, and near the shores, 
the motions of the water must be obstructed and opposed by the 
obstacles it meets with. In like manner, the instant of the tide 
differs according to the time necessary for the undulations to be 
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propagated* This happens in our harbors although they all 
belong to the same ocean. The hour of high water is very dif- 
ferent in one port from what it is in another, although constant 
in each harbor. At Dunkirk, for example, high water happens 
half a day after the passage of the moon over the meridian ; at 
St Malo it is one fourth of a day ; at the Cape of Good Hope it 
is 0^ I'' 3(y. The hour when this phenomenon happens on the 
day of full moon is determined in each place by observation, 
after which, by adding to it successively 6CK 28'',32, we obtain 
the successive retardations of the tides from one day to another, 
and the times at which they ought to happen. As there are two 
high tides every lunar day, two observations of this kind are 
necessary to enable us to foretell the times of every high tide. 

The preceding method gives only the mean epochs of the 
phenomena under consideration, that is, those which would take 
place, if the course of the moon which governs them was subject 
to no irregularity. In order to predict the exact instant we must 
have recourse to the theory of attraction, which, having made 
known the cause of the oscillations of the sea, has shown the 
connexion which exists between the variations which they ex- 
perience and the inequalities of the bodies which produce them. 
In the second volume of the Micanique Celeste will be found all 
the formulas necessary for this purpose. 

406. Among the inequalities in the motion of the sea we re- 
mark this general law ; the higher the water rises at flood tide, 
the more it descends at ebb tide. We call the total tide the 
half sum of two consecutive high tides above the level of the 
intermediate low tide. The greatest value of this total tide at 
Brest is 19,32 feet. It takes place at the syzygies. The small- 
est is 9,15 feet. This takes place at the quadratures. 

407. It is an object of great importance to obtain observations 
equally exact for all other harbors ; but unfortunately they are 
yet wanting, and the members of the Institute of France thought 
it their duty to invite the attention of intelligent men inhabiting 
seaport towns to this subject. It is sufficient to set up a vertical 
rod properly graduated, and to observe as often at least as once 
every day, the exact time of high and low water, and the point 
of greatest elevation and depression of the water. But as the 
height of the water varies very slowly in approaching these ex- 
treme limits, it is necessary in determining it with precision, to 
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employ corresponding observations made before and after tfae 
extreme limit when the water has attained the same height. If 
these observations are near the maximum and minimum state, the 
limit sought will answer to the middle of the interval which 
separates them; but it is uecessarj in order to this, that ihej 
should not be too distant, for the tide employs a little longer 
time in falling than in rising. At Brest this difference amounts 
to nine or ten minutes. 

408. The theory of attraction, having made known the cause 
of the ebb and flow of the sea, has furnished us, as we have said, 
with the means of calculating all the variations, -which are to be 
looked for in these phenomena ; it has taught us how they may 
be foreseen. The oscillations of the sea are thus found to be 
connected with the x^elestial motions, and they have served more 
clearly to make known several important particulars. 



Asttm. 33 
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Motion of the Planets about the Sun* 

409. We have recognised and determined the motions of the 
sun and moon. These are lo us the most interesting bodies in 
the system ; the first, as being the source of life and fertility to 
the earth ; the second, on account of its proximity, its light, and 
its phases ; and both on account of the indications they furnish 
for the measurement of lime. • 

But the other bodies which compose the solar system invite 
our attention and hold out to us the prospect of results no less 
curious and useful. The study of them will lead lo a more 
perfect knowledge of the general scheme of the material world ; 
and in this way it will connect itself with our first results, and 
enable us lo correct them by more accurate calculations, or it 
will serve to bring them before* us under a more enlarged 
view, or lastly, it will help to make known relations and analo- 
gies hiiberto unobserved. Encouraged by these considerations, 
we proceed to examine the planetary motions. We shall en- 
deavour lo discover the laws which govern them, and in deduc- 
ing these from the phenomena that present themselves, we shall 
continue to pursue the plan which has hitherto guided us. 

410. We begin with Venus^ which is the most conspicuous. 
There are few who have not observed a beautiful star in the 
west, a little after sunset, and called for this reason the evening 
star. This star is Venus. If we observe it for several days we 
find that it does not remain constantly at ihe same distance from 
the Sim. It departs to a certain distance which is about 45^, or J 
of the celestial hemisphere after which it begins to return 5 and 
as wo can ordinarily discern it with the naked eye only when 
the sun is below the horizon, it is visible only for a certain time 
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iiDinediatelj after sunset. By and by it sets with the sun, and 
then we are entirely prevented from seeing it by the sun's light. 
But after a few days, we perceive, in the morning, near the east- 
ern horizon a bright star which was not visible before. It is 
seen at first only a few minutes before sunrise, and is hence called 
the mormng star. It departs from the sun from day to day, and 
precedes its rising more and more ; but after departing to about 
45^, it begins to return, and rises later each day ; at length it 
rises with the sun, and we cease to distinguish it. In a few days 
the evening star again appears in the west very near the sun ; 
from which it departs in the same manner as before ; again re- 
turns ; disappears for a short time ; and then the morning star 
presents itself. 

These alternations, observed without interruption for more 
than 2000 years, evidently indicate that the evening and morn* 
ing star are one and the same body. They indicate also that 
this star has a proper motron, in virtue of which it oscillates 
about the sun, sometimes preceding and sometimes following it. 

These are the phenomena exhibited to the naked eye ; but 
the admirable invention of the telescope enables us to carry our 
observations much farther. 

411. Observing Venus with this instrument, we perceive that 
it has phases like the moon. At evening when it is approaching 
the sun, it presents a luminous crescent, the points of which are 
turned towards the eaist, that is, from the sun. The apparent 
magnitude of this crescent diminishes from day to day as Venus 
draws nearer to the sun. But after it has passed the sun, and 
reappears on the other side of it in the east, the points of the 
crescent are turned in the opposite direction, that is, to the west. 
The crescent gradually increases in magnitude till it reaches the 
form of a semicircle. Venus is then in its first quarter. As it 
approaches the sun, the illuminated part of its disc becomes en- 
larged ; and when it comes up with the sun it appears full. After 
passing the sun and reappearing in the west, the edge of its disc 
begins to be hollowed out, and its illuminated part gradually 
diminishes, returning through the same phases that it exhibited 
when on its increase, but in the inverse order. 

412. These phenomena represent Venus as a kind of moon, 
revolving about the sun and illuminated by its light. All obser- 
vations confirm this fact. 
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When Venus appears as an entire circle its apparent diameter 
is very small, not amounting to more than W. ft is then be. 
yond the sun with respect to the earth. On the contrary, when • 
its phases diminish, and its illuminated face is turned more and 
more from us, its apparent diameter is on the increase, which 
indicates that it is now nearer the earth. Lastly, in the interval 
between its disappearing in the evening and reappearing in the 
morning, we sometimes see it moving over the sun's disc, with 
the appearance of a round, black spot, and its apparent diamtiter 
lis then the greatest it ever attains during a revolution, amounting 
sometimes to 5^,8, or very nearly 1'. 

These diminutions and augmentations are not sensible to the 
naked eye, on account of the irradiation which dilates a liltte 
the apparent diameters of objects, and the more so, the more 
they are illuminated ; now as the phases of Venus increase in 
extent, when it is beyond the sun, its increase of light compen*- 
sates, to our eyes, for its increased distance ; these illusions are 
removed by the telescope, and the real variations of its distanci 
are indicated by those of its apparent diameter. 

413. TbjC orbit of Venus does not embrace the earth ; since, 
if it did, this planet would sometimes be in the part of the heav- 
ens opposite to the sun, the earth being between them, which 
never happens. Neither is itis orbit wholly beyond the sun with 
respect to the earth ; for if it were, Venus wouMI never appear 
between the sun and the earth ; whereas it is sometimes seen 
passing over the sun's disc. Lastly, while the sun moves or ap- 
pears to move in the ecliptic, Venus never deviates beyond its 
customary limits ; and its oscillations about the sun, or its efon- 
gatians, are afways nearly of the same extent. These facts, taken 
together, manifestly prove that Venus moves about the sun in an 
orbit which returns into itself, and which accompanies the sun 
in its apparent elliptical motion. The progressive ordter of iiB 
phases, moreover, indicates that this planet is opaque, that it 
shines with reflected light, and is neaHy spherical. 

414. The orbit of Venus being presented to us under diflferent 
points of view in its successive positions, there must result from 
this circumstauce a variety of apparent irregularities and anoma- 
lies, when we refer its motions to the centre of the earth; but 
btese disappear when we cohsidier it with reference to the sun 
which is its true centre. AH this is confirmed by observatioir, 
as we shall soon see. i r^r^nir> 
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415. Venus fe not the otAy planet which exhibits (he appear- 
anced we have described. Those of Mercury are perfectlj simi- 
lar, though confined to narrower Kmits. This planet, therefore, 
moves about the sun Kke Venus, but in a smaller orbit. We 
infer from its phases that it is opake, that its form is nearly 
spherical^ and that k receives its light from the sun. Its greatest 
apparent diameter is 1 K',3, its least $**• Mercury land Venus 
are called inferior planets, because their orbits are below or 
within that of the earth. 

41^. These two planers, as seen from the earth, always ap- 
pear to accompany the sun. Their angular distances never 
exceed certain limits which are nearly constant. The same can- 
net he said of the other planets ^ these diverge from the sun to 
all possible angular distances. 

The apparent motion of Mercury and Venus is very unequal ; 
it is sometimes direct, and sometimes retrograde. By comparing 
them with the stars which they meet with in their course, or 
what is still more exact, by observing from day to day their de- * 
eKnation and right ascension, we perceive that they do not con- 
rmue in the same parallel to the equator ; nor do they move 
exactly in the plane of the ecliptk:. But all the planets, except 
those lately discovered, deviate very little from this last plane ; 
and it is this circumstance which has given, from the remotest 
a»iiquity, a particular denomination to the zone which compre- 
hends them. It is termed the zodiac^ and extends to 8^ or 9^ 
on each of the ecliptic. But since the discovery of the four new 
ptanets, this denomination has become useless ; for Ceres, Juno, 
and especially Pallas, go far beyond these limits. 

417. All the ptenets except Mercury and Venus, in their revo- 
lutione, come into cov^unction and opposition with respect to the 
sun ; that is, they are sometimes on the same side as the sun 
with respect to the earth, and sometimes the earth is between 
them and the sun. This last circumstaikce is peculiar to them, 
and never happens with regard to the inferior planets. We are 
led by analogy to inquire whether these planets do not move 
about the sun, like Mercury and Venus, but in m€^e extended or- 
bits, and we find that all their phenomena indicate such a motion. 

418. Let us take Mars as an example. When we observe 
Ibis planet with a telescope, its disc appears constantly illumi- 
nated and round ; it never exhibits a crescent like Venus; but 
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yet it experiences very sensible variations in its phases. In con- ' 
junction and opposition its form is completely circular. In 
passing from one of these positions to the other, it gradually con- 
tracts and assumes the shape of an oval more or less oblate ; 
and the change always lakes place slowly and progressively. 
These phenomena indicate that Mars is an opaque body, illumi- 
nated by the sun, and nearly spherical. They are accurately 
represented by supposing the planet to move in an orbit return- 
ing into itself, and comprehending the sun and earth. Indeed 
this consequence follows so necessarily from the phenomena that 
they could not exist without involving it. If the orbit of Mars 
did not embrace the earth, it could never appear in opposition; 
and if it did not include the sun, it would pass, when in conjunc- 
tion, between the earth and the sun ; its disc also would be hol- 
lowed out, like those of Venus and the moon, instead of appear- 
ing always round. 

Moreover the apparent diameter of Mars increases in passing 
from conjunction to opposition; and diminishes in passing from 
opposition to conjunction. Accordingly, in the first case, Mars 
approaches the earth ; and in the second recedes from it. The 
variations of its apparent diameter are considerable. Its greatest 
value is IT^l ; iis least 3",6; the corresponding distances then 
are to each other as 3,6 to 17,1, or nearly as 1 to 5; that is, 
Mars is 5 times further from the earth in the second case than 
in the first. 

These great differences indicate that the earth is not at the 
centre of the orbit of Mars. From analogy, it is much more 
natural to suppose that this planet moves about the sun, like 
Mercury and Venus; in which case the sun must carry the 
orbit of Mars also along with it, in its apparent motion through 
the ecliptic; the greatest and least distances of Mars from 
the earth must take place when the sun is in apogee; and 
its greatest and least apparent diameters must then be percepti- 
ble. All this is confirmed by observation, and hence we con- 
clude that Mars revolves about the sun. 

419. The phenomena presented by the other planets whose 
orbits embrace the earth, and which are hence denominated 
superior planets, take place in precisely the same order, and ac- 
cordingly lead to the same conclusions; only the variations, 
observfd in the apparent form of their discs, are much less 
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'sensible, and this form deviates less from a circle. Hence 
we infer that their distance from the sun is much greater than 
that of Mars ; for, if there were a planet at so great a distance 
from the sun, that the solar orbit might be regarded as a point 
with respect to it, and this planet could yet be seen from the 
earth, the appearances exhibited would be sensibly the same as 
if we were placed at the centre of the sun, about which it re- 
volved. Its disc would, therefore, appear always under the 
form of a circle, the variations of its phases being too small to 
be appreciated. 

420. To render more sensible the variations which take place 
in the distances of the planets from the earth, we have placed 
together in the following table their greatest and least apparent 
diameters, as given by observation. It must be remarked that 
Ceres, Pallas, Vesta, and Juno, are so small that their apparent 
diameters have not yet been satisfactorily determined. 



Mercury, greatest apparent 


diam. 


II 

11,8 


41 

least 5,0 


Venus 


u 


u 


u 


59,6 


9,6 


Mars 


il 


(( 


u 


17,1 


" 3,6 


Jupiter 


44 


(& 


a 


44,5 


» 30,1 


Saturn 


U 


(( 


41 


20,1 


" 16,3 


Uranus 


u 


u 


(4 


4,1 


" 3,7 



431. These considerations lead to the conclusion, that the 
sun is nearly at the centre of all the planetary orbits, and car- 
ries them with it in its apparent motion through the ecliptic ; or 
rather, to the more natural supposition, that this apparent motion 
of the planetary orbits with the sun, is only an appearance oc- 
casioned by the real motion of the earth, which, by transferring 
us to different points of the ecliptic, causes the sun and the 
planetary orbits of which it is the centre, to appear as if they 
revolved about us. For if we are guided by analogy, which is , 
always so evident in the works of nature, we cannot help con- 
sidering the sun as the common centre of the whole planetary 
system, as well as of the earth's orbit ; thus establishing the 
most perfect symmetry throughout. But as all the arguments 
for this opinion have not yet been stated, and as they crowd 
upon us more and more as we advance in the study of the hea- 
vens, we content ourselves for the present, with barely intimating 
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that sQch an arrangement is possible. We shall now for a nio-« 
meot transfer ourselves in imagination from the earth to the cen- 
tre of the sun, and we shall endeavour to consider our observa- 
tions as taken from that position. 



Method (^DeUrmimng the PmiUon of the Planctartf Orbits. 

422. The most simple way of representing the plaaetary 
<H'bits, is to regard them as plane curves, the planes of W'hich 
pass through the sun. This suppoiskion is favoured by the anal* 
o^y which exists between the motions of the planets about the 
sun, and tbat of the moon about tbe earth. Let us see how it 
agrees with observation. 

423. If tbe planets move in plane orbHs and the planes pass 
through the centre of the sun, the points where each planet meets 
the plane of the ecliptic, must be <ipposite to each other in the 
same straight line, drawn through the centre of tbe sun, and 
moveable with it in the ecliptic. These points, therefore, deter- 
mine the intersection of the plane of the orbit wiih tbe ecliptic, 
which is called the ime of the nodes. 

An observer placed at the sun might easily determine whether 
this condition is fulfilled. He might determine by a series of 
observations, tbe instants when the UfiUide of the plaoet is noth- 
ing, and then see if thebeliocentric longitudes at the same instaAte 
were the same, or wliether they differed by a semicirctunler- 
ence. Those who are situated on the earth can also detenHine, 
by geocentric observations, the instant whee the plai»et passes its 
node; but, not being at the centre of the planetary motions, 
these nodes will not appear opposite to each other on the ce- 
lestial sphere ; and tbe straight line which joins them being 
apparently carried along the ecliptic by the sun, will be present- 
ed under different degrees of obliquity, which prevenis this op- 
position being percfi|ed. 

But among all the%ituations which the plane of the orbit k 
capable of taking with respect to us, there are two, iwt very 
rare indeed, in which the difficulty may be avoided ; these are 
when the planet is in the ecliptic, and at the same time in ceo- 
junction or opposition with respect to the sun ; for then we see it 
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{torn the earth in the same straight line in which it would appear 
as viewed from the sun. A number of observations of this kind 
would determine whether the node of the planet has always the 
same heliocentric longitude. 

This method is easily applied to Mercury and Venus. As the 
periods of these two planets are very short, the first being only 88 
days, and the second 224j^7, it follows that they pass through 
their nodes very often ; for they must evidently pass each of 
them every revolution. The short intervals of these phenomena 
must, therefore, render the condition in question comparatively 
frequent. We have a particularly favourable opportunity for 
the observation in question at the time of the transits of these 
planets over the sun^s disc. For then we see them in the same 
straight line with the sun ; and at the same time their latitude, 
necessarily very small, shows them to be near one of their nodes. 
The observation of these transits will therefore settle the ques* 
tion with respect to the constancy of the nodes, as seen from 
the sun. The following table is decisive. 



Observed Transits of Mercury at its Descending Node. 



Years. 


Mean Time at Paris reck 
oned from Noon. 


Geocen. Long. 

of Mercnr^ in 

CoDJUDCtion. 


Geocen. Lat. of 
Mercury. 


1674 


h / // 
6th May 15 37 


O / // 
46 43 19 


13 b\ South 


1770 


5th 12 45 


44 43 5 


37 North 


1740 


2d 10 47 36 


42 43 23 


14 52 North 


1763 


5th 18 25 37 


45 47 .28 


2 22 South 


1786 


3d 16 27 


43 47 44 


12 3 North 


1799 


7lh 5 48 


46 54 27 


5 44 South 


Mean in 1763 




45 3 14 


5 35 North 



All these observations concur to show that Mercury has a 
very small latitude, when its heliocentric longitude becomes 
equal to 45° 3' 14'^ Accordingly, it is then near one of its 
nodes, which we call the descending node^ because when Mercury 
passes it, it is descending toward the south. This conclusion is 
confirmed by rigorous calculation ; for, by determining the helio- 
centric longitude of the descending node of Mercury from its 
transit in 1799, by methods to be explained hereafter, M. Dc- 
lambre found it to be 45° 57^ 5'' for this epoch. It is necessary 
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to subtract 27' 33'^ from this longitude, in order to bring the 
origin of the angles to the same point of the heavens as that 
made use of in 1763 ; for the equinox must have retrograded this 
quantity, during the interval, the annual rate being 5(y%l. The 
result of M. Delambre, thus reduced, gives for the longitude of 
the descending node in 1 763, 45° Sy 32'', differing but little 
from the geocentric longitude given by the mean of the transits. 
This comparison, it is obvious, can be considered only as an ap- 
pi*oximation, since regard is also to be paid to the latitude of 
Mercury. Moreover its nodes are not strictly fixed, as we shall 
see hereafter. All these causes must affect the results compar- 
ed. If, therefore, we make any allowance for them, as we ought 
to do in this first attempt, it is evident that the longitude of the 
descending node of Mercury is nearly constant. 

The same constancy is observable in the passage of Mercury 
through its ascending nodt^ so called, because when the planet 
passes it, it is ascending toward the north side of the ecliptic. 
The following are some of these observations. 



Years. 


Mean Time at Paris 
reckoned from Noon. 


Geocen. Longi- 
rude of Mercu- 
ry in Conjunc- 
tion. 


Geocen. f<Rti- 
tude of Mer- 
cury. 


1697 


b / // 

2d Nov. 17 37*50 


o / // 

221 35 2 


/ // 
10 40 S. 


1710 


6lh 11 28 31 


224 11 12 


2 19 S. 


1723 


9th 5 15 b'2 


226 47 26 


6 N. 


1736 


lOlh 22 59 40 


229 23 38 


14 21 N. 


1743 


4th 22 27 


222 37 50 


9 3 S. 


1756 


;ih 16 18 


225 14 3 


42 S. 



The heliocentric longitude of the ascending node, deduced 
from these observations, exceeds that of the descending node 
very nearly 180® or a semicircumference. These two nodes, 
seen from the sun, are then opposite to each other in the ecliptic, 
as they must necessarily be if the orbit be in the same plane. 
They are moreover nearly constant. 

The same agreement is found. -in the passages of Venus through 
its descending node, as appears from the following observa- 
tions. 
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Yean. 


Longitude of Venus 
in Conjunction. 


Geocentric Lutiiudc of 
VeiiUB. 


1761 
1769 


o / // 
75 36 14 
73 27 28 


9 34 South 
10 13 North 



The agreement of these phenomena, though very remarkable, 
is not sufficient to justify our extending the inference to all the 
other planets, the long periods of whose revolutions must render 
much more rare the opportunities for observing them, when the 
latitude is very small or nothing at the instant of conjunction. 
We must, therefore, have recourse to some method of deter- 
mining whether the node is constant, without the necessity of 
observing it under circumstances so seldom to be met with. 
Now geometry furnishes a very general and simple process 
adopted to this purpose. 

At the moment the planet enters the plane of the ecliptic at 
P, let T represent the earth, S the sun, and PSJ^ the line of Fig. 97. 
the nodes of the planet, which most pass through the sun, ac- 
cording to the hypothesis under consideration. If ¥ represent 
the equinoctial point from which longitude is reckoned, the an- 
gle TTS will be the geocentric longitude of the sun, which 
we shall call S; the angle yTP will be the geocentric longitude 
of the planet P. These two quantities are known from obser- 
vation. Lastly, the angle °fJiS or Y5P, will be the heliocen- 
tric longitude of the node ^, which is the unknown quantity to 
be determined. Now in the triangle STP^ formed by the sun, 
the planet, and the earth, the angle at the earth is known, and is 
equal to P — S ; the side TS is also known, and is equal to the 
distance of the sun from the earth at the moment of observation ; 
we shall call it R. The unknown parts are the distance SP of 
the planet fiom the sun, which we shall call r, and the angle at 
the planet, which may be expressed by ^ — P. But as in 
every plane triangle the sides are proportional to the sines of 

* SP r 

their opposite angles, it is obvious that the ratio -=7=^ or — , will be 

equal to the sine of the angle P — S divided by the sine of the 
angle A" — P. Hence we know a relation which exists be- 
tween the two unknown quantities N and r of the problem. 
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Suppose now that after one ot several revolutions of the 
planet, we again observe the instant of its passing the same node 
at P, and repeat the same construction. The longitude of the sun 
and that of planet will be diflerent from what they were in the first 
observation. Wc shall designate them by 5' and P'. But if the 
line of the nodes P'S'N' remain nearly parallel to iiself, as the 
transits of Venus and Mercury seem to indicate, the angle 
^N'P* will still remain the same as before, and consequently 
be equal (o K. The side S'JP' will also remain the same, and 
be equal to r, whatever be the nature of the curve described by 
the planet in its plane, provided only that this curve is immove- 
able, or haR only an insensible motion, during the interval be- 
tween the observations ; which the slowness of the motion of the 
solar ellipse, renders very probable. This second passage, 
therefore, will give us a new relation between the unknown 
quantities N and r. We shall thus have two conditions which 
these unknown quantities must satisfy; and this circumstance 
will be sufficient to determine them. By repeating the same 
process for several passages, we shall ascertain whether the 
values of JV are always the same, and if they are, we conclude 
that the longitude of the node is constant, and experiences only 
the variation resulting from the precession of the equinoxes. If 
we find that there is a very slow motion, we must deduce the value 
of N from observed passages made as near each other as possi* 
ble ; and by repeating the same operation for distant epochs, the 
difierence of the results will determine the motion of the node. 
In this manner we determined the motion of the solar perigee. 

These calculations will also make known another very import- 
ant element in the orbit of the planet, namely, its distance from 
the sun, which we have represented by r; moreover, the ratio 
which this distance bears to the radius R of the earth's orbit, is 
determined by the same process. * 

We might proceed in the same manner with the passages ob- 
served through the other node. The longitude thus obtained 
would difier from N by two right angles ; but the distance SP 
of the planet from the sun might not be the same. This com- 
parison would, therefore, aflTord some indication respecting the 
nature of the orbit. 

Lastly, we may combine observations made upon the descend- 
ing node with passages observed at the ascending node \ but ii^ 
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in order to determine J^^ we have only two passages at the oppo- 
«te nqdes, we cannot arrive at the required result without hav- 
ing recourse to an hypothesis ; because the ratio of the distances 
r and r* would remain indeterminate. In the solar system where 
the orbits of the planets have little eccentricity, we might, in the 
first approximation, suppose the two distances of the planet from 
the sun at the two nodes to be equal to each other ; but this 
would be true, in general, only for circular orbits. 

We have been thus minute in describing this process, because 
it does not suppose any previous knowledge of the nature of the 
orbit ; and because it leads directly (o the determination of the 
first elements sought. In the Appendix will be found an exam- 
ple of the numerical calculations that are required. They are 
applied to Mars. The observations upon which they are found- 
ed, were made by Lacaille, and the result obtained difiers but 
a few minutes from that generally adopted by astronomers. 

4^4. In the present state of astronomy, the motion of the 
planets may be considered as very nearly ascertained, and new 
' observations are made simply with a view to still greater accu- 
racy. For this purpose, we adopt the motion as laid down in 
the tables, which may be regarded as sufficiently exact for an 
interval of a few days ; and by means of it, we reduce to the 
ecliptic all the observations made upon the planet in the vicinity 
of the node ; in other words, we determine from the position and 
epoch observed, the place of the node and the instant when the 
planet is in it. Each observation will thus give a new value of 
the longitude of the node. The principle of these reductions is 
the same as that employed in reducing to the solstice and peri- 
gee, observations of the sun made in the vicinity of these points. 

If the observations and tables were perfectly accurate, all 
these longitudes would be equal; but in consequence of the 
slight inaccuracies which remain, there is generally some dif- 
ference in the longitude of the node, and the epoch of passing it. 
We therefore take a mean between all the longitudes and epochs ; 
and in this way arrive at great precision in our results. 

This method is founded on the presumption, that the errors in 
the tables are errors with respect to the absolute positions of the 
planets observed, and not with respect to their motions. For 
these motions, having been determined with care, and correct- 
ed by a comparison of many distant observations, cannot for the 
interval of a few days^ deviate sensibly from the truths ^^^8 
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425. The place of the node being known, we make use of it 
to detnnniiie the inclinaiion. For this purpose, we observe when 
the sun is in the node of the planet^ that is, when its longitude is 
the same as that of the node ; we then calculate, from observa- 
tion, the geocentric latitude of the planet, and by a simple trigo- 
nometrical process we obtain the inclination of the plane of the 
orbit. 

It is difficult and perhaps impossible to fix exactly upon the 
instant when the sun is in the node of the planet ; by observing 
the two bodies for several days in succession, before and after 
the epoch of the sun's passing the node, we can, by the method 
of interpolation applied to the results, determine exactly the in- 
stant when this phenomenon must have taken place. We then 
find, for this instant, the respective positions of the two bodies, 
which is also done by interpolation, according to the law of 
the observed motions. From these positions we obtain the 
inclination of the orbit. This method supposes the node pre- 
viously known. But if this element is still liable to some small 
error, that of the inclination thus deduced would be much less, 
especially if the epochs selected are when the planet is near its 
quadrature. It is proper, moreover, to remark that all these 
separate determinations of the elements of the orbit, are only 
approximations, to be afterwards rectified simultaneously by the 
method of equations of condition. 

The different methods now explained suppose that the astron- 
omer is able to observe, at his leisure, the whole course of the 
planet in question. This is true with respect to the seven prin* 
cipal planets, but not with respect to comets and the newly dis- 
covered planets. We must therefore seek some method by 
which we can determine the position and nature of the orbit, by 
observing an arc of small extent. This is the object of a very 
difficult problem, which has been solved by applying to the un- 
known body, the same laws which govern the other planetary 
bodies whose orbits are known, and which depends upon the 
principle of universal attraction. These methods are explained 
in the Mecanique Celeste in all their generality. 

426. When we have determined the longitude of the nodes of 
a planet at epochs widely distant from each other, and refer the 
origin of these longitudes to the same point of the ecliptic, allow- 
ance being roade for the precession "of the equinoxes, we find 
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that the nod^s are not strictly fixed. They have all a retrograde 
motion in the ecliptic ; but these motions are very slow, and 
belong to the class called secular. The inclinations of the orbits 
to each other and to the ecliptic, undergo, in like manner, slight 
variations* 

The retrogradation of the nodes of the planets is analogous to 
that of the nodes of the moon. It is, as we shall see hereafter, 
a necessary consequence of universal attraction. The same may 
be said of the changes in the inclination. That analysis by 
which we ascertain the cause, enables us to calculate the effects. 

427. The inclination of the several planetary orbits to the 
ecliptic, together with the position of their nodes, and the secu- 
lar variations of these elements, will be given in the next section* 



Mature of the Planetary Orbits, — Kepler^s Laws* 

428. The position of the plane of the orbit being determined, 
it remains to ascertain the law of the planet's motion, and the 
figure described by it. 

Both these particulars would be known if we could assign for 
each instant the length of the radius vector drawn from the 
planet to the sun, and the angle formed by this radius with a 
fixed straight line drawn in the plane of the orbit, and passing 
through the centre of the sun. It was by this method that we 
traced from observation the figure of the solar orbit. 

The first element to be determined is the duration of a com- 
plete sidereal revolution of the planet. The most simple and 
direct method of finding this, is to observe the interval that 
elapses between two consecutive passages through the same 
node. As the plane of the ecliptic gradually changes its position 
by laws already investigated, allowance must be made for this 
change during the interval in question, that is, the observations 
must be reduced to a fixed ecliptic. This is done by a simple 
interpolation, the motion of the planet near its nodes being known. 

But it is natural to expect in the planetary motions perturba- 
tions analogous to those already recognised in the motions of the 
sun and moon. Hence, in order to diminish their effect as much 
as possible, we find it necessary to determine the mean motion 
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from observations which embrace a great number of revolutions 
In this way the periodical inequalities are several times compen- 
sated during the interval, and the error which remains in the de- 
^nitive result is rendered insensible, hj being distributed through 
so long an interval of time. The method is the same which we 
used in fixing with so much precision the length of the mean 
year, independently of the periodical inequalities of the sun's 
motion. 

The mean motion being known, we proceed to determine from 
observation the angular motion of the planet about the sun, and 
the variations in its distance* Conjunctions and oppositions are 
particularly adapted to this purpose ; for, under these circum- 
stances, the radius vector drawn from the planet to the earth 
and that which is drawn to the centre of the sun, are projected 
Fig. 99. upon the plane of the ecliptic in the same straight line TSM. 
Accordingly, the point of the ecliptic to which wc refer the 
planet, is precisely that to which it would be referred from the 
centre of the sun, or it is directly opposite. In these two cases, 
the heliocentric longitude of the planet, is deduced from its ob- 
served geocentric longitude ; for at conjunction these two longi« 
tudes are the same, and when in opposition they differ 180^; 
and as the position of the orbit on the plane of the ecliptic is 
known, as also that of the node, by the preceding processes, a 
simple trigonometrical calculation will enable as to determine the 
angle JVSP, or the distance of the planet from the node, and the 
ratio of SP to T5, or the distance of the planet from the sun ex- 
pressed in parts of the earth's distance or major axis of the solar 
orbit. This last is already known ; the radius vector of the 
planet will therefore be given in parts of the same scale. 

The oppositions and conjunctions of the planets take place suc- 
cessively in different points of the heavens, and do not always 
correspond to the same points of their orbits. Accordingly, 
making several observations by the method here described, we 
shall obtain successively different angles and different radius 
vectors. Then we have only to express these radius vectors in 
parts of the major axis of the solar orbit, and place them about 
the sun in their true directions, in order to trace the figure of the 
curve described by the planet. 

But these results may even be obtained without the necessity 
of observing the planets at lh« epochs of conjunction or opposU 
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tioD. One geocentric longitude and latitude observed at any 
epoch, together with the aid to be derived from trigonometry, will 
be sufficient for determining the radius vector and the distance 
of the planet from the node, 

429. The curve thus obtained for each of the planets ap- 
proaches very nearly to an ellipse, having the sun in one of the 
foci. This analogy to the earth's orbit, leads us to inquire whe- 
ther the laws of elliptical motion will not satisfy the results of 
observation. 

The experiment is easily made. Three points, being given in 
position upon a plane, will suffice for determining an ellipse in 
which one of the foci are known ; having found therefore an 
ellipse which satisfies three observations, we have only to inquire 
whether it answers to all the others that may be made* This 
we find to be strictly the case. 

430. In this manner it is ascertained that the orbits of the planets 
are ellipses^ in which the sun occupies one of the foci. 

The radius vector in each case describes about the focus areas pro^ 
portional to the times. 

These results, therefore, agree with those obtained in the case 
of the sun. 

431. The dimensions of the planetary prbits, that is, their axes 
and eccentricities are given as we shall see, in parts of a com- 
mon scale, the mean distance of the sun from the earth being unity* 

These eccentricities undergo slight variations, the extent and 
laws of which are determined by theory. At present those 
of Mercury, Mars, and Jupiter are increasing ; while those of 
the other planets are diminishing. 

The perihelia of the orbits are not fixed; they move slowly 
in the planes of the orbits, after the manner of the solar peri- 
gee in the plane of the ecliptic. All but that of Venus have 
direct motions. That of Venus is retrograde. As yet we have 
not accurate observations made at intervals sufficiently distant, 
to enable us to determine these small change^ with precision. 
They are obtained much more exactly by having recourse to 
theory. 

It is obvious that if we would ascertain the quantity and direc- 
tion of these motions, they must not be referred to the equinoxes 
which are moveable, but to some fixed and deterpiinate point in 
the ecliptic, 
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432. It will be perceived from what precedes, that the know^ 
ledge of the elliptical motions of the planets, depends, in each 
case, upon seven elements. Two serve to determine the position 
of the orbit, which are the longitude of the node and the inclina- 
tion ; the other five relate to the motion. They are, 1. The dura- 
tion of the sidereal revolution. 2. Half the major axis of the orbit» 
or mean distance of the planet from the sun. 3. The eccen- 
tricity, whence results the greatest equation of the centre. 4. 
The mean longitude of the planet at a given epoch. 5. The Ion* 
gitude of the perihelion at the same epoch. There being now 
1 1 planets, 77 elements are to be determined before we can have 
a complete knowledge of our planetary system, in the present 
state of astronomy. 

Although these elements may be determined, and actually 
were determined at first, by the processes above described, yet 
it is obvious that if applied to each element separately, they 
could furnish only approximations. Our knowledge of the 
causes which affect the accuracy of astronomical calculations is 
so matured as to teach us the necessity of considering all 
the elements together in order to estimate the reciprocal influ- 
ence which they exert upon each other, in the perturbations 
which they experience ; and the importance of determining their 
values not by a single observation, but by a great number. In 
a word we have recourse to the method of equations of condi- 
tion, in order to correct our first approximations. 

433. It will be seen, by inspecting the table, at the end of this 
section, that the most distant planets move the slowest. By com- 
paring, in a variety of instances, their velocities with their dis- 
tances, Kepler discovered this singular relation ; that the squares 
of the times of their reoolutions are proportional to the cubes of their 
mean distances* This is Kepler's third law. 

The duration of the sidereal revolution of Jupiter, for example, 
is 4333,5848 days; and that of Mercury 87,9693. If we square 
these numbers, we shall have for the ratio of the squares 2425,7. 

The mean distances of these two planets from the sun are ex- 
pressed by 5,20278 and 0,3871, half the major axis of the solar 
orbit being taken for unity. If we cube these numbers, we find 
that the ratio is 2427,8, that is, the same as the preceding within 
fess than t^Vt* 
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This law being demonstrated by observation in the case of all 
the planets, it may be regarded as more exact than the observa- 
tions themselves ; accordingly, instead of borrowing from obser- 
vation the ratios of the distances of the planets from the sun, an 
operation which it is always difficult to perform with sufficient 
accuracy, it is thought better to deduce them from the period of 
their sidereal revolutions according to this law ; for these revo- 
lutions are capable of being estimated with the utmost precision 
by noting the returns of each planet to the same node of its orbit* 
Reciprocally, if we know the distance of the planet from the 
sun, and not the period of its revolution, the latter may be de- 
duced from the former by the same law. This is the case with 
the planets recently discovered ; for their major axes and all the 
other elements were capable of being determined by observation, 
before they had completed their revolutions* 

434* Finally, it is a striking fact, that the earth itself partici- 
pates in this general law, to which all the planets are subjected* 
If we take for granted its annual motion, and regard that of the 
sun as apparent, its course becomes that of a planetary body 
revolving about the sun, conformably to the laws of Kepler. 
The duration of its revolution, calculated according to this hy- 
pothesis, is found to be exactly equal to a sidereal year* 

This coincidence presents a wonderful analogy between our 
earth and the other heavenly bodies ; as if nature had adopted 
this method to make known to us the motion of our globe, be- 
cause it could never be made perceptible to the senses. In con- 
formity to this analogy, we have placed the earth among the 
planets in the subjoined table, and attributed to its orbit the 
values obtained for the elements of what we have hitherto called 
the sun's orbit. We do not, however, conclude even now that its 
motion is real, but defer the decision on this point, until we have 
collected all the indications furnished by the celestial phenomena. 

435. The laws of Kepler, of which we have been speaking, 
are the basis of all theoretical astronomy ; they lead directly to 
the law of universal attraction, which may, in some measure, be 
considered as a consequence of them, as we shall see hereafter. 

436. The planetary motions do not take place in exact ellipses. 
They are subject to a variety of small inequalities, which are 
made known by observation and theory with great precision. 
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They are given in the tables of the planets, as so many correc- 
tions to be made in the elliptical motion. 

The most considerable are those which aflfect the motions of 
Jupiter and Saturn. By comparing modem with ancient obser- 
vations, the period of Jupiter^s revolution is found to be dimin« 
ished, and that of Saturn increased. Modern observations com- 
pared together give a contrary result* These variations seem to 
indicate in the motions of these planets great inequalities, the 
periods of which are very long, and which have an opposite 
effect upon the two planets, so that the motion of the one is accel- 
erated while that of the other is retarded. These phenomena have 
been completely developed by the author of the Micanique CthsU^ 
who has made known their laws, and, by means of his calcula- 
tions, given a degree of accuracy to the tables of Jupiter and 
Saturn, which we had not before dared to hope for. This sub- 
ject will be considered farther, when we come to speak of the 
general cause of the celestial motions. 

Tabl^ of the Elliptical Motion of the Planets. 
Sidereal Revolution. 



Mercury 


87,9692580 


or i nearly 


Venus 


224,7007869 


f '' 


The Earth • 


365,2563835 


1 


Mars 


686,9796458 


2 nearly 


Jupiter 


. 4332,5848212 


12 " 


Saturn . 


. 10759,2198174 


29i " 


Uranus . 


. 30686,8208296 


84 " 


MeanDifltAii 


ee or half the Major Axis of the Orbit. 


Mercury 


0,3870981 


or 37000000 mile^* 


Venus . 


0,7233316 


68000000 


The Earth . 


1,0000000 


96000000 


Mars 


1,5236923 


114000000 


Jupiter • 


5,202776 


490000000 


Saturn . 


9,5387861 


900000000 


Vranus 


19,182390 


I99POQOOO. 
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fiatio of the Eccentricity to the Mean Diftance at the Beginning of 1801, with 


the Secular Variation. The Sign — indicates a Dimination. 


Mercury 


0,20551494 


0,000003867 


Venus 


0,00686094 


— 0,000062711 


The Earth • 


0,01685318 


— 0,000041661 


Mars • 


0,0933070 


0,000090176 


Jupiter 


0,0481621 


0,000159350 


Saturn 


0,0561505 


— 0,000312402 


Uranus 


0,0466108 


— 0,000025072. 



^ean Longitude for the Minute, which separates the 31st December, 1800, from 
the first of Janoaiy, 1801, Mean Time at Paris. 



Mercury 
Venus . 
The Earth 
Mars 
Jupiter . 
Saturn • 
Uranus • 



o / // 
163 56 27,0 

. 10 44 21,6 

100 09 13 

64 06 59,9 

112 12 51,3 

135 19 05,5 

177 48 01,1. 



Mean Longitude of the Perihelion for the same Epoch, with the Sidereal and 
Secular Variation. The Sign — > indicates a retrograde Motion. 



Mercury 


O / // 

74 21 46,9 


/ // 
9 43,5 


Venus . 


. 128 43 53,1 


. — 4 27,8 


The Earth . 


99 30 05,0 


• 19 39,8 


Mars 


. 332 23 56,7 


. 26 22,4 


Jupiter . 


11 08 34,4 


. 11 3,9 


Saturn . 


89 09 29,6 


. 32 17,1 


Uranus . 


. 167 32 06,0 


3 59,3. 



.Inclination of the Orbit to the EclipUc at the Beginning of 1801, with the Secular 
Variation of the Inclination to the true Ecliptic. 



Mercury . 


o / // 
7 00 09,1 


// 
18,2 


Venus 


3 23 28,5 


. . —4,6 


The Earth 


00 00,0 


0,0 


Mars 


1 51 06,2 


, . 0,2 


Jupiter 


1 18 51,3 


. —22,6 


Saturn 


. 2 29 35,7 


. —15,5 


Uranus 


46 28,4 


3,1. 
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Longitude of the Ascending Node at the Beginning of 1801, with the Sidereal and 
Secular Motions. 



Mercury . 


o / // 

45 57 30,9 


/ // 

13 2 


Venus 


74 64 12,9 


. — 31 10 


The Earth 


00 00,0 


00 


Mars 


48 00 03,5 


. — 38 48 


Jupiter . 


98 26 18,9 


. —26 18 


Saturn 


. Ill 56 37,4 


. _37 46 


Uranus 


72 59 35,5 
Sidereal Berolation. 


• —59 58. 


Ceres 


Dayt. 

1681,3931 or 


Teais. 

4| nearlj 


Pallas 


1686,5388 


4| 


Juno 


1592,6608 


4* 


Vesta 


1325,7431 
Mean Diatance. 


3|. 


Ceres 


2,767245 


263000000 miles 


Pallas 


2,772886 


263000000 


Juno 


2,669009 


352000000 


Vesta 


2,36787 


225000000. 


Ratio of the Eocentricity to the Mean Distance. 


Ceres 


• • • 4 


0,078439 


Pallas 


• • • 


0,241648 


Juno 


• • • < 


0,257848 


Vesta 


• • • < 


0,089130. 


Mean Longitude at the Beginning of 1820. 


Ceres 


• • • • 


o / // 

123 09 41,4 


Pallas • 


• • • • 


108 18 28,7 


Juno 


• • • • 


200 09 32,4 


Vesta . . . 


• • ■ • 


278 21 45,1. 



Longitude of the Perihelion at the same Epoch. 

o / // 
Ceres 147 07 31,5 

Pallas 121 07 04,3 

Juno . • . . . . 63 38 46,0 

Vesta . . . . . 249 S3 24,4. 
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Inclination of the Oibit to the Ecliptic. 

o / // 
Ceres 10 37 26,3 

Pallas 34 34 55,1 

Juno 13 04 09,7 

Vesta 7 08 09,0 

Longitude of the Ascending Node at the Beginning of 1810. 

_ o / // 

Ceres 78 53 24,5 

Pallas 172 39 26,8 

Juno 171 07 40,4 

Vesta 103 13 18,2. 

It is very remarkable that the distances of these four small 
planets from the sun are so nearly equal to each other. Hence 
results the slight difference in the periods of their revolution, 
as determined from their mean distances, according to Kepler's 
third law. This equality is particularly striking in the case of 
Ceres and Pallas. On the other hand Ceres and Juno, although 
they differ a little more in their distances, agree almost exactly 
in their eccentricities and in the position of their nodes. From 
these circumstances some astronomers have thought that these 
four\^mall planets were originally united into one larger planet, 
which has since been separated by some internal explosion. 
But the theory of attraction shows that this hypothesis is inad- 
missible, because such explosion would necessarily have given 
to the fragments unequal velocities of projection from the same 
poini ; and hence would have resulted very unequal major axes, 
contrary to what we observe. 



Method ofPrtdicting the Return of a Planet to the same Situation 
with respect to the Sun. 

437. In making observations upon the planetary motions, it is 
often necessary to know the time they will employ in returning 
to the same position with respect to the sun ; this is termed their 
synodic revolution. 
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It may be easily deduced from the preceding results ; we have 
only to proceed upon the general fact, that all the known planets 
perform their revolutions in the same direction, namely, from 
west to east ; a coincidence which is one of the most striking phe- 
nomena of our system. 

Indeed, whether the earth revolve about the sun, or the sun 
about the earth, if we were transported to the centre of the sun, 
we should believe ourselves to be immoveable ; the earth and 
all the planets would seem to revolve about us in the same direc- 
tion, and the quantity by which they deviated from one another 
in a given time, would depend upon the difference of their mo- 
tions. 

Consequently, if from the daily motion of the earth we sub- 
tract the daily motion of a planet, the difference will express the 
quantity by which the earth and the planet, seen from the sun, 
would depart from one another in the interval of a day ; and if 
we suppose their motion to be uniform, we may determine by a 
simple proportion, the number of daj^s necessary for them to 
diverge 360° ; in other words, to return to the salne relative po- 
sition. This is the period of a synodic revolution of the planet. 

The daily motion of Mercury, for example, is 14732'',565; 

that of the earth being 3548'',3l8 ; the difference is 11 184,237; 

this is the quantity by which Mercury and the earth, as seen 

from the sun, depart from each other in the interval of a day ; 

accordingly, in order to depart 360**, they will require a number 

360^ 
of days equal to ^^^g^,, , or 115** 2l"» 3' 25^ This is the 

period of a synodic revolution of Mercury. 

In taking for granted the earth's motion, our object at this 
lime is merely to simplify the inquiry, by adopting a uniform 
method. This supposition can evidently have no effect upon the 
definitive result deduced from observation, since it can never be 
decided by observation whether it be the sun or the earth which 
moves. As we proceed, we shall have frequent occasion to re- 
mark how much our calculations are simplified by the hypothe- 
sis of the earth's motion. 

438. Bjr comparing the mean motion of the planets with the 
mean motion of the sun, we can determine the periods in which 
these bodies will return to the same points of their orbit, and the 
same positions with respect to the earth. These periods differ 
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ff0m the synodic revolution bj which the planet returns to the 
same angular distance from the sun. It is useful to know them, 
because at the epochs thus indicated, the hour when the planets 
rise, set, and pass the meridian, and all the inequalities which 
affect their motion, become nearly the same as at the preced- 
ing epoch; so that all the phenomena which depend. upon the 
position of the two bodies with respect to the earth, recommence 
at this time In the same order as before, and hence they may be 
easily predicted. 

We have already had an example of the advantage of these 
periods in the calculation of eclipses. To obtain similar ones 
with respect to the planets, we have only to find a number of 
sidereal years, in which the planet completes exactly or very 
nearly, a certain number of circumferences. The simplest meth- 
od is to take the ratio of the annual motion of the planet to that 
of the sun, and reduce this ratio to its lowest terms. 

The tropical motion of Mercury, for instance, in a Julian year, 

is equal to 5381066^^,88 ; that of the sun for the same period 

. ^ , . 5381066,88 ,, . 
bemg 129627'^45; and the ratio of these is ^ ■ If the 

two terms of this fraction had a common divisor, we might avail 
ourselves of it in reducing the expression to a simpler form. If 
for instance, we could reduce it to f |^, we should conclude that 
the motion of Mercury is to that of the sun as 54 to 13 ; and that 
while Mercury peiforms 54 revolutions about the sun, the sun 
performs 13 about the earth; so that after 13 years, the sun 
and Mercury, having both performed an exact number of circum- 
ferences, would return simultaneously to the same position in 
which they were 13 years before. But as in general the ratio 
in question is not reducible, or admits only of slight reductions, 
we must seek for numbers which will divide them, if not exactly 
at least nearly ; and the quotients will give so many periods, the 
greater or less accuracy of which will depend upon the remain- 
ders after division. 

Accordingly we proceed as if we wished to find the greatest 
common divisor of the quantities under consideration. As this 
process would, in general, if carried to its limit, give unity 
for the last divisor, since the numbers are prime to each other, 
we stop at the first, second, third, &c., division ; that is, we neg- 
lect the first, second, and third remainder. The smaller the re- 
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mainder, according lo these difierent suppositions, the more exact 
will be the periods* 

439. Having in this manner determined the mean periods, we 
are enabled to predict all the epochs, when Mercury and the 
sun will appear to have returned to the same synodic and side- 
real position, and consequently all the epochs of mean conjunc* 
tion, which are of great importance.- 

If the orbit of Mercury coincided with the plane oT the eclip- 
tic, this planet would appear on the disc of the sun at each infe- 
rior conjunction. But owing to the inclination of the orbit, these 
phenomena occur less frequently than the inferior conjunctions ; 
for it is obvious that Mercury in conjunction can only be pro- 
jected on the disc of the sun, when its geocentric latitude is less 
than the sun's apparent semidiameter. In every other case, it 
passes above or below the disc. 

Now there are several circumstances which are opposed to 
these conditions, and which cause the epochs of Mercury's tran- 
sit over the sun's disc to vary* Among these are, !• The great 
eccentricity of the orbit of this planet, which renders its motion 
very unequal. 2. The motion of its nodes, which prevents it 
from having the same latitude, when it returns to the same lon- 
gitude; and lastly, the annual motion of the orbit, which, being 
carried along the ecliptic with the sun, is presented to our view 
under different elongations and aspects, which produce very con- 
siderable variations in the geocentric latitude of the planet. 

Amidst all these inequalities, the only method of predicting 
exactly all the transits, consists in determining the epochs when 
they can take place according to the periods above determined, 
and then calculating by the tables all the conjunctions corre- 
ponding to these epochs, in order to ascertain those in which the 
planet will actually cross the disc. In this manner tables have 
been constructed containing the transits observed or to be observ- 
ed for several centuries. 

These tables exhibit the effect of the different periods which 
have been ascertained ; and show also that the transits of Mer- 
cury always take place in May or November, most frequently in 
the latter month, owing to the position of Mercury's orbit on the 
plane of the ecliptic. This ellipse is now so situated that its 
perihelion is turned toward us in winter, and its aphelion in sum- 
mer, as in figure 100; and since it is very eccentric, Mercury is 
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much nearer the sun in November than in May. Now, if we 
suppose a luminous cone formed by the visual rays drawn from 
any point of the earth to the sun, this cone diminishes towards 
the earth and enlarges towards the sun whose disc forms its base. 
Mercury will, therefore, be more likely to meet this cone when 
it is near the sun than when at a greater distance, and consequent- 
ly the transits over the disc must take place most frequently in 
November. 

440. What has been said respecting the orbit of Mercury, 
applies equally well to that of Venus. The motion of this planet 
in a Julian year being 2106591^^,5^, its ratio to the annual mo- 

2106591 52 

tion of the sun is ^r-x-^ — ? from which we obtain the periods 

129627,45 ' ^ 

y and 1^4, which are accomplished in 8 and S91 years. We 
say nothing of shorter periods, because they would be very inac- 
curate, nor of longer periods, because they would extend beyond 
the most ancient observations* If we combine these two periods 
and thei;* multiples by addition and subtraction, we shall obtain 
all those which have been recognised by astronomers.* 

These periods will give the epochs of the transits of Venus 
over the sun's disc, which are much less frequent than those of 
Mercury, because Venus is much farther from the sun. The 
following table, was calculated by Lalande. 



Yean. 


Epochs of the Transits. 


1631 


6 th December 


1639 


4th December 


1761 


5th June 


1769 


3d June 


1874 


8th December 


1882 


6th December 


2004 


7th June. 



441. Venus is sometimes so bright that it becomes visible to 

• Such, for example^ are 235, 243, and 251, which are formed 
from the preceding ; for 235 = 291 — 8X7; also 

243 = 291 — 6 X 8 ; 251 = 291 — 5 X 8. 
In general, if we represent by m and n any two whole numbers, the 
formula 291 X m d=: 8 X ^ will represent all the periods that can 
he employed for Venus. 
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the naked eye in open day. This remarkable phenomenon take» 
place in the positions in which this planet reflects the most light. 
Now we have remarked that the phases of Venus are on the 
increase as this planet recedes from the earth. This increase, 
proportional to the sine of the elongation, tends to increase its 
brightness ; but the increase of distance tends to diminish it, for 
the intensity of light decreases in proportion to the square of the 
distance. There is, therefore, an intermediate position in which 
these causes, taken together, produce the most favourable effect, 
and it is then that Venus sends us the greatest quantity of 
light. The interval between the returns of Venus to this jposi- 
tion is about eight years, this being the period of its return to 
the same position with respect to the sun and the earth ; but 
there are several other positions in which Venus may be seen 
at mid day, so that this phenomenon is very frequent. 

442. The process described in this section will serve also to 
determine the epochs at which the several planets will return, at 
the same time, to determinate positions, such as opposition or con- 
junction. We have only to find the period when these planets 
and the sun, by their mean motions, shall have each completed 
an exact number of revolutions. 



Physical Constitution of the Planets. 

443. We have delayed the consideration of the physical pecu- 
liarities of the planets till now, that we might not interrupt the 
course of reasoning respecting their motions. 

We have already proved that these bodies are nearly spheri- 
cal. Very careful observations have been made to discover 
spots on their discs, in order to determine whether, like the sun, 
they have a motion of rotation ; and such a motion has been 
found to take place with respect to all those upon which spots 
have been discovered ; these are Venus, Mars, Jupiter, Saturn. 
The method is the same as that for the sun and moon. It is 
also proved that Mercury turns on its axis, but by another pro- 
cess, as we shall see hereafter. 

The period of rotation of Venus is estimated at 23^ 21'. 
The axis of rotation remains constantly parallel to itself^ and the 

Digitized by LjOOQ IC 



Physical CotMiihiUon of the Planets. S8d 

equator, which is perpendicular to it, makes with the ecliptic a 
considerable angle. On the surface of Venus very high moun- 
tains have been discovered. 

The period of rotation of Mars is 24^ 39^ ; the axis is inclin- 
ed to the ecliptic 59^ 42^. 

The period of rotation of Jupiter is 9^ 66', about an axis 
nearly perpendicular to the plane of the ecliptic ; its motion is 
therefore much more rapid than that of the preceding. It will 
appear still more so when it is considered that Jppiter is much 
larger than the other planets. The circumference of its equator 
is about 1 1 times larger than that of the earth, as will be shown 
hereafter. Attributing to the rotation of the earth the appear- 
ances of the diurnal motion, the period of this rotation will be 
to that of Jupiter as 24^ to 9* 66' ; and while a point of the 
terrestrial equator describes one degree of its circumference, 

that of Jupiter will describe /^ — or 2^ 25'. Now these de- 
grees are longer than those on the earth, in the ratio of the 
circumferences, that is, of 11 to 1. Accordingly in the same 
interval of time each point of Jupiter's equator passes through 
26 times as much space as a point on the earth's equator. 

444. If it be true that the flattening of the earth at the poles, 
is a consequence and an indication of its motion of rotation, we 
should expect to find Jupiter flattened at its poles in a similar 
manner but to a much greater degree ; and this conjecture is 
confirmed by observation. The smallest diameter of this planet 
is to the greatest as 167 to 177. The first is in the direction of 
the poles, the second in that of the equator. The corresponding 
diameters of the earth have been shown to be to each other in 
the ratio of 309 to 310, the difference being much less than in 
the former case. This is a new analogy, which conspires with* 
every thing else to indicate the reality of the earth's rotation. 

445. Lastly, the period of Saturn's rotation is 10^ 16'. Be- 
fore observing this phenomenon, it might have been inferred 
from the flattening of the planet at the poles ; which is so con- 
siderable that the polar diameter is j\ shorter than the equato- 
rial. Indeed this consideration led the author of the Mieaniqut 
Celeste to predict beforehand the rotation of this planet. 

446. The rotation of the other planets has not yet been di- 
rectly observed in this manner. Mercury is too near the sun to 
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admit of any observation of its spots ; it is so enveloped in the 
solar rays that nothing is to be seen but a sparkling disc of light. 
But its rotation is ascertained by continued observation of the 
variations in the horns of its phases. In this manner Schroeter 
found its period to be 24** 5\ In the same way he determined 
the period of the rotation of Venus, the fact only of its rotation 
being indicated by its spots. 

The new planets Ceres, Pallas, Juno, Vesta, are too small for 
such delicate observations. The shortness of the time, moreover, 
since their discovery, has hardly allowed a suflScient opportunity. 
Uranus, situated at the confines of the solar system, is too far 
from us to admit of our observing these motions ; but the rota- 
tions of Mercury, Venus, Mars, Jupiter, Saturn, the sun and 
even the earth, being established with so much certainty, it is in 
the highest degree .probable that the other planets have analo- 
gous motions. 

447. A general law of these motions of rotation is that they 
are all directed from west to east, Jike the progressive motions. 
And this agreement, owing without doubt to the first cause 
which determined the planetary motions, is one of the most 
remarkable phenomena of our system. 

Another remarkable coincidence is, that the four first planets, 
Mercury, Venus, the Earth, and Mars, perform their rotations 
in nearly the same interval of time, namely, 24 hours ; while in 
the case of Jupiter and Saturn, the period of rotation, nearly .the 
same in both, does not difier much from yV of a day. In this 
respect the planetary system seems to be distributed into two 
classes ; but we do not know to what this singular circumstance 
is owing. 

448. There is reason to believe that most of the planets are 
surrounded by an atmosphere analogous to our own, at least as 
to its aeriform state. This atmosphere is indicated in Venus, by 
the progressive manner in which the light diffuses itself about 
that planet. In Jupiter it is indicated by the irregular variations 
of some of its spots, which seem to resemble so many clouds 
driven about by the winds. 

449. Very great variations are also observed in some of the 
spots of Mars ; two especially, which form a sort of zone about 
its poles, increase or diminish according as they are exposed 
more or less obliquely to the sun. Hence it is thought that they 
may be masses of ice, such as exist in our B0^|^df^6!f©feQle 
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450. All the spots of Jupiter are not subject to the variations 
of which we have spoken. Many of them have in general the 
form of zones or dark belts, parallel to each other and to the 
ecliptic. They are situated at a little distance from the equator 
of the planet. Similar belts are observed also near the equator 
of Saturn. 



SatelKtes. 

451. Wh£n we look at Jupiter with a telescope, we find it 
accompanied with three or four luminous points greatly re- 
sembling small stars. We might at first take them for real stars 
that Jupiter had come up with in its course through the heavens; 
but if we repeat the observation for several days in succession, 
we find that they change place about the planet. They appear 
at different distances from its disc, sometimes on the right and 
sometimes on the left; and; as they always attend it, they are 
called satellites. 

We sometimes see these small bodies pass over the disc of 
Jupiter and project on it a shadow which describes a chord on 
its^disc ; these are true eclipses of Jupiter, analogous to those 
which are caused by the moon upon the earth. We hence infer 
that Jupiter and its satellites are not self-luminous, but opaque 
bodies, shining by the light of the sun. 

This explains another very singular phenomenon. Jupiter 
being an opaque body, it must project behind it in space, a coni- 
cal shadow opposite to the sun ; and when the satellites enter 
this shadow they must become eclipsed ; accordingly they often 
<lisappear when at a considerable distance from the planet, and 
too far to be concealed by its disc. This phenomenon takes 
place on the west, if the sun is on the east of Jupiter, and vice 
versd. It happens near the disc of the planet, when the conical 
shadow is presented to us obliquely and under a small angle 
as near the opposition ; and farther from the disc, when we see 
the cone transversely and under a greater angle, as at the quad- 
ratures. The reappearance of the satellites presents analogous 
phenomena, that is, it sometimes takes place at a considerable 
distance from the disc ; which seemed a matter of surprise when 
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they were first observed. The two satellites which depart the 
farthest from the planet, may, under certain circumstances, 
emerge from the shadow and reappear on the side of the disc 
where they were eclipsed. These phenomena leave no doubt 
that the satellites are so many small moons, which revolve about 
this planet in orbits returning into themselves. The satellite 
whose departure from the planet is least, is called the first, and 
the others are named second, third, and fourth, in the order of 
their distances. 

452. Jupiter is not the only planet which presents these phe- 
nomena. Seven satellites are observed about Saturn, and six 
about Uranus ; but it requires very good telescopes to perceive 
them. The moon may also be considered as a satellite to the 
earth ; and this furnishes another instance of the analogy exist- 
ing between our earth and the other bodies which compose the 
system. 

453. The first question which arises with respect to the satel- 
lites and planets relates to the direction of their motions. 

If we observe them with care, we perceive, in the first place, 
that the satellites are never eclipsed except when they pass from 
the west to the east of the planet. When they follow this direc- 
tion we never see them on the disc ; on the contrary, when they 
appear on the disc, it is on their return from their eastern elon- 
gation to the west of the planet. Hence it appears that the 
satellites revolve about thefr primaries from west to east ; that is, 
in the same direction in which the primaries move about the sun ; 
a coincidence which forms one of the most remarkable features 
of the planetary system. 

Moreover when a satellite moves from the west to the east of 
its primary, it is not always eclipsed ; it sometimes passes above 
and sometimes below the shadow ; also when it returns from the 
east to the west of the primary, it does not always traverse the 
disc ; but sometimes passes above and sometimes below. It is 
evident from these phenomena that the satellites have their orbits 
inclined to the orbits of the primaries ; since, if they moved in 
the same plane they would be eclipsed each revolution. 

454. The eclipses of the satellites make known the instant of 
their oppositions to the sun ; the interval between two eclipses 
gives tl)e synodic revolution of the satellite ; hence we ascertain 
its angular motion with respect to the axis of the shadow which 
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joins the centres of the planet and the sun. Then, knowing the 
mocion of the planet about the sun, we deduce from this result 
the pt^riod of the sidereal revolution. For the sake of greater 
accuracy, we employ the eclipses which take place when the 
planet is near its opposition, at which time it is nearly in the 
same straight line with the earth and sun. Especially we take 
the precaution to compare together several eclipses distant from 
each other, in order tb compensate as far as possible, for the 
periodic inequalities wbkh may exist in the motions of the satel- 
lites and primary* A table of these revolutions will be found 
at the end of the section. 

With respect to the form of the orbits, the simplest method 
is, to suppose them circular ; this may always be regarded as a 
first approximation, since the orbits of the satellites return into 
themselves; it is moreover indicated by the analogy which 
exists between the planets and satellites ; lastly, it is confirmed 
by the phenomena ; since the supposition exactly satisfies the 
observed eclipses. The orbits of the satellites are then very 
nearly circular ; and in order to ascertain their distances from 
the centre of the primary, we have only to measure them with 
the micrometer, at the time of their greatest elongati<ms. The 
values are given at the end of the section. 

455. By comparing these distances with the duration of a 
sidereal revolution, we find them to conform to the laws discov- 
ered by Kepler in the case of the planets. In each system of 
satellites, the squares of the times of revolution are as the cubes 
of the mean distances. This law has enabled us to calculate the 
sidereal revolutions of the satellites of Uranus, by means of their 
observed elongations ; for the second and fourth satellites of this 
planet, are as yet the only ones, whose sidereal revolutions have 
been directly observed. But as the durations compared with 
the elongations of those same satellites, satisfy the law of the 
squares of the times, we can have no doubt that this law extends 
also to the other satellites. 

456. The frequent eclipses of Jupiter's satellites have furnish- 
ed astronomers with the means of following their motions with 
an exactness much greater than would have been possible from 
the mere observation of their distances from Jupiter ; for these 
distances being always extremely small, their variations are very 
diffieoU to be perceived. 

Astron^ 37 
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The greater or less duration of the successive eclipses of the 
saoie satellite, and the series of positions in which these happen, 
make known the inclination of its orbit, and the position of its 
nodes in the plane of the orbit of the planet. These first results 
are only approximations; but we gradually correct them by 
comparing them with a variety of observations. This compari- 
son moreover shows whether it is necessary to modify the laws 
of (he circular motion, in order to represent these phenomena ; 
and it is in this way that we determine whether the orbit id 
question has a sensible eccentricity. 

It has thus been ascertained that the orbit of the third satel- 
lite of Jupiter has a small eccentricity, and that the orbit of the 
fourth has an eccentricity much greater ; but none has been dis- 
covered in the other two* 

Another very simple and exact method might be pursued in 
determining all the elements of the orbits of the satellites ; name- 
fyi by considering them as spots moving about the primary, and 
applying to them the formulas investigated for the spots on the 
sun. The radius of each orbit being already known from the 
greatest elongation, we observe the diflference of declination and 
right ascension between these small bodies and the centre of the 
primary, as in the case of the spots on the sun and moon. Two 
observations of this kind are sufficient, on the supposition that 
the orbit is circular, to determine its inclination and its node. 
The reason why three observations are not necessary, as in the 
case of the sun, is that here the distance of the plane of the orbit 
from the centre of the planet is nothing, whereas in the other 
case this distance was one of the unknown quantities to be deter- 
mined. The arcs described, in a given time, would then show 
whether the motion might be regarded as uniform, or whether it 
is affected by a sensible ellipticity in the orbit. 

457. The inclination of these orbits to that of Jupiter are 
variable ; their nodes and their ptnjfyoei are in motion ; by ptri- 
joves we understand their points of least distance from Jupiter. 
These satellites form, therefore, about the primary, a sort of 
separate system or world, affording a representation in miniature 
of the changes which take place, or which are to take place in 
the course of ages, in the motion of the planets about the sun. 

458. Independently of these variations, the satellites of Jupi- 
ter are subject to very sensible inequalities which disturb their 
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elliptical motions, and render their theory very complicated ; 
but the theory of attraction with the aid of a profound analysis, 
has disclosed the secret of all these irregularities. 

The three first satellites especially, being more in the neigh- 
bourhood of each other, are connected by relations which are 
very remarkable. 

The mean sidereal motion of the first, plus twice that of third, 
is always equal to three times that of the second. This may be 
easily verified by inspecting the table at the end of the section. 

The same relation exists between their mean synodic motions, 
which are, for each equal to their sidereal motion diminished by 
that of Jupiter. If we substitute these synodic motions in the 
preceding ratios, the motion of Jupiter disappears and the con- 
dition is fulfilled. 

The preceding law relative to the mean motions, affects only 
the variations of mean longitude, reckoned from a given instant. 
But the absolute mean longitudes are themselves subjected to 
another law not less remarkable ; namely, that the mean longi- 
tude of the first satellite, minus three times that of the second, 
plus twice that of the third, is always equal to 180^. This rela- 
tion extends equally to the mean synodic and sidereal longitudes. 
It is demonstrated by theory that this relation will always exist, 
and that consequently the three satellites can never be eclipsed 
at the same time, for then their longitudes would be equal, and 
the above sum would be nothing. These discoveries, which 
are among the most striking ever made in theoretical astronomy, 
are due to Laplace ; but it would be impossible to explain in 
this place the method by which he was guided. 

469. The vast distance of the satellites of Saturn and the difii- 
culty of observing their positions, have prevented the determina- 
tion of the ellipticity of their orbits, and still more the inequali- 
ties to which they may be subject. The same may be said of 
the satellites of Uranus. The ellipticity of the orbit of Saturn's - 
sixth satellite, however, is evident from observation. 

The apparent diameter of these bodies is so small, that we 
have not hitherto been able to determine with precision their 
magnitude. Attempts have been made to ascertain them, from 
the time employed in passing into the shadow of the planet ; but 
from what we have already said on the subject of lunar eclipses, 
it wdl be seen how little this method is to be relied on. 
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460. Bf observing with care the periodical variations which 
take place io the intensity of tbe light of Jupiter's satelliies, Sir 
W. Herschel remarked that they were alternately brighter and 
Winter. Jt is natural to conclude that certain parts of their sur- 
face reflect more light and others less, and then the epochs of 
their greatest and least brightness must take place when these 
/lame parts of the surface of the sateUites ore turned lowards us. 
By comparing these periods with the portions of the satelliies wit]| 
respect to Jupiter, Sir W. Herschel found that they always pie- 
sent the same face to the primary ; whence it follows that they 
iura about their axes in the same time in which they complete a 
revolution. Maraldi had already adopted this conclusion with 
respect to the fourth satellite, from observing the returns of the 
same spot on its disc. This law exists* also with respect to Sat- 
urn's seventh satellite. When it is on the east of Saturn, its 
light is weakened to such a degree, that it is hardly perceptible ; 
this can arise only from the spots belonging to the hemisphere 
vhich it presents to us when ia this position. But in order that 
this hemisphere may be always the same at this point of the 
orbit, the motion of rotation must be exactly equal to the fnean 
motion of revolution. We have already observed that the 
moon conforms to the same law with respect to the earth. Froia 
this analogy it would seem that the equality of the motk»n8 of 
rotatu>n and revolution <pf the satellites, is a general law of nature ; 
and in consequence of it they always present the same face to 
their primary. A great number of careful observations recently 
made by Schroeter, place this fact beyond a doubt. 

461. By observing the eclipses of Jupiter's satellites, we have 
been led to the disoavery of a very remarkable phenomenon, 
namely, the successive transmission of light. 

If we compare the returns of these eclipses, we find that when 
JupUer is in opposition, they take place sooner than they ought, 
accoiding to the duration of the sidereal revolutions of the satel- 
lites. On the contrary, when Jupiter is in conjunction, that is, 
beyond the sun, they take place too late. These variations are 
exactly the same for all the satellites. They cannot be ascribed 
to inequalities in their motion ; for, on account of the motion of 
Jupiter, the o|^x>Bitions and conjunctions correspond successively 
to different points of the heavens ; the same is true of the eelipsea 
of the satellites ia their orbits. The most simple ezplanatioa 
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which suggests itself, is to suppose that the Ught of the sun, re- 
flected bj these small bodies, is not transmitted instantaneously 
to the earth, bujt that it occupies a sensible interval of time in 
traversing the earth's orbit. Indeed, if the orbit of Jupiter is 
concentric with the sun, as the phenomena of its motion evidently 
indicate, it is obvious that this planet is much nearer to us when 
in opposition than it is at the tiaie of conjunction. It^ for the ^' ^^^• 
sake of simplicity, we suppose the orbit of Jupiter circular, the 
difference is equal to cfae diameter of the solar orbit ; which is 
sufficient to account for the retardations observed. 

The eclipses wbkh take place at the time of conjunction of 
the planet are about 16^ 2C^^ later than those which cake place in 
opposition ; whence it follows that light employs 16^ ^^' in tra- 
versing tlic diameter of the solar orbit, or 8' 13^^, in coming from 
the sun to us. This hypothesis is so exactly conformable to the 
results of observation, tliat no doubt can remain of its correctness. 

462. Observations of Jupiter's satellites are of great import- 
ance in determining the longitude of places on the earth. The 
very rapid motion of these bodies gives rise to frequent eclipses, 
the epochs of which are calculated beforehand, and put down in 
Almanacs. The tables of Jupiter's satellites, constructed by M* 
Delambre, according to the theory of Laplace, and from a ^at 
number of observations, leave nothing to be desired in respect to 
the oHHioDS of these bodies. By comparing these epochs, calcu* 
lated for the meridian of Paris, with the results of direct obser- 
yaiioii, made in another place, at a given instant, the difference of 
longjkuide between the two places may be deduced from the dif- 
ference of the times. The method is the same as for eclipses otj^]^ 
the moon. Unfortunately it cannot be practised at sea, on ac- 
count of the motion of the vessel, which renders it impossible to 
use such telescopes as are necessary to enable us to distinguish 
these small bodies. But observations of this kind may be very 
usefu) to the navigator when not exposed to agitation by the 
9u>lioo of tbe vessel. 

463. Conformably to the {^an we pursued. with respect to the 
planets, we have collected together in the following table, the 
mean distances of the satellites from their primaries, and the 
4iimtion of their sidereal revolutions. Tbe mean distance is 
gvven on a scale in which the radius of the primary, seen at its 
mean distance ffom the aun, is unity. This in the case of Jupiter 

is 18^37, in that of Saturn 8^1, in that of Uranus ^g'^^f-^^^Q^gl^ 
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Mean Diitance. Sideieil ReT(daUoii. 


1st satellite of Jupiter 


6,04853 


1,769137788148 


2d 


9,62347 


3,551181017849 


3d 


15,35024 


7,164652783970 


4th 


26,99835 


16,688709707064 


Ist* satellite of Saturn 


3,351 


0,94271 


2d 


4,300 


1,87024 


3d 


6,284 


1,88780 


4th 


6,819 


2,73948 


5th 


9,524 


4,51749 


6th 


22,081 


15,94530 


7th 


64,359 


79,32960 


1st satellite of Uranus 


13,120 


5,8926 


2d 


17,022 


8,7068 


3d 


19,845 


10,9611 


4th 


22,762 


13,4659 


5th 


46,507 


38,0750 


6th 91,008 1 


107,6944 



SaturrCs Ring. 



464. When we look at Saturn with a telescope, we ordinarily 
see it accompanied with a luminous belt, which encircles it like 
a girdle, and extends out each way in the shape of ears or han- 
Fig. 101 dies. These handles gradually contract into a luminous line, 
and finally disappear. Saturn then presents a completely round 
figure. But after some time the handles reappear, and open 
anew, affording indications that they are detached from the body 
of the planet, for there is between them a void space through 
which we can perceive the sky or any small stars that may hap- 
pen to pass in this direction. 

These appearances constantly succeed each other in a regu- 
lar manner ; we must conclude therefore that the cause which 
produces them is also constant. They are ascribed to a solid 
body surrounding Saturn, and appearing and disappearing alter- 
nately. 

* The 1st and 2d of Saturn^s satellites, being discovered long after 
the others had been known under the names of Ist, 2d, 3d, 4th, 
and 5th, they are still often designated as the 6th and 7tk. 
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But, as it would not be natural to suppose that this body suc- 
oessively acquires and loses the property of shining, we must 
adopt the conclusion that it is an opaque body which reflects to 
us the light of the sun, and that the variations which it under^ 
goes, result from its position and form. Then we are to inquire 
what form will satisfy the phenomena observed. 

465. They may all be represented with great exactness, by 
supposing the equator of Saturn to be surrounded by a circular 
ring, opaque, very thin, and detached entirely from the planet. 
The body of Saturn being in motion in the plane of its orbit, 
carries this ring with it, and by thus presenting it under different 
aspects and inclinations, produces all the appearances which are 
observed. 

Thus, it will be bright when it turns towards us that face 
which is illuminated by the sun, and cease to be visible when it 
presents the opposite face. We must also lose sight of it when 
it is so situated that its plane, if produced, would pass through 
the centre of the earth, in which case it can reflect no light to 
us. Again it must be invisible when its plane passes through 
the sun ; for then its edge only is illuminated, and as it is very 
thin, it cannot reflect light sufiicient to render it perceptible. 
This is in fiact the case when we observe Saturn with ordinary 
telescopes ; but if we employ telescopes of a very high power, 
we can discern the edge of this ring, and it appears like a lumi- 
nous line on the disc of the planet. This line is so fine that it 
hardly subtends an angle of a second, but a second at this dis- 
tance answers to a thickness of 4000 miles. 

These phenomena afford strong confirmation to the hypothesis 
of an annular surface surrounding Saturn without adhering to it. 
Indeed it can be demonstrated that this ring, as well as the 
planet to which it belongs, are opaque bodies, illuminated by the 
sun, and not shining with their own light, for when the illuminat- 
ed surface of the ring is inclined to the earth, as in figure 103, it 
projects on the globe of Saturn a sensible shadow. 

But in order to determine whether this hypothesis satisfies 
all the particular phenomena, we must consider geometrically 
the different forms under which the circumference of a cir- 
cle would appear, according to the different points from which it 
b observed. For this purpose the eye of the observer must be 
considered as the apex of a cone of visual rays which has the 

Digitized by ^OOQ IC 



296 Theory of the Planets. 

circle for Us base. The line drawn from- the eye of the obser* 
ver to the centre of the circie, forms tbe axis of the cone, which 
is generally obliqae to its base, ff we draw a plane perpen- 
^^' ^' dicular to this axis, it will cut the coviie so that its intersection 
will form an ellipse, the position and' eccentricity of which writ 
depend upon the greater or less obliquity, and consequently on 
the position of the observer. It is this ellipse which forms at the 
eye the apparent outline of the ring. It is consequently neces- 
sary to determine its dimensions and the direction of its axis. 

To this end we draw through the axis of the con<e a (^ne 
perpendicular to the plane of its base. This plane will divide 
the obliqae cone into two symmetrical portions, and will conse- 
quently cut the ellipse symmetrically. It will be readily seen^ 
that it will contain the minor axis, and that the major axis will 
be perpendicular to it. 

It appears at first view, that the centre of the ellipse must be 
in the axis of the cone, and that its major ^xis, parallel to the 
plane of its circular base, must be equal to the diameter of this 
base ; but this supposition is not rigorously true. The centre of 
the ellipse is depressed a little below the plane of the base, and 
its major axis is consequently somewhat greater than the diame* 
ter of this base. These differences arise from the fact that the 
half of the base nearest the observer, appears greater than the 
other half. But the inequality diminishes as the observer re- 
cedes, and becomes entirely insensibte when the distance can be 
considered as infinite compared with the radius of the base ; 
which is the case with Saturn's ring, as observed from the earth. 
Then the centre of the ellipse coincides with the centre of the 
base, its major axis is equal to the diameter of this base, and 
perpendicular to the axis of the cone ; and lastly, the minor 
Top. 7. 3xJs IS to the major, as the sine of the inclination of the axis is to 
unity. 

It will be perceived from these results, that if we measure with 
a micrometer the ratio of the two axes of the ellipse at any instant, 
we shall have, for the same instant, the inclination of the axis to 
the plane of the base. By making this observation at the time 
when the earth is 90^ from the nodes of the ring, we can deduce 
directly the inclination of the ring to the ecliptic. 

When the earth is 90° from the nodes of the ring, the plane 
drawn through the earth and Saturn, perpendicular to the eclip- 
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Itk, is at the same time perpendicular to tKe plane of the ring ; 
and consequently the straight line according to which it cuts this 
plane, measures the inclination of the ring to the ecliptic. Let 
AA'E represent this line, IT the intersection of the cutting plane Fig. 104. 
with the ecliptic, T the earth, C the centre of Saturn, and AA' 
the real extent of the ring* Observation makes known the visual 
angles ATC^ AfTC^ which are sensibly equal to each other, on 
account of the great distance of Saturn ; and each of them meas- 
ures half the minor axis of the ellipse. Now, according to ob- 
servation, this minor axis is equal to half the major axis, parallel 
to the ecliptic ; that is, of a is equal to half of A' A \ for the major 
axis of the ellipse is the diameter of the ring itself. Accordingly, 

C a 
the sine of the angle CA a, which is represented by -r^, is equal 

to I, and consequently the angle CA a or CAT is equal to 30^. Tr%. la 
If to this angle we add CTE + CTA^ or the geocentric latitude 
of Saturn, plus half the minor axis of the ellipse, the sum will 
give the angle lEA^ since this is the exterior angle of the trian- 
gle EAT* This angle lEA is the inclination of the plane of 
the ring to the ecliptic, and is found, by the above process, to be 
equal to 31° SO'. 

When we have obtained an approximate value of this angle, 
and know the longitude of the nodes of the ring, it is easy to cal- 
culate, from the motion of Saturn, the variations, as to eccentri- 
city, which the ellipse must undergo in the interval of a few days, 
before and after the epoch of greatest inclination. We thus 
reduce to this epoch the measures of the ellipse, made several 
days before and after. The mean result of all these measures 
gives, with greater exactness, the ratios of the two axes of the 
ellipse for the instant of greatest inclination. 

But, in making these observations, the earth must be 90^ from 
the nodes of the ring, in order that the, projection of the axis of 
the cone upon the ecliptic, may be perpendicular to the intersec- 
tion of the ring with the same plane. How then is this position 
to be ascertained as the longitude of the nodes of the ring is not . 
yet known 7 We obtain it by another circumstance which is 
peculiar to this position of the ring, namely, that the opening of 
the ellipse is then the greatest possible; for this opening is pro- 
portionat to the sine of the inclination of the axis of the cone to 
the plane of the ring. Now there is no position where this 

Astron. 38 
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inclination is greater than when the earth is the farthest possible 
from the intersection of the ring, that is, when it is 90^ from the 
nodes of the ring. 

In order to determine completely the position of the ring, it 
only remains to ascertain the direction of its intersection with the 
plane of the ecliptic, or the situation of its nodes. This is easily 
done if we know the instant when its plane disappears by pass- 
ing through the centre of the earth, for then Saturn and the earth 
are at the same time in this plane ; and as the inclination of the 
ring to the ecliptic is already known, these two points are suffi- 
cient for determining its nodes. But how is this instant to be 
distinguished when the passing of the plane of the ring through 
the sun, may equally occasion its disappearance. 

466. The difficulty is removed by attending to the periods in 
which these phenomena take place ; for they cannot be the same 
in the two cases. The passing of the plane through the sun de* 
pcnds simply on the motions of the ring and Saturn, the other 
depends, besides, on the motion of the sun about the earth. 

Now it is observed that the phenomena of the appearing and 
disappearing of the ring succeed each other, with great precision, 
s^nd in the same order, each sidereal revolution of Saturn. It is 
therefore natural to suppose that they result from the passing of 
the plane of the ring through the sun. To place this fact in the 
clearest light, we have collected a series of these phenomena, as 
they have been observed.* 



1715 


5(h Feb. R 


1730 


. 10th Nov. D 


1744 


. 23d July D 


1760 


. 25tb April R 


1774 


9th January R 


1789 


Ist October D 


1803 


18th June D 



* These epochs are taken from a work of Dionis du Sejour Sur 
V Anneau de Satume. They are to be regarded only as approxima* 
tioDs ; for the ring does not disappear instantaneously, but very 
gradually, and is the longer visible the more perfect the instrumento 
are with which it is observed. It is impossible, therefore, to fix with 
precision the instant of the passing of the ring through the earth or 
the sun. 
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The letter D denotes disappearance, and the letter R reap- 
pearance. If to the epoch of 1715, we add a sidereal revolution 
of Saturn, or 29 Julian years and 166,827213 days, we shall 
have precisely the epoch of 1744 ; and in the same manner we 
obtain those of 1774 and 1803. 

The epoch of 1730 will give, in like manner, those of 1760 and 
1789. 

467. This agreement is too exact to be ascribed to chance. 
It evidently indicates the law according to which these phenom- 
ena take place ; and their returns being independent of the revo- 
lution of the sun about the earth, must of necessity be referred 
to the passing of the ring through the centre of the sun. 

We perceive then that these phenomena form two distinct 
series, which proceed according to the same periods, but have 
different epochs. These two series are evidently to be referred 
to the two opposite situations, in which the ring must have pass- 
ed through the sun each revolution. 

468. But as in each series, the phenomenon always returns 
after a complete revolution of^ Saturn, it follows that these two 
situations of the ring always correspond to the same points of 
the orbit of the planet ; that is, the plane of the ring remains coH" 
stantly parallel to itself in the orbit of Saturn^ and consequently^ 
its intersection roith the plane of the ecliptic must always make with 
the inlersection of the orbit a constant angle. 

These results are perfectly conformable to observation. If 
we calculate the heliocentric longitude of the nodes of the ring, 
from the passing of the plane through the centre of the earth, 
which is distinguished from that through the sun, since it is not 
comprehended in the series of article 466, we find this longitude 
to be constantly the same. The process is very simple {'^pp*) 
The intersection of the plane of the ring with the ecliptic makes 
with that of the orbit of Saturn an angle of 59^. 

469. By inspecting the table above given, we shall perceive that 
the intervals of the passing of the ring through the sun from one 
node to the other, are not of equal duration. Between the epoch 
of 1715 and that of 1730, the interval is 15 years and 9 months, 
while it is only 13 years and 8 months, between the epochs of 
1730 and 1744, and so of tlie rest. The difference is owing to 
the eccentricity of Saturn's orbit. If we suppose a plane drawn 
tl^iough the centre of the sun parallel to that of the ring, thii& 
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plane will determine the instant of passing the sun. If the orbit 
is circular, it will be divided into two equal portions, and the 
intervals of time employed bj Saturn in passing from one node 
to the other will be of equal duration ; but if the orbit is ellipti- 
cal, the plane parallel to the ring will divide it into two unequal 
portions, and that which contains the aphelion, where the motion 
is the slowest, will require the longest time to be described. The 
intervals then will be unequal ; and this is actually the case in 
the present position of Saturn's orbit. This planet passed its 
aphelion between 1715 and 1730, and its perihelion between 
1730 and 1744. 

470. All the different aspects of Saturn's ring might be easily 
predicted, if we knew the period of its passing through the cen- 
tre of the earth, as we do the intervals of its passing through the 
centre of the sun ; but the annual motion of the sun about the 
earth renders the determination of these intervals rather more 
difficult. In order to ascertain them, it is necessary to find a 
number of sidereal revolutions of Saturn, which corresponds ex- 
actly or very nearly, to an exact number of sidereal years* 

If we take the ratio of these periods, which is — ;; — --;r-z — ^^^^ 

^ ' 365,256384 

proceed as in article 437, we obtain for the first approximate val- 
ues Y and Vt^* ^c say nothing of the remaining values in the 
series, because they would give periods too long to admit of our 
employing them. 

The fraction V indicates that in 59 sidereal years thiTe are 
nearly two revolutions of Saturn ; if we calculate with precision 
the duration of these two periods, we find that the first exceeds 
the second by 32,185796 days; accordingly, after 59 sidereal 
years, Saturn is so much in advance of the sun. Its velocity 
being known, it is easy to deduce from this the epoch at 
which the two bodies will return to the same relative posi* 
tion, or the number of days to be added to 69 years. The 
period given by the fraction y^* 's much more exact. It shows 
that 324 sidereal years are very nearly equal to 1 1 revolutions 
of Saturn. The difference is only 5,606304 days; and Saturn 
is so much behind the sun. From this it is easy to determiae 
the epoch at which it must have been in the same position with 
respect to the sun, prior to the completion of 334 years. 
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These periods agree duflkiently well with the observed returns* 
£ut they can only be applied to the passing of the ring through 
the centre of the earth ; they would necessarily be erroneous if 
we were to apply them to its passing through the sun. The period 
in the latter case, as we have already seen, is equal to a sidereal 
revolution -of Saturn. But even with this restriction the preced- 
ing results may sometimes be faulty, on account of the great 
inequalities of Saturn^s motion, occasioned by the attraction of 
Jupiter* 

471. To complete this subject, it only remains to speak of the 
physical constitution of the ring, so far as it has been made 
known by observation. 

If we take its dimensions with a micrometer, we find that its 
apparent breadth is equal to the distance of its interior border 
, from the surface of Saturn* This distance is a third of the dia- 
3eter of the planet, and its mean value is 6^%4. The actual 
limensions are probably somewhat smaller, since they would 
iturally appear magnified, on account of irradiation. If we 
iploy the best telescopes, we discover on the surface of the 
ribg concentric lines, extremely fine and dark, which appear to 
separate it into as many parallel circumferences. There may, 
th^n, be several distinct and separate rings. But the telescope 
must be of the very first order to enable us to perceive the' 
seffaration. Otherwise the whole appears to form one continued 
riqg, the space occupied by each being somewhat extended by 
iritaidiation. 

JFrom certain spots, observed on the surface of the ring, it 
aj^pears that it turns upon its axis in lO'^ 29^; its axis of rota- 
ti<m is perpendicular to its plane, and coincides with the axis of 
*3aturn. 

The duration of this rotation presents a very remarkable rela- 
tion. If we suppose a satellite to move about Saturn, having the 
mean circumference of the ring for its orbit, and calculate, ac- 
cording to the third law of Kepler, its sidereal revolution, it is 
found to be precisely equal to that of the ring. 

472* This relation solves the question as to the manner in 
which the ring is sustained about the planet without touching it, 
or, at least, it refers the phenomenon to the general cause by 
which all the satellites are preserved in their orbits. We may 
consider each particle of the ring as a small satellite, and the 
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ring itself as a mass of satellites, connected together in an inva- 
riable manner. If these small bodies were free and independ- 
ent of each other, their velocities would vary with their distances 
from the centre of the planet ; those nearest to the centre would 
move the fastest, and the most distant ones slowest, according 
to Kepler's third law ; and if we take for the mean term, the 
velocity which belongs to the mean circumference of the ring, 
the velocities of the other particles would deviate from it each 
way by equal quantities, the greater counterbalancing the smaller. 
Now if these particles were united and attached to each other so 
as to form a solid body, a sort of compensation would take place 
in their motions; the most rapid would communicate to the 
slowest a portion of their velocity ; and the latter would exert a 
reciprocal influence upon the former, rendering them slower ; and 
as these opposite efforts would counterbalance each other, there 
would remain only the mean motion common to all the particles, 
which would be that of the mean circumference ; and the rings 
would be sustained about Saturn, in the same manner as the 
moon is sustained about the earth, or like the arches of a bridge, 
when the centre of gravity is at the centre of the voussoirs. 
Meqh. This theory would hold even in the case where the ring might 
be composed, as that of Saturn appears to be, of several detach* 
'ed and concentric rings, only it must be applied separately to 
each one. The duration of their rotations would then be sensi- 
bly diflferent. It must be left to time and observation to com- 
plete these results* 



Comets* 

473. Im the first part of this treatise we spoke of the transient 
appearance of certain lx>dies which come gradually into view, 
increasing in brightness and velocity, till they arrive at their 
maximum, and then, after diminishing by the same degrees, pass 
off to be lost again in the distance. These are comets. From 
their miusual appearance they were, for a long time, objects of 
terror to mankind, and were regarded as the harbingers of some 
great calamity. The luminous train which accompanied them 
was j)articular]y alarming, and the more so in proportion to its 
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length. It is but a little more than half a century since these 
superstitious fears w^re dissipated by a sound philosophy ; and 
comets, being now better understood, excite only the curiosity of 
astroDomers and of mankind in general. Those discoveries 
which give fortitude to the human mind are not among the least 
useful. 

474* It was formerly doubted whether comets belonged to 
the class of heavenly bodies, or were only meteors engendered 
fortuitously in the air by the inflamation of certam vapours. Be- 
fore the invention of the telescope, there were no means of 
observing the progressive increase and diminution of their light. 
They were seen but for a short time, and their appearance and 
disappearance took place suddenly. Their light and vapoury tail, 
through which the stars were visible, and their whiteness often 
intense,, seemed to give them a strong resemblance to those tran- 
sient fires, which we call shooting stars. Apparently, they differ- 
ed from these only in duration. They might be only composed 
of a more compact substance capable of retarding for a longer 
time their dissolution. But these opinions are no longer main- 
tained ; more accurate observations have led to a different theory. 
All the comets hitherto observed have a small parallax, which 
places them far beyond the orbit of the moon ^ they are not, 
therefore, formed in our atmosphere. Moreover their apparent 
motion among the stars is subject to regular laws, which enable 
us to predict their whole course from a small number of obser- 
vations. This regularity and constancy evidently indicate dura- 
ble bodies ; and it is natural to conclude that comets are as per- 
manent as the planets, but subject to a different kind of move- 
ment. 

475. When we observe these bodies with a telescope they 
resemble a mass of vapour at the centre of which is commonly 
seen a nucleus more or less distinctly terminated. Some how- 
ever have appeared to consist of merely a light vapour without 
a sensible nucleus, since the stars are visible through it. During 
their revolution, they experience progressive variations in their 
brightness, which appear to depend upon their distance from the 
sun, euher because the sun enflames them by its heat, or simply 
on account of a stronger illumination. When their brightness is 
greatest we may conclude from this very circumstance that they 
are near their perihelion. Their light is at first very feeble, but 
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becomes ^gradually more vivid, until it sometimes surpasses that 
of the brightest planets ; after which it declines by the same de- 
grees till it becomes imperceptible. We are hence led to the 
conclusion that comets, coming from the remote regions of the 
heavens, approach, in many instances, much nearer the i^un 
than the planets, and then recede lo much greater distances. 

476. The alternations of heat and cold thus produced, serve to 
explain the phenomena of the tails of comets. As these bodies 
approach the sun, their heat being greatly increased, the most 
volatile parts must be converted into vapour, and this vapour 
being extremely attenuated and retained by a very feeble force, 
may be supposed to be driven to an indefinite distance by the 
impulse of the solar rays. This hypothesis suggests also a rea- 
son why some comets have appeared without a nucleus; we may 
suppose their mass reduced entirely to vapour by excessive heat* 
But in order to appreciate these considerations, we must inves- 
tigate the laws by which the motion of comets is regulated. 

477. In this inquiry we must be governed by analogy. Since 
comets are bodies which seem to belong to our planetary system, 
it is natural to suppose that they move about the sun like planets, 
but in orbits extremely elongated. These orbits must, therefore, 
still be ellipses, having their foci at the centre of the sun, but 
having their major axes almost infinite, especially with respect 
to us who observe only a small portion of the orbit, namely, 
that in which the comet becomes visible as it approaches the sun* 

Trig. Accordingly the orbits of comets must take the form of a para- 
bola^ for we thus designate the curve into which the ellipse passes, 

Tig. 105. when indefinitely elongated. 

If we introduce this modification into the laws of Kepler, which 
relate to the elliptical motion, we obtain those of the parabolic 
motion of comets. 

Hence it follows that the areas described by the same comet, 
in its parabolic orbit, are proportional to the times. The areas 
described by different comets in the same time, are proportional 
to the square roots of their perihelion distances. 

Lastly, if we suppose a planet moving in a circular orbit, 
whose radius is equal to the perihelion distance of a comet, the 
areas described by these two bodies in the same time, will be to 
each other, as 1 to V*. Thus are the motions of comets and 
planets connected. 
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478. By means of tbese laws we can determine the area de- 
scribed by a comet in a given time after passing the perihelion, 
and fix its position in the parabola. It only remains then to 
bring this theory to the test of observation. Now we have a 
rigorous method of verifying it, by causing a parabola to pass 
through several observed places of a comet, and then ascertain- 
ing whether all the others are contained in it. 

For this purpose three observations are requisite. If we ob- 
serve the right ascension and declination of a comet at three dif- 
ferent epochs, and thence deduce its geocentric longitude and 
latitude, we shall have the direction of three visual rays drawn 
at these epochs from the earth to the comet, and in the prolon- 
gation of which it must necessarily be found. The correspond- 
ing places of the sun are also known ; it remains then to con- 
struct a parabola, having its focus at the centre of the sun, and 
cutting the visual rays in points, the intervals of which corre- 
spond to the number of days between the observations. 

Or if we suppose the earth in motion and the sun at rest, let 
7, 1*, 7*', represent three successive positions of the earth, and Rg. los. 
TC, TC, T'0\ three visual rays drawn to the comet. The 
question is to find a parabola COC'^ having its focus in S at 
the centre of the sun, and cutting the three visual rays conform- 
ably to the conditions required, 
j^ These conditions are more than sufficient to determine com- 
Aktely the elements of the parabolic motion, that is, the perihe- 
%>n distance of the comet, the position of the perihelion, the 
instant of passing this point, the inclination of the orbit to the 
ecliptic, and the position of its nodes. These five elements be- 
ing known, we can assign the position of the comet for any epoch 
whatever, and compare it with the results of observation. But 
the calculation of the elements is very difficult, and can be per- 
formed only by a very delicate analysis, which cannot here be 
made known* The reader will find it in the Mtcanique Cflesit 
Of m I>elamlH*e^ AitronamU^ 

About ISO comets have been calculated upon the theory of the 
parabolic motion, and the observed places are found to answer to 
such a supposition. We can have no doubt, therefore, that this 
is conformable to the lafw of nature. We have thus obtained pre- 
cise knowledge of the motions of these bodies, and are enabled to 
foRow them m space. This discovery has given additional con- 
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finnatton to the laws of Kepler, and led to several other import^ 
ant results. 

479. Comets do not all move from west to east like the plan- 
ets. Some have a direct and some a retrograde motion. 

Their orbits are not comprehended within a narrow zone of 
the heavens like those of the principal planets. They vary 
through all degrees of inclination. There are some whose plane 
is nearly coincident with that of the ecliptic, and others have 
their planes perpendicular to it. Indeed a slight inclination of 
the orbit is no longer deemed an essential characteristic even of 
the planets ; for the small planets lately discovered have great 
inclinations. It may be remarked also, in this connexion, that 
the orbits of the satellites of Uranus are nearly perpendicular 
to the ecliptic. 

480. It is farther to be observed that the tails of comets begin 
to appear, as the bodies approach near the sun ; their length in- 
creases with this proximity, and they do not acquire their great- 
est extent, till after passing the perihelion. The direction is 
always opposite to the sun, forming a curve slightly concave, as 
in figure 107. 

The comet of 1680 was particularly remarkable for the length 
of its train ; it occupied in the heavens a space of nearly 60^. 
That of the comet of 1744 was still more striking; it resembled 
a kind of fan 15® in length, and 117^ in breadth. It was4|*. 
brilliant as not to be effaced by the light of the full moon, aflf 
was even visible after sunrise. « 

481. These results tend to establish the idea suggested by the 
first consideration of the phenomena, namely, that the tails are 
really the effect of the vaporization produced by excessive heat. 
The length does not reach its maximum till after passing the 
perihelion, and then the coquet is most heated and penetrat- 
ed by the rays of the sun ; just as the surface of the earth does 
not attain its highest temperature till after the summer solstice. 
This analogy seems strongly to indicate that comets, at least 
before passing the perihelion, are solid bodies, progressively 
heated, and then totally or partially vaporized. Otherwise, 
how could they endure so powerful a heat ; the comet of 1680, 
for instance, was, at its perihelion, 166 times nearer thefsun 
than the earth is. Accordingly, it was exposed to a heat 
27556 times greater, than that at the surface of the earth, if^ as is 
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natural to suppose, the intensity of the sun's heat is, like its' light, 
reciprocally proportional to the square of the distance. Thi3 
intense heat exceeds several thousand times that of red hot iron, 
and indeed all the degrees of heat that we are able to produce. 
A simple mass of vapour, exposed to a thousandth part of such 
a heat, would be at once dissipated in space. 

482. After having calculated the motions of comets, let us en- 
deavour to predict their returns* If they describe very elon- 
gated ellipses, their parabolic motion can be regarded only as a 
first approximation. But the analogy which leads to : the first 
result, furnishes also the means of correcting it, of calculating 
the true ellipse, and consequently of determining the length of 
its major axis in parts of the radius of the solar orbit. Then, by 
Kepler's third law, we obtain the sidereal revolution of the comet, 
and the epochs of its return. 

Unfortunately these results are rarely susceptible of any thing 
like accuracy, because they are derived from observations that ex- 
tend through only a very small arc of the comet's orbit, in which 
it is seen as it approaches to or recedes from the sun. Besides 
it may be that certain comets describe parabolas or hyperbolas, 
whose branches are indefinite, and then, when once observed as 
they pass through the part of their orbit nearest the sun, they 
disappear forever. But it is probable, that, if such bodies exist, 
they mtist, from the antiquity of the universe, long since have 
passed the sun ; so that the periodic motions are the only ones 
which remain for us to observe. 

When we have determined the elements of a comet's orbit, we 
compare them with those of comets before observed, and see 
whether there is an agreement with respect to any of them. If 
there is a perfect identity as to the elements, we should have no 
hesitation in concluding that they, belonged to difierent appear- 
ances of the same comet. But this condition is not rigorously 
necessary ; for the elements of the orbit may, like those of other 
heavenly bodies, have undergone changes finom the perturbations 
of the planets or their mutual attractions. Consequently, we have 
only to see whether the actual elements are nearly the same 
with those of any comet before observed, and then, by the doc- 
trinn of chances, we can judge what reliance is to be placed 
vpon this resemblance. 
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483. Dr Halley remarked that the comets observed id \bZ\f 
1607, 1682, had nearly the same elements, and be henc« con- 
cluded that they belonged to the same comet which, in 151 years, 
made two revolutions, its period being about 76 years. It actu- 
ally appeared in 1759 agreeably to the prediction of this great 
astronomer. Its next return will take place in 1832. Accord* 
ing to KepIer^s third law, if we take for unity half the major 
axis of the earth^s orbit, the mean distance of this comet must be 
equal to the cube root of the square of 76, that is, to 17,95* 
The major axis of its orbit must therefore be 35,9 ; and as its 
observed perihelion distance is found to be 0,58, it follows that 
its aphelion distapce is equal to 35,32. It departs, therefore, 
from the sun to thirty-five times the distance of the earth, and 
afterwards approaches nearly twice as near the sun as the earth 
is, thus describing an ellipse extremely elongated. 

The intervals of its return to its perihelion are not constantly 
the same. That between 1531 and. 1607 was three months 
Ipnger than that between 1607 and 1682, and this last was 18 
months shorter than the one between 1682 and 1759* It ap- 
pears, therefore, that the motions of comets are subject to per- 
turbations, like those of the planets, and to a much more sensible 
degree. 

484. A comet appeared in 1818 whose orbit presented ele- 
ments differing so little from those of a comet observed in 1805, 
that their identity was thence inferred. This would give a short 
revolution of thirteen years, provided the comet bad not return- 
ed to its perihelion during this interval. But M. Encke, by an 
eji^ami^ation of numerous observations made in i818 and 1810, 
came to the conclusion that its period was still shorter, and only 
about 1203 days, or 3^ years nearly. He was accordingly \eA 
to believe that it would appear again in 1822; and to facilitate 
the means of finding it, he calculated the place in which it was 
to be seen each day. The southern declinations of the comet 
during its appearance would be such as to render it next to iai- 
possible to take observations in Europe, Fortunately Botany 
Bay afforded a favourable situation for this purpose, and Mr 
Rumker, a skilful astronomer, observed it from the 2d to the ^d 
of June, and the observed positions agree so well with the calcu- 
lated places, that there no longer remains any doubt of the re- 
turn of this comet predicted by M. £ncke« 
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485. Tbe ooneC of 1770 offers % striking example of the 
changes to which comets are exposed. The observations of this 
comet, first calculated by M. Lexell and afterwards by M. Burck- 
hardt, can only be represented by an ellipse, in which the dura- 
tion of the revolution is b\ je^its. Still we have not seen it 
siace. There can then, be no doubt that the orbit has been 
changed subsequently to 1770. We shall see hereafter that these 
effects are owing to universal attraction, which, while it preserves 
the motions of the larger planetary bodies, causes the lighter 
masses to undergo very great alterations. 



JWeteoric Stones, 

486. Solid masses, composed of various mineral substances, 
are often seen to descend from tbe higher regions of the atmo- 
sphere. The fall of such bodies was for a long time doubted, 
and the prevailing opinion, as to their reality, regarded as a pop- 
ular superstition* But all the particulars of the phenomenon 
have been established in such a manner, that the fact can no 
longer be questioned. 

487. The most remarkable circumstances respecting these 
substances is, that they so exactly resemble each other ; being 
all of them pyriteous masses glittering with metallic grains. The 
exterior surfiace is black as if it had been burned, while the inte- 
rior is of a yellowish white. They all have nearly the same 
specific gravity, which may be fixed at 3,591, water being unity. 
On being analj'zed, they always present the same ingredients, and 
m nearly the same proportions. They are composed of siUx^ 
fnagntsia^ sulphur^ iron in a metallic slate^ nickel^ and some parti- 
cles of chrome. 

. These common characteristics strongly indicate a common 
origin. It is, moreover, to be remarked that iron b hardly ever 
met with in a metallic state, in terrestrial bodies. Volcanic sub- 
stances do not contain any which is not oxydated. Nickel is 
also very rare, and never found at the surface of the earth. 
Chrome is still more rare. These considerations make it proba- 
Ue that the substances in question have an origin foreign to our 
globe, or at least that they are not brought together by any phe- 
nomena hitherto observed. . ^^^i^ 
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488. These solid masses seem to proceed from a meteor-like 
appearance in the air. They are in fact ignited or inflamed 
bodies which suddenly present themselves in the atmosphere, 
and move with a velocity equal, in some instances, to that of the 
sun in its orbit, or twenty miles in a second. Their direction is 
generally inclined to the horizon. After emitting an interne 
light for a few moments, they explode with a loud noise, at a 
height from 18 to 100 miles above the surface of the earth. This 
is ascertained by their parallaxes, as deduced from several simul- 
taneous observations, made at different places where they were 
visible at the moment of explosion. They do not appear to fol- 
low any determinate direction with respect to the earth's motions, 
but are seen moving towards all points of the compass. 

489. As yet we are ignorant of the true origin of these masses, 
and various hypotheses have been invented to explain them. 
Laplace thinks they may be thrown upon the earth by lunar 
volcanoes. It is found by calculation that this would only re- 
quire a projectile force about four times that of a cannon ball. 
This force meeting with little resistance from the very rare atmo- 
sphere of the moon, would be sufficient to send a body without 
the sphere of the moon's attraction, and then it would be brought 
to the earth's surface by gravity. Now it is by no means impro- 
bable that lunar volcanoes may give such an impulse to \ body, 
since those on the earth are capable of a much greater force, 
although the greater intensity of gravity at the earth's surface, 
and especially the enormous resistance of our atmosphere, are 
such as to prevent a corresponding effect. By thus ascribing to 
meteoric stones a common origin, we account in some degree for 
the sameness of their composition. 

Some philosophers maintain the opinion that the substances 
under consideration are small planets or fragments of planets, 
carried along in space like the other heavenly bodies, which, 
upon entering the earth's atmosphere, became enflamed by fric- 
tion, gradually lose their velocity, and then fall to the earth by 
the influence of gravity. According to this hypothesis, the me- 
teors called shooting stars, are revolving bodies or terrestrial 
comets, which enter our atmosphere at great heights, but with a 
velocity sufficient to traverse it, so that they are only inflamed 
on their passage. Time will probably throw some light upon 
this subject, especially since there is now no prejudice among 
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scientific men to prevent the multiplication of observations. It 
seemed proper to introduce it here ; for, according to some dis- 
tinguished philosophers, these bodies would sreem to have an ori- 
gin belonging to astronomy. 



Proofs of the Real Motion of the Earth. 

490. We have at length nearly completed our course of ob- 
servations ; we have studied the properties of the atmosphere, 
calculated its height, and allowed for the effects it produces ufx>n 
the phenomena of vision. Having thus disengaged ourselves 
from th^ illusions of the senses, we passed, in imagination, the 
lK>unds of our habitation into the immensity of the celestial re- 
gions. We found the fixed stars removed to an immeasure- 
able distance, and our planetary world reduced to a point in the 
great scale of the universe. Shut up and confined as it were in 
a small corner of this vast theatre, we have succeeded in invent- 
ing instruments by which we have been able to follow and meas- 
ure with exactness the motions of the celestial luminaries. We 
have traced out their paths, detected their deviations and in- 
equalities, and predicted their returns. By a series of observa- 
tions and reasonings, carefully conducted, we have attained to a 
precise knowledge of the forms of these bodies, and their physi- 
cal constitution so analogous to that of our earth. Thus furnish- 
ed with a multitude of results, it only remains for us to compare 
them together in order to develope their relations ; we have stu- 
died the solar system in detached parts, we are now to contem- 
plate it as a whole ; guided by the analogies made known by ob- 
servation, we pass from appearances to the real and absolute 
state of things. 

491. The first question to be decided, relates to the motion of 
the earth, whether the sun and the celestial sphere actually turn 
about the earth, or whether the earth revolve on its own axis 
and about the sun. 

That our ideas may be definite, let figure 1 1 9 represent thr 
solar system, comprehending the sun, planets, and satellites, dis* 
ttibuted according to the results of observation. 
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Since there can be no doubt that our earth makes a part of 
this system, let us designate it by the sign 0, placed at pleasure. 
And since it is equally evident that the earth is at a certain dis- 
tance from the sun, let us represent this luminary by the charac- 
ter ©. 

As to Mercury, we have seen that ils orbit embraces the sun, 
but not the earth ; we must therefore represent it by a small 
ellipse passing between the earth and the sun, and having the 
sun in one of its foci. Let it be denoted by $ . And since 
Venus presents similar appearances, let us place it in a similar 
manner, referring it however to a larger ellipse, and designating 
it by 9. 

The orbit of Mars embraces the earth and sun, and must con- 
sequently be represented by an ellipse comprehending the earth, 
and having its focus at the centre of the sun. In speaking of it 
we make use of the sign ^ • 

We place, in a similar manner, the other superior planets, 
Ceres, Pallas, Juno, Vesta, Jupiter, Saturn, and Uranus, each at 
its proper distance from the sun. As to the satellites, a small 
circle described about the earth, will represent the orbit of the 
moon, and similar circles about Jupiter, Saturn, and Uranus, will 
serve to indicate those belonging to the other planets respect- 
ively. Lastly, parabolas very elongated and having their foci 
at the centre of the sun, will give a representation of the orbits 
of comets. 

Beyond these bodies are the fixed stars, separated by an im- 
mense interval, and arranged in an order to us wholly unknown. 

Such is the state of the antverse as at present understood. 
It is proved incontestibly from observation, that the moon re- 
volves about the earth, and that all the planets with their satel- 
lites, and the comets, revolve about the sun. 

Three phenomena now remain to be disposed of between the 
sun, the earth, and the celestial sphere. 1. The state of rest 
which seems to belong to the earth. 3. The annual motion, 
which, according to the evidence of the senses, we refer U> the 
sun. 3. The diurnal motion, which appears to be common to 
the celestial sphere and all those bodies which have a proper 
motion. Let us now bring together the considerations which 
may enable us to decide these three points. 
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492. In the first place, since the sun and all the planets which 
admit of nice observations, are found to have a motion of rota* 
tion about an axis passing through their centre, analogy leads us 
to suppose that the earth also turns upon its axis. 

Thb argument is strengthened by the circumstance of the ob- 
lateness of the earth, so exactly similar to what we observe in 
Mars, Jupiter, and Saturn, and which appears to be a necessary 
effect of the centrifugal force* 

The rotation of the earth is also indicated by the progressive 
augmentation of gravity from the equator to the pole, another 
effect of the centrifugal force. 

Again, the motion in question is manifest from the deviation 
which bodies undergo in falling from a great height. For, thej 
are found, as already remarked, to be carried a little towards 
the east, a necessary consequence, if the earth turn on its axis, 
since, being elevated above its surface, their distance from the 
axis of rotation, and hence their velocity, is increased. If we sup- 
pose the earth immoveable, these phenomena admit of no expla« 
nation. 

To these very strong indications, may be added other con- 
sideration. If we suppose the earth to move, the phenomena of 
the diurnal motion, and those of the precession of the equinoxes 
and nutation, become extremely simple ; on the contrary suppo- 
sition they become in the highest degree complicated. 

The earth is a globe of less than 4000 miles radius ; the 9un 
is incomparably larger. If the centre of this luminary coincided 
with that of the earth, its radius would reach to twice the dis* 
tance of-tbe moon, and its volume would fill a space of this vast 
extent. 

Is it not then infinitely more simple to suppose, in our globe, a 
motion of rotation already indicated by so many striking analo- 
gies, than to consider the immense mass of the sun as describing 
each day, about us, a circuit of nearly 600 millions of miles f 
What foixie can we imagine sufficient to retain it in its orbit, and 
counterbalance its centrifugal force ? But this is the least of the 
difficulties. We must suppose similar motions in the planets, 
comets, and satellites, each in exact proportion to its distance, 
and all perfectly agreeing with each other, as if previously con- 
certed. Nay more, we must extend these motions to the im- 
mense multitude of fixed stars with which the heavens are 
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crowded ; and all these bodies, whose distances are too gf eart 
even for the imagination to conceive, must revolve together eack 
day about an imperceptible point, with the most perfect regu- 
larity, and with a velocity truly appalling. 

If, in studying the phenomena of nature, the simplest laws are 
always to be preferred ; if we are to follow analogy and to be 
guided by it in tracing a series of phenomena to their tru© 
causes ; if, in fine, we are to be convinced of the truth of a pro- 
position, when all the arguments point to it, centre in it, and con- 
spire to give it an extreme simplicity ; then we must regard the 
rotation of the earth, as one of the best established physical 
truths. We shall in future consider this doctrine as established, 
and shall refer to it all the appearances presented by the diumat 
motion of the hcavens« 

493. The annual motion of the earth is indicated by proofs no 
less numerous and powerful. 

In the first place, since all the planets with their satellites and 
the comets, revolve about the sun, analogy leads to the conclu- 
sion that this is the case with the earth also. 

This reasoning derives additional weight from the circumstance 
of the motions of the satellites, by which it appears that the 
sfnaller bodies of the solar system revolve about the larger. 

The conclusion is rendered still more probable by a reference 
to the thii-d law of Kepler, that the squares of the times of the 
revolutions of the planets about the sun, are proportional to the 
cubes of their mean distances. The earth, on the supposition 
that it is in motion about the sun, is included in this law. 

It is in vain to urge the difficulty of moving a mass like the 
earth, and impressing upon it a velocity of 20 miles in a second, 
without our being able to perceive it ; since Jupiter, which b 
1000 times larger than the earth, revolves also about the sun f 
and by considering the earth at rest we must necessarily sup- 
pose Jupiter to revolve about it, which would be a still greater 
difficulty. 

But the forces of nature are not to be measured by our feeble 
standard ; the greater or less velocity in the heavenly bodies, 
would not be a decisive argument, if these results were not ac- 
companied by another more powerful consideration, that of ex- 
treme simplicity. 
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ladeed, if the earth revolves about the sun, the laws of its 
motion are not distinguished by any peculiarity ; they are the 
6aine as in the case of the other planets ; but if we suppose the 
•earth at rest, we roust admit that the sun in its annual revolution, 
carries with it through the ecliptic, the orbits of all the planets ; 
accordingly all the analogies are destroyed, and the motions of 
^hese bodies become extremely complicated. 

Lastly, the aberration of light affords a sensible proof of the 
annual motion of the earth, as the deviation of falling bodies 
does of its rotation. This we now proceed to explain. 



Aberration of Light. 

494. Vision appears to be produced by the impulse of lumi- 
nous particles upon the nervops membrane, situated in the back 
part of the eye, called the retina. The direction in which these 
particles strike the globe of the eye, determines the straight line 
to which we refer the situation of the object from which they 
emanate; and if the series of particles which compose the lumi' 
nous ray, has been bent in its course by any cause whatever, we 
suppose the objects placed in the prolongation of their last direc- 
tion, as is the case in atmospherical refraction. 

Let us now suppose an observer, at rest, to receive luminous 
rays, which proceed from the object to the eye in straight lines ; 
this observer will see the object in the prolongation of these rays 
and in their true place. But if the observer himself be in mo« 
tion, and his velocity sufficiently great to be compared with that 
of light, the eye, by the effect of this motion, would itself impinge 
upon the luminous particles ; it would, therefore, receive in its 
turn, and in the opposite direction, an impulse or impression, com* 
pounded of the velocity of light and its own velocity. Accord* 
ingly, the luminous particles would appear to this observer to 
arrive at his eye in a direction different from their true course. 

Thus, if a person on lx)ard a steady boat, under sail or pro- 
pelled by steam, should endeavour to hold a tube so as to catck 
drops of rain or snow, that may be supposed to fall perpendicu* 
larly, he would be obliged to incline the tube in the direction of 
his BQotion in order that the drops might describe lines parallel 
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to the axis, that is, the tube must form the diagonal of a paral- 
lelogram, the sides of which would be the velocity of the boat, 
pnd that of the falling drops. , 

If the earth have really a progressive motion round the son, it 
must produce a similar effect upon the light coming from th^ 
heavenly bodies, and the impression of this light upon the eye 
cannot take place in the actual direction of the rays. This is 
what actually happen?, and it constitutes what is called the 
aherration of light. Let us endeavour to determine the circum- 
stances of the phenomenon. 

The problem, considered under its most general aspect, re- 
solves itself into this ; the body from which the light comes and 
the observer being both in motion, according lo any given laws, it 
is required to determine, at each instant, the angle comprehended 
between a visual ray drawn to the apparent place of the body, 
and one drawn to its true place. 

To begin with the most simple case, let us first suppose the 
body from which the light comes, at rest, and the earth only in 
*** *M, motion. Then, at any given instant, let S represent the body, 
and T the earth, both being considered as points. The visual 
ray 57* represents the direction in which the light actually 
comes from the body to the earth. But the observer will not 
see the body in this direction ; for being himself in motion, ac- 
cording to the line TT^, he impinges against the luminous parti- 
cle with all his velocity ; and, as he believes himself at rest, he 
attributes this effect to a proper motion in the light in a contrary 
direction. Hence a sensation is produced compounded of the 
. real velocity of the particle, in the direction Sr, and the sup- 
posed velocity in the direction Tt^ opposite to the motion of the 
earth* This composition of motions produces in the eye of the 
observer an impression exactly similar to that which would have 
taken place if he had been actually at rest, and the luminous 
particle had impinged upon the eye in the direction of the result- 
ant of the two velocities. Accordingly, to obtain the apparent 
direction of the visual ray TS'^ we proceed upon the principle 
of the composition of forces, and take, in the prolongation of the 
true ray ST, beginning at the point T, a line Ts which repre- 
fients the proper velocity of light ; then in T f, which represents 
the earth's motion, and in a direction opposite to this motion, we 
take ^ liue T I, representing the earth's velocity ; and lastly, with 
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the lines Tt and Tij we construct the parallelogram RiT». 
The diagonal RT9 of this parallelogram, being indefinitely pro- 
duced, will be the apparent direction of the visual ray, at the 
instant the observer receives it ; and the angle STS\ formed by 
this diagonal and the trae visual ray, will be the aberration 
which light undergoes in consequence of the earth^s motion. 

We pass now to the general case in which the observer and 
the body are both in motion. At the instant the obaerver re- Fig* 109. 
ceives the impression of the luminous ray, let T represent the 
earth, and S the true place of the body. Then TS will be the 
true visoal ray. But the luminous particle which reaches the 
earth at this instant, will not have emanated from the body in 
this direction ; for, on account of the successive transmission of 
light, wiien the body is in S, the light which it emits at this point, 
will not reach the earth till after a certain interval. To deter- 
mine the point S^, whence the luminous ray emanated which 
arrives at the earth in 7, at the instant when the. body is in S, 
it is necessary to go back a little in the orbit, and take the arc 
SS'^ equal to the path described by the body during the time 
light employs in passing from S to T, in virtue merely of its mo- 
tion of emission. Indeed, when the body is in S\ the light 
which it emits in the direction S^F% parallel to 5T, is acted upon 
by two velocities ; one is the motion of the body in the direction 
9S^ and the other the motion of transmission, in the direction 
ST', equal and parallel to ST. These two velocities may be re* 
presented by the straight lines S'S and S^P, since these lines ex- 
press the effects produced in the same interval of time. Conse- 
quently, if we construct, on these lines, the parallelogram S'STV', 
the true absolute motion of the particle will take place in the 
direction 5^7, and the particle will reach the earth in 7*, at the 
instant the body arrives at S in its 'orbit. 

This construction supposes the arc S'S to be so small that it 
may be considered as rectilinear; and in the cases which occur 
in the solar system, the motion of bodies is so slow compared 
with that of liglit, that the supposition involves no perceptible 
error* 

If we would obtain this composition of velocities about the 
point T, as in the case first considered, it would be necessary to 
draw through this point a line Ts' parallel to SS'^ the path of 
the body, or to its tangent at S'^ and in the direction of its proper 
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motion. In this line we take Ts' to represent the velocitj 
of the body in S'» In the same manner we prolong the direc- 
tion ST of the true visual ray, and take the line Ts to repre- 
sent the velocity of transmission. We then construct the paral- 
lelogram rsTs^ and its diagonal r T, will be the true direction 
of the luminous ray, which reaches the earth in T, at the instant 
the body is in ^. 

Now the luminous particle, upon arriving at 7, in the direction 
ST, is met by the observer, with all the velocity of the earth^s 
motion, and the compound sensation thus produced, is such that 
the observer does not see the body in 8^, in the true direction of 
the luminous ray, but in advance of this direction, for instance, in 
S^\ This case is evidently comprehended in that first considered. 
To find the direction of the apparent ray TS^\ a composition is 
necessary between the resultant Tr, which indicates the true 
direction of the luminous ray, and the velocity t T of the earth, 
taken in a contrary direction to its actual motion ; in other 
words, we must obtain the resultant at the point T of the three 
velocities Ts^ 7V, 7"^ of light, the body, and the earth; the 
two first being taken in their actual directions, and the last in a 
direction opposite to its actual motion. This resultant will ex- 
press the direction TR of the apparent ray ; and the angle STS'^ 
formed between this ray and the line 7*5, drawn at the same 
instant, from the eye of the observer to the true place of the 
body, will express the aberration sought. 

Let us now endeavour to unite all the elements of this calcula- 
tion, and then compare the results with the aberration. 

It is proved by the eclipses of Jupiter's satellites that light em- 
ploys 8' 13^^ in passing through the mean radius of the earth's 
orbit. For the sake of simplicity, we shall first consider the 
orbit as circular, and neglect the inequalities of the annual mo- 
tion. This motion, upon the hypothesis under consideration, is 
to be attributed to the earth ; which describes in its orbit, in the 

' 360^ X 81' 3" 
space of 8' 13'', a small arc equal to -^-—--__, or 2(^,25. 

The velocity of the earth, therefore, is to the velocity of light as 
Topui48. 2(y',25 is to 206264'',80 the value ^f the radius expressed in 
seconds. 

Accordingly, by supposing the primitive direction of light per- 
pendicular to the earth's radius, as it would be, if, for cxaropFe, 

Digitized by LjOOQ IC 



Aberration of LigkU 8 1 ^ 

the body from which it comes, be situated in the pole of the 

ecliptic, and at an infinite distance, the apparent direction of the- 

ray will be the hjpothenuse of a right*angled triangle, of which 

one side, perpendicular to the ecliptic, would be 206264^^80, 

and the other situated in the plane of the ecliptic 20^^,25 ; so that 

the angle of aberration will have for its trigonomelfical tangent 

20" 25 
2Qfi2fil ^^ ; and as the denominator is the radius reduced to 

seconds, it is evident that the value. of the angle itself will be 
20^^,25. This is the greatest possible deviation. A similar cal- 
culation will give the quantity of aberration in any other case. 
As the earth passes through its orbit about the sun, and contin* 
ually changes its direction, it is evident that the luminous ray 
moving constantly before it, must also change its direction with it. 
Hence it follows that we never see the heavenly bodies in their 
true places ; that, in consequence of this aberration, the appa- 
rent place must oscillate about the true one, and that the period 
of these oscillations must be exactly a year. 

The earth's motion of rotation must produce analogous effects ; 
but this motion being, even at the equator, only ^^ of the annual 
motion about the sun, the effect must be less in the same proper- 
tion, and may, therefore, be neglected in the first approximation. 
495. These very remarkable phenomena are necessary con- 
sequences of the earth^s annual motion ; let us see whether they 
are confirmed by observation. 

We find in fact that they are so, very exactly. All the stars 
appear to describe annually in the heavens small ellipses, the 
dimensions of which are precisely those which result from the 
preceding theory. 

To verify this fact, we observe, each month, the declination 
and right ascension of a star, and make allowance for the changes 
which result from precession and nutation. If the star has no 
other motion, real or apparent, it must be found, after these cor^ 
rections, always in the same place ; but this is never the case. 

Take, for example, the variations in declination and right 
ascension of the three very bright stars, Regolus, Capella, and 
Lyra, observed at Paris, each ;nonth during a year. The sign 
+ indicates increase ; and — diminution. 
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Longitude of the Sun 


Change in Right Ascension 


Cbange in DeclinalioD. 


Reguhu. 


Capella. 


Lyra. 


ReguluB. 


Capella. 


Lyi^ [ 


o 

♦Vernal equi. 


0^00 


// 
0.00 


0,00 


0,00 


II 
0,00 


II 


30 


— 16,94 


— 12.99 


+ 13,09 


+ 2,69 


— 2,79 


+ M3 


60 


— 17,17 


— 20.70 


+ 23,49 


+ 6,19 


— 6,71 


+ W 


Summer sol. 90 


— 26,6 J 


— 20,99 


+ 28,19 


+ 9,69 


— 10,79 


+ 15,». 


ir. 


— 33,37 


— 14,00 


+ 26,40 


+ 11,8:» 


— 13,80 


+ 24,8t 


160 


— 35,61 


— 1,30 


+ 18,21 


+ 12,60 


— 16,10 


+ 31.8J 


Aut. equi. IftO 


— 32,40 


+ 13,51 


+ 6,94 


+ 11,40 


— 14,19 


+ 31,95 


210 


— 24,88 


+ 26,28 


— 7,10 


+ 8,68 


— 11,40 


+ 38,3; 


240 


— 15,20 


+ 34.08 


— 11,60 


+ 5,18 


— 7,48 


+ 27,60 


Winter sol. 270 


— 5,70 


+ 34,41 


— 22,19 


+ 1,81 


— 3,40 


+ 19.(3 


300 


+ 1,00 


+ 27.28 


— 20.38 


— 0,47 


— 0,39 


+ 10.08 


330 


+ 3,11 


+ 14.71 


— 12,18 


— 1.20 


+ 0,91 


+ 8,01 


360 


0,00 


0.00 


0.00 


0.00 


0.00 


0.0f' 



Each observation, represented bj the numbers of this table, is 
a mean between those of several consecutive days. We have 
chosen those stars which, like Capella and Lyra, pass the meri- 
dian near the zenith of Paris, in order that the irregularity of 
refraction might not be resorted to as a possible cause of the 
variations in declination. As to the variations in right ascension, 
they are determined by the transits of the stars over the meri- 
dian ; and that the changes might not be attributable to errors of 
observation, we have selected those stars whose variations are in 
opposite directions, so that it is absolutely impossible to enter* 
tain any doubt as to the result. 

To render the progress of the variations more intelligible, let 
us construct the curve which they represent. The variations 
being themselves very small, the curve must also be very small ; 
and we may therefore project it on the concavity of the heavens, 
as on a plane surface. Then each position oC the star will be 
referred to two rectangular coordinates, having for their origin 
the apparent position of the star at the instant of the equinox, 
which we have taken as the point of departure. One will be 
the change of decimation from this instant \ the ether will be 



* This equinox is taken as the point of departure, and the iticr«806 
in right ascension «nd declination of the star is reckoned from the 
^uesi which they then had. 
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the difference of right ascension reduced to the origin of the co- 
ordinates, that is, multiplied by the cosine of the declination. 
The method is the same as that we pursued in calculating the 
small ellipse of nutation. 

This construction gives figures 110, 111, 112. These arc 
ellipses more or less flattened, and having different inclinations. 
That of Lyra approaches very nearly to a circle ; that of Ca- 
pella is sensibly flattened, and that of Regulus is almost a straight 
line. But the length of their major axes is always the same, 
and equal to 4(K^,5. 

By comparing these results with the latitudes of the stars, wc 
find that the flattening of the ellipse increases according as the 
star is nearer to the plane of the ecliptic. 

o / // 
The latitude of Lyra in 1800 was 61 44 44 

" Capella " 22 51 44 

" Regulus " 27 30 

The first therefore is very distant from the plane of the ecliptic, 
and the last nearly in this plane. 

496. These results agree perfectly with the theory deduced 
from the motion of the earth. According to this hypothesis, let 
jv jv/jv/^ represent the ellipse annually described by the earth f\^ us. 
about the sun, designated by S. Let E represent the true place 
of a star situated at any altitude whatever above the plane of 
the ecliptic, which is here that of the figure. The luminous 
rays E'P, ET'^ ET"'^ coming from this star to the different points 
P, P', T"'^ of the earth's orbit, may be regarded as parallel to 
each other ; for this orbit, seen from one of the stars, would sub- 
tend so small an angle that it may be considered as a point. This 
being premised, let us determine the position of the apparent ray 
when the earth is at V. For this purpose we take, in the true 
direction of the ray, a straight line T' e, which represents the 
proper velocity of light ; then from the point e, we draw, parallel 
to TY, which represents the direction ,of the earth's motion, a 
lioe€e' to represent its velocity, and the diagonal Tc' will be 
the apparent direction of the luminous ray. If wc repeat the 
same constniciion when the earth is at T" and T"\ the length 
and direction of the lines 7*'«, T'" e, which represent the velocity 
<>f light, will be the same as before ; but the direction and length 
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of ihc lines c c', e e'', which represent the ^'elocities of the earth, 
will change, because the direction and velocity of the earth^s mo- 
tion are ditierent in difTerent points of its orbit. These lines, how- 
ever, will always remain parallel to the ecliptic, since the direc- 
tion of the earth^s motion is always in this plane. The apparent 
rays will thus form about the true ray, TE^ ST'fi, T^E^s, conical 
surface, having this ray for its axis, and having its base parallel 
to the ecliptic, and terminated by a 'plane, oval curve, the radius 
vectors of which will be the velocities of the earth in its orbit. 
If we confine ourselves to the first power of the, eccentricity of 
the earth^s orbit, which is always sufficient for calculating the 
aberration, the curve of the velocities, constructed in this man- 
ner, will be an ellipse similar to that described by the earth, but 
situated at right angles to it. It has for its focus the mean place 
of the star ; and the point nearest the focus, or what may be 
called its periaster^ being seen from the mean place of the star, 
has its longitude equal to that of the aphelion of the earth^s orbit, 
plus a right angle. This same ellipse evidently serves as a base 
to all the cones of the apparent visual rays, whatever be the 
position of the star to which they belong; but the section of 
these cones perpendicular to their axes, and representing the 
apparent orbit of the star, seen from the earth, varies with their 
obliquity to the ecliptic. If we confine ourselves to the first 
power of the eccentricity of the earth^s orbit, this intersection is 
still an ellipse, having its major axis parallel to the plane of the 
ecliptic, and constant for all the stars. The visual angle which 
it subtends on the celestial sphere, is equal to 40^^,5, that is, dou* 
blc the greatest value of the aberration. I'he minor axis is to 
the major, as the sine of the latitude to radius. The star ap- 
pears in the major axis when the axis of the cone becomes per- 
pendicular to the direction of the earth's velocity. It appears in 
the minor axis, when the axis of the cone makes the smallest 
possible angle with this velocity, which takes place when the 
direction of the earthls motion becomes parallel to the circle of 
latitude drawn through the star. If we neglect the eccentricity 
of the earth's orbit, the direction of the earth's velocity is always 
perpendicular to the radius vector, drawn from the earth to the 
sun. Then the star appears in the major axis of its ellipse when 
it is in opposition or conjunction with respect to the sun ; and it 
appears in the minor axis at the quadratures, when its longitude 
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diflfers from the sun's by 90^. In general, its apparent position 
for any given instant may be easily assigned by the foregoing 
theory, and the result is always found to agree with observation. 

We have several limes observed, that when a simple law, and 
one which is capable of a mathematical enunciation, satisfies a 
great number of independent observations, with the exception of 
some slight irregularities and variations, this law may be regard- 
ed as more exact than the observations themselves, and may be 
employed to correct them. This is the case with (he phenome- 
non of aberration. Since it agrees so well with all the observa- 
tions of the stars, we cannot doubt its reality. If then we con- 
sider its existence as demonstrated, its exact measure is lo be 
determined not from a single observation, but by a variety, in 
order that the errors, if there be any, may be compensated and 
destroyed in the mean result. 

For this purpose we must begin with admitting the fact and 
the cause of the aberration as now explained ; and then, with 
these data, proceed to construct formulas which shall express the 
apparent motions of any star, whose position is known. The 
whole process is founded on the single principle of the composi- 
tion of forces. 

But this only fixes the law of these variations ; it still remains 
lo determine their absolute numerical value. For, although we 
might deduce it from the velocity of the earth compared with 
that of light, as ascertained by the eclipses of Jupiter's salellites, 
yet, since this supposes the motions of the satellites perfectly 
known, some doubt might remain with respect to the accuracy 
of the results thus obtained. We proceed then to determine it 
simply from observations of the stars. 

For this purpose we reverse the problem. We suppose the 
changes of the apparent places of several of the stars, in decli- 
nation and right ascension, to have been accurately observed. 
W^e make these results equal to. the algebraic expressions which 
represent them according to the theory ; then the absolute quan- 
tity of the aberration is the only unknown quantity ; and each 
equation of this kind will enable us to determine it. But to avoid 
the small errors to which observations are liable, we form a 
great number of equations of this kind, several thousand, for ex- 
ample, and take the mean of the whole. It is also evident, that 
to obtain the utmost accuracy, the changes observed must be the 
greatest of those to which the star is subject. ^.^.^.^^^ by LjOOgle 
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Such was the course pursued by the celebrated astronomer, 
Dr Bradley, to whom we are indebted for the discovery of the 
phenomena of nutation and aberration. In the roemoir in which 
he gave an account of this last, he relates that he observed for a 
long time the zenith distances of a great number of stars, with a 
mural quadrant of 12 feet; and that he afterward corrected 
these distances for the precession of the equboxes* Nutation 
was not then known, but the variations on this account are very 
small in the interval of a year. The corrections being made, he 
found that the greatest annual variations in declination were, as 
follows; 

For 
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By making these results equal to their algebraic expressions, 
he obtained for the major axis of the ellipse of aberration, the 
following values ; 

For 
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40,0 



Mean 40,4 

By combining, in this manner, several thousand observations of 
Dr Maskclyne, and correcting for the annual change of nutation, 
M. Delambre obtained for the result 40'',4925 he also ebtained 
one precisely similar by a profound examination of a great num- 
ber of Jupiter's satellites. 
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Hitherto we have considered only the aberration of light aris- 
ing from the progressive motion of the earth in its orbit. If it 
be true, as numerous considerations seem to indicate, that the 
diurnal motion of the heavens, is, in like manner, only an ap- 
pearance caused by the actual rotation of the earth on its axis 
in a contrary direction, this motion must also produce an aber- 
ration in proportion to its velocity, much less consequently than 
the former but yet worthy of being subjected to calculation, if it 
were only for the purpose of being assured that it is insensible. 
We proceed in this case also upon the same principle of the 
composition of forces, and we thus obtain an expression for the 
effect in question upon the right ascension and declination of the 
heavenly bodies. But this effect is so minute that it has hitherto 
been confounded with the errors of obserration. 

If from the earth we pass to the other bodies which compose 
our system, it is obvious that the proper motions of these must 
also be impressed upon the light which they send to us, and 
hence roust result another species of aberration. These effects, 
and all others of a like nature, are calculated upon the same 
principles. We consider all the motions of the observer and of 
the body from which the light comes, as so many forces acting 
upon Che luminous panicles ; and, upon the principle of the com- 
position of forces, we determine the direction of the resultant to 
which the observer always refers the luminous particles which 
enter the eye. 

Finally, if the solar system be also in motion in space, by vir- 
tue of a primitive impulse common to all the bodies of the sys- 
tem, as the rotation of most of these bodies would Jead us to 
believe, the velocity of this motion of translation, combined with 
the preceding, and with 4^e proper vobcity of light, will pro- 
dace still another species of aberration. But the displacement 
of the planetary system, although very probable, is not yet ran- 
dered sensible by modern observations, the only ones which are 
sufficiently exact to enable us to calculate its direction and velo- 
city. Accordingly, until we are able to determine these two 
elements, the unequal aberration which this motion must produce 
wilh respect to the different stars, in consequence of their differ- 
ent positions, will be confounded with their proper motions, with- 
outpour being able to separate them. 
497. As yet we have only considered the velocity which light 
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receives from the molion of the heavenly bodies, of vrhicb it 
partakes. But we know bj experiment that all transparent 
bodies, through which light passes, modify its velocity by their 
action. Thus the atmosphere which surrounds us increases the 
velocity of the luminous particles whii^h enter it from void space. 
This velocity is also very sensibly changed by passing through 
the glasses of our telescopes and the humours of the eye. Among 
all these velocities, which shall we select to be compounded with 
the motion of the earth ? Is astronomical aberration liable to be 
affected by all such causes, or is it independent of them ? These 
are questions, which, on account of the frequency of their occur- 
rence and the consequences they involve, deserve to be seriously 
discussed. 

That the problem may not be too complicated, let us neglect, 
for the present, the action of the atmosphere, as it is very incon- 
siderable. It will be shown hereafter that this action, whatever 
be its intensity, can have no influence upon the phenomena of 
aberration. 

Almost all astronomical 'observations consist in determining 
the instant when the centre of a heavenly body is concealed by 
a wire which moves with the earth, but whose position on its 
surface is known. Such are the wires of our micrometers. Let 
us first consider how these occultations take place, regard being 
had to the simultaneous motions of light and the earth ; and, to 
/ simplify the problem, let us leave the glasses of the telescope 
out of the question, and consider the observation as made with 
the naked eye. 

Supposing the observer to look through a tube, the axis of 
which is determined by fine wires crossing each other at its ex- 
tremities ; our object is to find the real direction of this axis in 
space, when the centre of the heavenly body is concealed be- 
hind the intersection of the wires. 

We have said that this direction is precisely that of the result- 
Fig. 114 ant of the two velocities of light and the earth in space. For 
instance, let S be the body from which the light comes ; STj 
52^, the real direction of the luminous rays, and TF the length 
of the tube employed. If the observer at T directs the tube 
according to the resultant of the two velocities, the lines T7^, 
2^F, will be proportional to these velocities. Consequently, if 
there Is no obstacle in the interior of the tube, the luminous par- 
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tide, entering it at F^ in the direction SF^ will pass freely 
through it, as it moves parallel to itself; and this' particle will 
arrire at T' at the instai^t the earth arrives there. Reciprocally, if 
the luminous particle passes freely along the axis of the tube, we 
must conclude that this axis is directed parallel to the resultant 
of the two velocities, for this position is the only one in which 
the particle could pass through the tube without encountering its 
sides. Now this case is always that which takes place when we 
see the body at the intersection of the wires. The luminous 
particle intercepted is then the same which would have come to 
the observer at T\ in the direction SV ; and as all those which 
precede it come to the eye, it is at the point T' only, that the 
eye perceives the interruption of the luminous ray. 

If we compare, under these circumstances, the apparent motion 
of the luminous particle coming from the body, with that of the 
luminous particles coming from the wires which determine the 
axis of the tube, we shall find that these two motions are abso- 
lutely the same. Por, at the moment the light from the body 
arrives at jP, the entrance of the tube, in the direction SF^ and 
with the velocity F'P^ if we suppose the wire, placed at F, at 
this same moment, to emit a luminous particle with the same 
velocity, in the same direction, these two particles will necessa- 
rily accompany each other from F to 2^, and will arrive at the 
eye at the same time and in the same direction. 

If we would consider simply the relative motion of these two 
particles with respect to the observer, we have only to decom- 
pose their proper velocity SF into two others t F and S'F, the 
first being equal and parallel to the motion of the earth ; then 
the other S^F^ will express their apparent direction and velocity ; 
for the observer always leaves out of consideration the motion 
which is common to himself and the object observed. Thus the 
two particles would still pass the tube together, as before. 

If now we suppose any cause to act upon the two rays in the 
direction of the component S^F^ so as to increase their velocity, 
it is evident that this would produce no change in their direction 
with respect to the moveable axis of the tube ; only they would 
arrive at the eye a little sooner than before. Thus, when a 
miasket is properly ai.med by a skilful marksman, the ball 
always reaches its destination, whatever the force of the charge; 
only this is effected sooner or later, according as the force i^ 
greater or less. . oorrIr> 
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Such precisely is the effect produced by the object glasses of 
our telescopes upon the apparent rays, and such is, in general, 
the effect of all the refracting media employed in the construc- 
tion of these instruments. The extreme surfaces of the media 
being perpendicular to the optic axis of the tube, and conse- 
quently to the direction of the apparent ray, they serve only to 
accelerate its velocity, but do not change its relative direction 
with respect to the observer. For example, in our common 
astronomical telescopes, where the wires of the micrometer are 
placed at the focus of the object glass, the course of the lumi- 
nous particle coming from the object, is first accelerated in tra- 
versing the object glass ; then, at its emergence, it receives the 
velocity which it had before. It experiences a similar increase 
in traversing the eye glass, and resumes its primitive velocity at 
its emergence; but, during this whole passage, and notwithstand- 
ing ail these variations of velocity, its apparent direction does 
not change ; it remains constantly the same as that of the lumi- 
nous particles, which emanate from the wire of the microme- 
ter, with the same velocity, whether absolute or relative, and the 
same direction. In a word, the moment we decompose the pro- 
per velocity of light into two directions, of which one is equal 
and parallel to the velocity of the earth, the luminous particle 
becomes a terrestrial object ; only its apparent velocity is not 
Fig. 114 that of ordinary light ; it is represented by S^F. 

We see then that the increase of velocity, produced in lumi- 
nous particles by optical instruments, parallel to their apparent 
direction, has no effect except to hasten the instant of their arri- 
val. But as the velocity of light is extremely great, the abso- 
lute time employed in traversing our longest instruments is insen- 
sible lo our organs, and consequently the acceleration produced 
between the object glass and the eye, is likewise insensible. If 
we were to form object lenses of substances having the greatest 
refracting power ; if we were to fill the tube with water, as Bos- 
Covich proposed ; or even if we were to make this tube of dia- 
mond which accelerates the velocity of light more than any 
other known substance, still the acceleration thus produced, 
would not make the luminous particles visible a hundred mous- 
andth part of a second sooner; and consequently would not 
vary by the hundred thousandth part of a second, the instant 
when the object would be actually found in the apparent direc- 
tion above determined. 
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But if we observe the luminous particle coming from the ob- 
ject through a medium whose refracting actidn is not exerted 
parallel to the apparent direction of the ray, for example, 
through prisms which cause a deviation in the luminous raj, 
we must perceive this small difference of velocity which distin- 
guishes the apparent direction, from that which the light would 
have taken, in virtue simply of its motion of emission ; for the 
deviation which these bodies produce, differs from that which 
they would produce upon a ray of light emitted naturally 
through a terrestrial body in this same direction. By accurately 
observing this difference of deviation, we can deduce from it, by 
calculation, the difference of the velocities and their ratio. Then, 
in the parallelogram S i FS', we know the ratio of the side FS, 
which expresses the proper velocity of light, to the side S'F which 
expresses its apparent velocity. We know also the angle S'SJP, 
comprehended between tKe direction of the earth^s motion, and 
the real luminous ray at the instant of observation. With these 
data we can calculate the angle of aberration SFS^j and the ratio 
of the sides SF and SS', which represent the proper velocity of 
light, and that of the earth. By repeating the process for different 
stars, we can determine whether the proper velocity of light is the 
same for each. We may even hope to render sensible the small 
differetK:e of velocity which takes place in the motion of the 
earth at different seasons of the year in consequence of the ellip- 
ticity of its orbit. This method, which determines the aberra* 
tion by observations made with the prism, would seem to be; the 
more exact, since by increasing the refracting angle of the 
prism, we increase the deviation which it produces, so as to ren- 
der it much greater than the natural value of the angle of aberra- 
tion observed directly. At the suggestion of Laplace, this meth- 
od was employed by M. Arago ; but he found, very differently 
from what we should expect, that all light, whether terrestrial or 
celestial, direct or reflected, undergoes exactly the same devia- 
tion, whatever be the direction in which it is emitted.* It might 

* The prism which M. Arago used in bis experiments, was placed 
before the object glass of a repeating circle in such a manner as to. 
cover only a part of it^ so that he could observe successively the 
direct luminous ray through the telescope simply, and the same ray 
deflected by the prism. In taking an account of the time at which 
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he thought (hat this anomaly was owing to the difficuhy of ob- 
serving exactly the centre of the refracted image, since in these 
experiments, the action of the prisms always decomposes the 
light and dilates the image of the luminous point, in the form of 
an oblong coloured spectrum* But no such cause of error exf 
isted in the experiments of M. Arago ; he made use of an achro- 
matic prism, composed of flint and crown glass, adapted to each 
other in such a manner as to recompose the light with great ex- 
actness ; so that the image of the heavenly body, seen through 
this prism, was almost as much concentrated as if- it had been 
observed through media with parallel faces. 

This equality of deviation which appears at 6rst view directly 
contrary to Newton's theory, admits nevertheless of being re- 
ferred to it, as M. Arago has shown, by supposing thait luminous 
bodies send out, in all directions particles of light endued with 
an infinity of diflercnt velocities, among which there is only one 
which is suited to our organs, and which can produce in us the 
sensation of light. This idea agrees with a discovery made 
some years since by Sir W. Herschel ; namely, that when we 
decompose light by a prism, there are, without the coloured spec- 
trum, invisible rays, which cause a higher temperature than the 
luminous rays themselves, and which are even capable of pro- 
ducing chemical effects, as Dv Wollaston and M. Ritter have since 
observed. But, on the other hand, if we admit that each point 
of a body sends an infinite number of particles of different velo- 
cities ill the same direction, it would seem that many of these 

the two observations were made, the heavenly body was reduced, by 
calculation, to the same height above the horizon. The difierence of 
the angles observed directly and through the prism, would give the 
deviation experienced by the luminous ray. By observing tbu$ the 
stars of the ecliptic which pass the meridian at six o'clock in the 
evening, the earth which turns upon its own axis, as well as about 
the sun from west to east, would proceed in its orbit in the same 
direction with the light of these stars, and consequendy this light 
would have, upon arriving at the prism, only the difference of the 
two velocities. The contrary would take phce with i*espect to stars 
which passed the meridian at six in the morning, and the earth would 
be mo\ing in a contrary direction to that of the light from the stars. 
But this opposition, which must have caused a difference of 5(r in 
the observed deviation, did not produce any appreciable change. 
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particles must impinge against each other in their passage from 
the body to us; and it is difficult to comprehend how there 
should always remain some which preserve the same velocity* 
These considerations and many others prove that our know- 
ledge of the nature of light is yet very imperfect. We re- 
mark, nevertheless, that the experiments of M. Arago, only 
evince still more strongly the necessity of calculating the ab- 
errations of all bodies, with the same value for the velocity of 
light, whatever be the direction in which their light arrives, and 
whatever be the nature of the instruments employed. 

In what precedes we have neglected the action of the earth'a 
atmosphere upon light ; but by applying to it the general con- 
siderations above stated, it is equally easy to calculate its influ. 
ence upon aberration. In the first place suppose the star situ- 
ated at the zenith in order to avoid the effects of refraction ; in 
this case, if we decompose the proper velocity of the luminous 
particle, at the instant it enters the atmosphere, and resolve it 
into two others, one of which is equal and parallel to the mo- 
tion of the observer; the other, which is that of the apparent 
direction, will be parallel to the earth's radius, and consequently 
perpendicular to the atmospheric strata. The action of the air 
will have no other effect except slightly to accelerate the motion 
of the luminous particle without changing its apparent direction. 
But the atmosphere is so rare and light employs so little time in 
traversing it, that the effect of this acceleration is altogether insensi- 
ble. For the distance of the sun from the earth is equal to 23578 
times the earth's radius. If we suppose the height of the atmo* 
sphere to beyj^ of the earth's radius, it will be ^ ^-|y^ ^ of the dis- «88. 
tance of the earth from the sun. Now, light passes through 23578 
times the earth's radius in 8^ 13'^. Accordingly, with this same 

8' 13" 
velocity, it would traverse the atmosphere in — ^st;^^ 'f ^^^ ^^' 

235/800 

mosphere were diamond, its action would double this velocity, 

and the time would be diminished one half, that is, it would be 

4' 06" 
expressed by - — -—- ; this acceleration would, therefore, be 

altogether insensible, and yet it surpasses several thousand times 
that produced by the atmosphere. 

But if the luminous particle enter the atmospheric strata ob- 
liquely, as is the case when we observe bodies in the horizon ; 
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then the action of these strata, becoming oblique to the apparent 
direction of the particle, must, it would seem, not only accelerate 
it, but cause it to deviate unequally according to the directioii 
and intensity of its velocity. The aberration must then be un- 
equal for different stars according to their position and apparent 
altitude* But it is easy to perceive from the experiments of M« 
Arago, that this effect is absolutely nothing, for the action of the 
atmosphere in this case is analogous to that of the prism. Be* 
sides, independently of this result, the refracting action of the 
atmosphere is so feeble, and the total deviation produced so 
small, that the inequalities of velocity in the luminous particles 
cannot manifest themselves in a sensible manner; for, under 
the most favourable circumstances, supposing the proper motion 
of the particle to conspire with the motion of the earth, or to op- 
pose it, we find, by calculation, that the change in the refraction 
of the ray, arising from this change of velocity, would not be 
more than yV^ of a second, even at th^ distance of 79^ or 80^ 
from the zenith ; which is about the limit at which we can make 
accurate observations, the atmospherical refraction near the hori* 
zon being irregular. Hence the star would vary only about yf^ 
of a second on one side and the other of its mean place, in viiv 
tue of the changes produced in the apparent velocity of its light ; 
and as the effect would be still less sensible when the zenith dis* 
tance is less, we might neglect it altogether. But, as we have 
already observed, the observations of M« Arago prove that this 
difference is not only very small, but is to be considered as ab- 
solutely nothing. 

It now remains to consider the variations of apparent direction 
and velocity which the luminous particles undergo in the hu- 
mours of the eye. As to the change of apparent direction, we 
must conclude from what precedes, that it will be nothing when 
the strata of the eye are perpendicular to the direction of the 
apparent ray, that is, when vision takes place directly through 
the centre of the pupil, as is ordinarily the case when we look 
through optical instruments. The whole is then reduced to an 
increase of velocity in the luminous particle while traversing the 
eye ; a distance so small that the effect must be perfectly insen- 
sible. The only error, then, must take place when the eye is in 
an oblique position ; for, in this case, although the rays coming 
from the object and those from the micrometer with which we 
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compare it, would fall upon the globe of the eye in the same direc- 
tion, yet as they have different velocities, the refraction resulting 
from their obliquity, might be unequal ; and though the image of 
the wire and the image of the star coincided at the retina, yet their 
directions out of the eye might be really different. The error 
resulting from this cause might be very considerable ; for the 
refracting force of the aqueous and vitreous humours of the eye 
is nearly equal to that of distilled water ; and that of the crys- 
talline much greater ; so that the deviation produced by these ' 
substances would seem to be important. But the experiments 
made with the prism, prove thtit even under these circumstances, 
the error in question does not exist; for the globe of the eye 
and the humours which fill it, act upon light precisely like the 
prism in the experiments of M. Arago \ and consequently, in this 
case, as in the other, the obliquity of the refracting surfaces will 
produce no apparent deviation* 

From these considerations, it appears that the aberration pro* 
duced by the motion of the earth, is always independent of the 
instruments made use of. For when the action of the refracting 
media is parallel to the resultant of the velocities of light and of 
the earth, which is most commonly the case, theory shows that 
there can hence result no change in the. apparent direction of the 
luminous particles, because the composition of the two velocities 
must take place at the instant the luminous particle encounters 
the terrestrial object ; and in the other case, where the oblique 
action of the refracting media tends to alter this direction, it is 
proved by experiment, made with a prism, that the apparent 
deviation is still insensible, for reasons not yet well understood. 

The theory of the aberration of light completes our knowledge 
of the general motions observed in the apparent positions of the 
stars. By applying a correction for this aberration, as well as 
for precession and nutation, all the apparent motions disappear, 
and the whole system of stars becomes immoveable, with the 
exception of some slight proper motions, which are not subject 
to any known law* 

After this perfect agreement of theory with fact, we cannot 
but admit that the aberration of light is a striking proof of the 
earth's progressive motion. We have already mentioned that 
the discovery is due to the celebrated Dr Bradley, who was also 
the first to recognise the effects of nutation* 
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498. If we recollect that all the celestial phenomena are con* 
sistent with the earth's motion, and are represented upon this 
hypothesis much more simply than upon any other ; if we call 
to mind all the analogies which indicate this motion, and which 
must be destroyed by the contrary supposition ; and lastly, if 
we add to all this, the striking proof furnished by the phenome- 
na of aberration, we cannbt doubt that the earth has two motions, 
one on its axis, and the other round the sun* Accordingly, we 
shall henceforth consider this conclusion as an incontestible truth. 



Stations and Retrogradations of the Planetst 

499. When in physical inquiries we are so fortunate as to 
arrive at the truth, it not only enables us to predict new phe* 
noimena, but serves also to account for those which were before 
inexplicable ; the facts already ascertained throw light upon one 
another, and the discovery of a new law helps to simplify those 
before known. This is the peculiar characteristic of truth, and 
the surest indication that we have discovered it. 

500. We have a striking instance of what is here advanced, 
in the explanation of several intricate phenomena, presented by 
the motion of the planets, as seen from the earth. This motion 
does not always appear to be directed the same way, as it really 
is when seen from the centre of the sun. Sometimes it is from 
west to east, or in the order of the signs, sometimes retrograde, 
and sometimes the planet seems stationary. Thus, when Venus 
passes beyond the sun with respect to the earth, its motion, com- 
pared with the stars is direct ; when it passes between the earth 
and the sun, it appears to be retrograde ; and in going from one 
of these states to the other, the motion becomes insensible, and 
Venus seems stationary. The same is true of Mercury. The 
superior planets present analogous appearances; they are direct 
in their conjunctions, and retrograde in their oppositions. These 
phenomena are called the stations and retrogradations of the 
planets. 

501. Vfki respect to Mercury and Venus, they are easily 
explained upon any hypothesis; for their orbits do not embrace 
the earth; and as they always revolve about the sun in the 
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same direction, from we&t to east, their motion must appear to be 
direct when they go from their western to their eastern elongation, 
passing beyond the sun; and retrograde, when they return from 
their eastern to their western elongation, passing this side of 
the sun. The annual motion of the earih or that of the sun, 
would only modify these appearances, by varying the points of 
the stations. 

But the phenomena presented by the other planets are not so 
easily explained. It would seem, indeed, that their motion must 
always appear to be direct, since we are placed within their or- 
bits, and since they always move in the same direction about the 
sun. But it must be remembered that the sun carries with it, in 
the ecliptic, the orbits of these planets. This motion may, in 
certain cases, be contrary to the motion of (he planets, and, in 
others, conspire with it, according as it is in the same or in an 
opposite direction ; and as the combined effect of these two mo- 
tions determines the apparent direction of the planet, this may 
evidently be the cause of the stations and retrogradations ob- 
served. 

502. But in order to judge how far this explanation agrees 
with the phenomena, and determine whether the supposition 
of the earth's motion represents them with the greatest simpli- 
city, we shall give them a more particular consideration. As 
the same explanation will apply to all the superior planets, we 
shall consider only one, namely, Mars. 

There are times when Mars after being lost in the solar rays, 
appears in the horizon a few minutes before the sun in the morn- 
ing. Accordingly, it is now departing from conjunction. Let 
us follow its motions from this epoch. 

If we observe each day its meridian altitude and right ascen- 
sion, we find that its motion is direct^ that is, from west to east. 
This is known by its dailj increase in right ascension. Mars, 
being therefore west of the sun, moves in the same direction, but 
its proper motion is exceeded by that of the sun. Hence it hap- 
pens that the two bodies recede from each other, instead of ap- 
proaching nearer. At the same time the motion of Mars dimin- 
ishes, and becomes altogether insensible, after an interval of 
about one year. Mars is then about 137^ distant from the sun ; 
and for some days, when referred to the stars, appears station- 
ary. After this its motion i^ retrograde, that is, from east to ^ 
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west ; and as the sun, on the contrary, always moves from west 
to east, these two bodies recede more rapidly from one another. 
In this way Mars arrives at a distance of 180^ from the son. 
It now sets when the sun rises, and is in opposition with respect 
to the earth. At this point its retrograde velocity is greatest. 
Continuing its course in this direction, Mars approaches nearer 
and nearer the sun, and the opposite motions of the two conspire 
to diminish the angular distance which separates them. But, at 
the same time, the retrograde velocity of Mars diminishes, and 
becomes nothing when the angular distance is again 137^. Then 
Mars, compared with the stars, appears stationary. The arc of 
retrogradation which it describes in the heavens is about 16^, 
and the time employed 73 days* From this point. Mars resumes 
its direct motion, which tends to make it recede from the sun 
over the part of the heavens already traversed ; but the son, 
having a more rapid motion, gradually approaches it, and 
overtakes it in the interval of about a year. Mars, having now 
returned to its conjunction, is again enveloped in the sun^s rays, 
and becomes invisible. 

503. These irregularities are common to all the superior 
planets, with the modifications which belong to the difference of 
their motions. There is even a sensible difference in the extent 
and duration of the retrogradafions of the same planet on ac« 
count of the elliptical form of its orbit. The following are the 
mean values for the principal planets. 





Angular DUteoces 
between Uie Planet 
and the Sao at the 
instant of being sta- 
tionary. 


Mean Arc of 
Retrograda- 
tion. 


Mean Duration 
of the Retro- 
grade Motion. 


Mean Duration 

of the Synodic 

Revolution. 


Mercury 

Venus 


o / 
1800 
28 48 


O / 
13 30 
16 12 


Dajrt. 

23 

42 


Dayt. 
118 

584 


Mars 


136 48 


16 12 


73 


780 


Jupiter 


115 12 


9 54 


121 


399 


Saturn 


108 54 


6 18 


139 


378 


Uranus 


103 30 


3 36 


151 


370 



504. We proceed to explain these phenomena upon the sup- 
position of the earth's motion. Indeed they follow so naturallj 
and so necessarily that they are alone sufficient to confirm the 
theory. 
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Let O be the centre of the planetary motions. Let the circle 
BCDE represent the earth's orbit, and a larger one B'OiyE% 
the orbit of a superior planet, Jupiter, for example. Let BC^ 
CD, DE, represent equal arcs in the first, and JB'C, OI>, I>E% 
equal arcs in the second, the latter being described by Jupiter^ 
ill the same time that the earth employs in describing the former. 
Those described by Jupiter will contain a less number of de- 
grees than the othec, in proportion as Jupiter moves slower than 
the earth. Suppose now that when the earth is at B, Jupiter is 
at B^ ; it will appear to us to be in B^' on the celestial sphere, 
in the prolongation of the straight line BB\ Now if the earth 
passes from B to C, and Jupiter from B' to O in the same time, 
we shall see the latter pass to C" on the celestial sphere, and 
ks motion will appear direct. Then while the earth moves from 
C io D and Jupiter from C to D', this motion will always ap* 
pear direct ; but gradually the earth will begin to be interposed 
more directly between the sun and Jupiter ; when it is at f*, 
Jupiter will appear in F'\ and wiU appear to be returning back 
on the celestial sphere. In passing from one of these directions 
to the other, there will be a time when it appears stationary, 
namely, while the earth is describing EF. When the earth ar- 
rives at G and Jupiter at G' in opposition with respect to the 
sun, we shall see it in G" on the celestial sphere, and it will now 
appear to have moved backward through the whole arc E*'G"^ 
although in reality it has been constantly pursuing its direct 
course. As Jupiter and the earth continue to move in the same 
direction, the apparent retrogradation will continue also in the 
same manner ; but its velocity will diminish, according as the 
proper motion of the earth becomes more oblique to the visual 
ray drawn to the planet, and alters less the proper motion of 
Jupiter. Finally, when the earth has arrived at a point / in its 
orbit, such that the direction of its velocity is the same as that of 
the visuki ray drawn to the planet, the retrogradation will cease. 
Then if Jupiter is in /^ it will appear in V* on the celestial 
sphere, and will a second time appear stationary. When the 
earth has moved to JT, and Jupiter to K\ it will appear to have 
described the arc I"K*' in the order of the signs. Accordingly it 
will have resumed its direct motion on the celestial sphere. Its 
whole retrogradation then will comprehend the arc E"V\ and this 
will have taken place while Jupiter was describing E'V^ and the 
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earth EL This illustration will apply to Mars, Saturn, and all 
the superior planets ; only the retrogradations are moi'e fre- 
quent in the more distant planets, as Saturn, for instance, because 
the motion is slower than that of Jupiter, so that the earth rejoins 
it sooner. In Mars, on the contrary, they are less frequent, be- 
cause its motion is more rapid* Hence, we see with what wonder- 
ful simplicity the motion of the earth accounts for these perplexing 
phenomena. It is to Copernicus that we are indebted for the 
revival of the hypothesis of the earth's motion which had been 
already advanced' by some of the ancient philosophers, but which 
he first established in a satisfactory manner, by showing how 
simply it accounted for the various phenomena of the heavens. 

If all the planets moved, like the earth, in the plane of the 
ecliptic, and if, moreover, their orbits and that of the earth were 
circular, which would render all their motions uniform, the 
epochs of retrogradation for each planet, would be constant; 
they would return after a synodic revolution, and their duration 
and extent would also be constant. But the inclination of their 
orbits and their ellipticity disturb this regularity, and produce 
variations in the epoch, as well as in the duration, of the retro- 
gradations. Notwithstanding this complexity, it is evident that 
the optical cause of these appearances being known, their exact 
determination is a purely geometrical problem, the solution of 
which is to be derived from formulas, expressing the motion of 
each planet, regard being had to the ellipticity and inclination 
of its orbit. But as the observation of these phenomena is of no 
real utility, we deem it unnecessary to pursue the subject farther. 



True Dimensions of the Planetary Orbits, 

505. We have determined the relative distances of the planets 
from the sun, half the major axis of the earth's orbit being unity ^ 
we have been able, moreover, by anticipating the sun's parallax 
to reduce these distances to known measures. We are now to 
explain more fully the method of making this reduction. 

506. The process would be very simple, if we had, for any 
given instant, the distance of a planet from the earth, expressed 
in known measures. For the geocentric positions of the planet 
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and the sun being determined for the same epoch, by the theory 
of the motions of the planet and the earth, a simple trigonomet- 
rical calculation would give the distance of the planet from the 
sun, expressed likewise in the same measures. We already 
know the value of this distance in parts of the major axis of the 
earth's orbit ; we can, therefore, convert this major axis into the 
same measures ; then the second law of Kepler would give all the 
major axes, and all the dimensions of the orbits expressed in the 
same manner, merely from the duration of their revolutions. 

607. The parallax of any one planet, if it were known, would 
give immediately its absolute distance from the earth ; but these 
parallaxes are in general too small to be accurately observed. 
That of Mars becomes sensible under certain circumstances 
favourable to observation ; that is, when it is in its perihelion i 
and at the same time near its opposition. Then its distance from 
the earth is the smallest possible, and its parallax at its maxi^ 
mum. 

On the 6th of October 1751, for example, Mars not being far 

from its opposition, its parallax became sensible ; and, from the 

observations of Wargentin and Lacaille, it was found to be 

24^%6, as already stated ; and hence it follows that the distance 140. 

of Mars from the earth at this epoch was 8371 terrestrial radii, 

or 8371 X 3956 miles. This same distance, as deduced from 

the theory of its elliptical motion, would have for its expression 

0,4354, half the major axis of the earth's orbit being unity. 

Hence it will be readily seen that the mean distance or half the 

major axis of the earth^s orbit, expressed in terrestrial radii, has 

8371 
for its value - — -— or 1 9226. 
0,4354 

The parallaxes of the heavenly bodies being inversely pro- 
portional to their distances, that of the sun must be equal to 

24^S6 X 8371 ^j. iQ// 99 ^h^^^ ^t ite mean distance. 
19226 ' ' 

The ratios of the distances of the planets from the sun being 
known by the laws of Kepler ; these results will enable us to 
determine the values of all these distances in terrestrial radii or 
in miles. 

508. Unhappily the parallax of Mars is so small, that the 
errors of observation may have a very considerable influence 
upon the result, and consequently upon the values of the dis- 
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lances determined by means of iU If, for example, in determin- 
iDg the horizoDtal 'parallax, we commit an error of 9f' or j of 
its total value, there would be an error of | in the estunate of 
the distance. Yet we can never be secure against so small an 
error in observations so delicate ; for 9f' does not amount to half 
tJie breadth of the wire used in the micrometer. The precedbg 
results, therefore,»can only be regarded as a first approximation ; 
they are sufficient, however, to show that the sun^s parallax is 
extremely small, and that its distance from the earth is propor- 
tionably great. 

A much more exact method has been derived from observa- 
tions of the transit of Venus« 

509. We have seen that Venus, when it passes between the 
earth and the sun, is projected on the sun's, disc under the ap- 
pearance of a black spot, and by the effect of its proper motion 
combined with that of the sun, it appears to describe a chord of 
this disc. These chords, when observed from different parts ol 
the earth, are sensibly different; and the difference arises from 
the parallax of Venus, in consequence of which the different ob- 
servers do not refer the planet to the same points of the sun's 
disc* These differences have a considerable influence upon the 
duration of the transit, which may be observed with great pre- 
cision, and which gives, with extreme accuracy, the difference 
between the parallax of Venus and that of the sun. 
Fig. 118. Let T represent the earth, V Venus, and 8 the sun ; an obser- 
ver placed at the centre of the earth would see Venus in the 
prolongation of the radius vector TV; this planet will appear to 
correspond to the point 5, on the disc of the sun, and in its suc- 
cessive positions it will describe the line JDS. But other observ- 
ers placed at (y and O'^ on the surface of the earth, will see 
Venus at V and P'. To the first it will appear to describe the 
chord D'P, and to the second the chord Z>'P'. These effects 
are evidently owing to the difference in the parallax of Venus 
and that of the sun, and this difference may be calculated from 
the duration of the transits by precisely the same formulas, 
which are employed in calculating solar eclipses. 

Now, by the theory of elliptic motion, we know, for the same 
epoch, the ratio of the distances of Venus and the sun from the 
earth. We know, therefore, the ratio of the parallaxes of these 
planets, since they are inversely as the distances. Hence it is 
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.extremely easy to ascertain their separate values; for both 
quantities are determined when we know their ratio and dijBfer- 
ence* 

510. In this manner the sun^s parallax is ascertained to be 
8^^70167, that is, about | less than that derived from the paral- 
lax of Mars. This value was determined by the transit of 
Venus in 1769. The phenomenon was anticipated by astrono- 
mers with the liveliest interest. They distributed themselves 
over the surface of the earth| and undertook long voyages for 
the express purpose of making the observation from different 
points and under the most favourable circumstances. Their ex- 
pectations were not disappointed ; for the difference in the dura- 
tions observed at Otaheite in the South Sea, and at Cajanbourg 
in Finland, amounted to more than 15 minutes. Such was the 
general desire and united exertions of different nations for the 
discovery of truth. 

511. Laplace has shown that the sun^s parallax may be ascer- 
tained in a manner still different, without observing it directly, 
by pieans of an inequality in the motions of the moon which is 
found to be connected with this parallax. To understand this 
connexion, we must remember that the inequalities of the moon's 
motion have a close dependance upon the positions of the earth 
and sun. The relations are made known by calculation, and the 
extent of the inequalities is determined by observation. Bj 
combining these data, we can obtain the value of the elements 
on which the inequalities depend, for we have the expression of 
their dependance, and the measure of their action. The whole 
is reduced to finding inequalities in which this action is, in 
some measure, augmented, or in which it is constantly repro- 
duced, in such a manner that we can determine it with exactness 
from a great number of observations. There is in the motion of 
the moon an inequality of this kind which depends upon the par- 
allax of the sun, or its distance from the earth ; and by deter* 
mining it from observation, Laplace found the parallax to be 
8'',69896,* differing but little from that obtained above. It is pro- 
bable that this result of theory is even more exact than that 
derived from observations of the transit of Venus. 

* This is the value given by Laplace in the fijfth edition of the 
£xpo5t7ton du Sysilme du Mandcy published in 1824. In the 
tjftte CiUste it is estimated at 8'',5602 or about i^rpart less.^ 
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Another inequality of the moon has made known the oblat€- 
ness of the earth which is thus found to be equal to j|j, as 
los. already remarked* Th^se results arc the more to be valued as 
they are independent of the small irregularities of the earth's 
surface, which become insensible at the distance of the moon. 
In this point of view we may regard them as more exact than 
observations themselves. For the determination of these tvo 
important elements, we are indebted to Laplace, who deduced 
from theory alone, results which so many voyages and observa- 
tions had been undertaken for the purpose of determining. 

512. The parallax 8^59896 gives 23987 terrestrial radii for the 
mean distance of the sun from the earth. This result is sufficient 
for reducing all the dimensions of the planetary orbits to parts 
of the same measure. 

In the first place, since the apogee and perigee distances 
of the sun are represented by 1,016814 and 0,983186 for the 
year 1760, the parallaxes will vary inversely as these quanti- 
ties ; whence we have the following values ; 

// 
Parallax of the sun at the apogee 8,4549 

Mean parallax .... 8,59896 

Parallax at the perigee . . 8,7460. 

Top.i4a. Dividing the value of the radius in seconds or 2O6264'^80, by 
the parallax, we have the corresponding distance of the sun 
expressed in terrestrial radii. We know, besides, that the 
mean radius of the earth is equal to 3956 miles. 

We can thus convert these results into miles which will render 
their values more intelligible. They are both expressed in the 
following table; 

Radii of tiie Eartbi Mile»( 

Apogee distance of the sun 24390 or 96486840 

Mean " " 23987 94892572 

Perigee " « 23584 93298304 

Eccentricity " 403 1594268. 

In the same manner the dimensions of all the planetary or^ 
may be reduced. 
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513. These results enable us also to compare the bulk of the 
earth with that of the sun ; for the mean parallax 8^^,599, 
is the angle under which the apparent semidiameter of the earth 
would be seen from the centre of the ^un at its mean distance. 
The apparent semidiameter of the sun, at the same distance, is 
961'',34. The radius of the sun, therefore, is to that of the 
earth, as 961,34 is to 8,599, or as 11 1,7851 to 1. 

We have already seen that the mean distance of the moon 
from the earth is about 60 terrestrial radii ; consequently, if we 
suppose the centre of the sun placed at the point which the cen- 
tre of the earth now occupies, the bulk of this luminary would 
fill a space of nearly double the diameter of the moon^s orbit. 

514. On the supposition that the sun and earth are spheri* 
cal bodies, which is not far from the truth, their bulks will be as 
the cubes of their radii. We thus find that the bulk of the sun is 
about 1400000 times as great as that of the earth. 

If we compare, in the same manner, the distances of the other 
planets with the measure of their apparent diameters, we easily 
obtain the ratio of their bulks to that of the earth. These re- 
sults are contained in the table at the end of the section. ' * ' 

515. To form a sensible idea of these ratios, suppose that we 
construct spheres, having the proportions of the different planets 
to each other. Then, if we represent the diameter of the earth 
by 1 inch, the proportions will be nearly as follows ; 



The sun 112 

Mercury | 

Venus • 1 

Mars I 

Jupiter 11 

Saturn 10 

Uranus 4j. 

jl 6. These ratios would enable us to determine the masses of 
the planets if we could suppose them all to be of an equal den- 
sity ; but the theory of attraction proves that this is not the case« 
We estimate the masses, therefore, by the intensities of their 
attractions, as will be seen hereafter. 
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Dimensums* of the Plantts. 





Mean Diam- 


Mean Diameters of 


Surfaces of the 


Bulks of the Planets, 




eters of the 


the Placets, that ol 


Planets, that of 


that of the Earth 




Planets in 
Miles. 


Earth being 1. 


ihe £arth being 


being 1> 


The Sun 


884444 


111,7851 


12496,0 


1396856,0 


Mercury 


3036 


0,3837 


0,1472 


0,0565 


Venus 


7690 


0,9593 


0,9202 


0,8828 


Earth 


7912 


1,0000 


0,0000 


1,0000 


Mars 


4140 


0,5233 


0,2738 


0,1433 


Vesia 


269 


0,034 


0,0012 


0,00004 


Juno 


1393 


0,176 


0,0310 


0,0055 


Ceres 


1582 


0,2 


0,0400 


0,008 


Pallas 


2025 


0,256 


0,0655 


0,0168 


Jupiter 


83937 


10,8616 


117,97 


1281,3 


Saturn 


79168 


9,9831 


99,66 


994,9 


Uranus 


35112 


4,2630 


18,77 


77,5 



Universal Gravitation, 



517. By taking a general view of the planetary motions, we 
have discovered certain constant laws, by which they arc all 
combined together. We hence conclude that these motions are 
not independent of each other, but the effect of a general cause 
acting upon all the heavenly bodies. Let us endeavour to as- 
cend, by the laws of analogy, to this great principle. 

518. If we first consider the moon, we perceive that it con- 
stantly follows the earth in its annual revolution. There is, 
then, a certain force, which retains it about the earth and pre- 
vents it from wandering from its course. In this respect the 
force in question, whatever it be, is analogous to gravity. 

Gravity tends to bring towards the earth, in straight lines, the 
bodies which are detached from its surface. When these bodies 
receive, in a direction oblique to that of gravity, an impulse tend- 

• The basis of this table, that is, the relative apparent diameters of 
the several planets, as seen at the mean distance of the earth from 
the sun, is uken from Schubert's Astronomy, published at St Peters- 
burgh, in 1822. 
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ing to carry them farther from the earth, this power still exerts 
its influence, and causes them to describe curved Hoes, the con- 
cave part being turned towards the surface. The greater the 
force of projection, the greater will be the space described, be* 
fore any considerable deviation from a straight line takes place. 
Bodies fall by the combined effect of gravity, and the resistance 
of the air wbidi gradually destroys the projectile force ; but if 
this resistance were removed, a body projected with sufficient 
ibrce from the sumciit of a moyntain, might be made to describe 
the whole circuit of the globe without approaching any nearer 
to the surface. In this last case, the velocity of projection would 
remain undiminished, as there would be nothing to resist it; 
accordingly, when the body had returned to the point from 
which k set out, having still the same velocity, it would continue 
lis course through smother revolution, and so on indefinitely, like 
one of the satellites. 

Now this is exactly the case with the moon revolving about 
the «arth ; it is therefore natural to suppose that the effect is to 
be escribed to a cause of this kind, since, however high we as* 
oend above the general surface of the earth, by means of a 
mountain or a balloon, we always continue to experience the 
influence of terrestrial gravity ; hence there is reason believe 
that it extends still further, and as we know of nothing to limit it, 
we conclude that ii embraces the orbit of the moon. 

But at the same time, it may be that gravity, at this distance, 
is leas intense than at the surface of the earth ; we have reason 
to suppose this, from the experiments made with the pendulum at 
the tops of mountains ; for it appears that even at so small a dis* 
tance gravity is less than at the surface. 

519. These considerations are equally api;dicable to all the 
other satellites. The circumstance of their orbits being nearly 
circular seems to indicate that they gravitate towards the centre 
of their primaries, as the moon does towards the earth, and that 
they are retabed by this force. 

520. As the motions of the planets present analogous phe- 
nomena, it is natural to conclude that they gravitate, in like 
manner, towards the centre of the sun, to which they serve as 
so many satellites. Wc may presume that comets also are sub- 
ject to the same force, both on account of the regularity with 
which they describe their orbits, and the relations by which 
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their motions are connected with those of the planets, according 
to the laws of Kepler. 

531. Here then we recognise the existence of a general cause, 
which seems sufficient to maintain the motions of the heavenly 
bodies. To render this intelligible and probable, we must com- 
pare the satellites and planets to heavy bodies projected into 
space at a certain distance from the centre to which their gravity 
causes them to tend. We must decompose their motions, and 
estimate separately the effects of the impulse by which they 
revolve, and of the force which retains them in their orbits. We 
shall thus know with certainty the action and intensity of this 
force, as exhibited in the observed phenomena. ^ 

It is by the principles of mechanics, that the motions of bodies 
are thus decomposed, and the nature of the force is deduced 
from the effects which it produces. It is analysis which enables 
us to make this decomposition for each point of the orbit, and 
follow exactly the variations of the force from one point to an- 
other. It is necessary, therefore, to combine these two princi- 
ples in order to discover the general cause of the celestial mo- 
tions ; and as they could not well be btroduced into an elemen- 
tary treatise, we can here only indicate the course to be pursued 
in their application. We shall do this the more readily, since 
this course being extremely rigorous, is calculated to inspire the 
utmost confidence in the results to which it leads. 

533. We suppose a planet to revolve about the sun, and form 
equations expressing the laws of its motion. The forces which 
act upon it enter into these equations, and constitute the unknown 
quantities to be determined. This being done, observation serves 
to establish, in an incontestible manner, the following facts, which 
are the laws of Kepler. 

1st. The areas described by the radius vector of a planet^ in iis 
motion oAoul the suriy are proportional to the times. 

Hence it is found by calculation, that the force which acts 
upon the planets is directed towards the centre of the sun. 

3d. The orbits of the planets and comets are conic sections^ of 
which the sun occupies one of the foci. 

It follows from this law, that the force whieh ufges one of 
these bodies is inversely as the square of the. distance between 
the centre of this body and that of the sun ; reciprocally, smce 
the force is in this ratio^ the curve is a conic section. 
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3d. 7%e squares of the iinus of revolutum of the planets are pro- 
portional to the cubes of the rwgor axes of their orbits ; or what 
mmoants to the same Atng, the areas described in equal times in differ^ 
snt orbits^ are proportional to the square roots of Aeir parameters. 

We hence infer that the same force is exerted upon the plan- 
ets and comets ; that it only varies for the different bodies ac- 
cording to their distance, and that if they were urged by no pro- 
jectile force, and were at equal distances from the sun, they 
would fall towards it with the same velocity ; whence it is mani- 
fest that the force which acts upon them, penetrates each parti- 
cle and is proportional to their mass. 

The facts observed by Kepler lead, therefore, directly to the 
knowledge of the force which retains the planets and comets 
in their orbits, each fact developing a property. This force 
being exerted in such a way as to draw bodies toward the sun, 
we shall call it solar attraction^ intending to express by this 
phrase, not the nature of the power, but only its effects. 

593. The motions of the satellites presenting analogous phe- 
ix>mena, and being in like manner subject to the laws of Kepler, 
it follows that each system of satellites is attracted towards thepri* 
nsary with a force inversely proportional to Hu square of the distance. 

524. As the ellipticity of the orbits is one of the data upon 
which we proceed, it would seem that the above results could 
not be extended to the satellites whose orbits have not yet been 
proved to be ellipses. But, if we suppose the eccentricity noth- 
ings the proportionality of the squares of the times to the cubes 
of the mean distances, would lead to the same conclusions. The 
law in question is therefore general, and applicable to all the 
satellites. 

596« In the case of the moon, in particular, it can be demon- 
strated in a striking manner. To obtain the force which retains 
this body in its orbit, it is sufficient to diminish the earth's grav- 
ity in the ratio of the square of the distance. 

636. We are thus led to consider the sun and those planets 
that have satellites, as so many centres to an attractive force, 
which is exerted upon all the surrounding bodies. It is natural 
Co suppose that this property belongs to all parts of the planetary 
jiystem ; and indeed the nearly spherical form, common to all 
these bodies, seems to indicate that their particles are united 
about their centres by a force which attracts them equally ar 
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equal distances ; bitt this truth admits of direct denattStratiMi. 
It is a general law of nature, that action and reaction are equal 
Iron attracts the magnet, and is itself attracted in turn. The 
planets gravitate towauds the sun ; the sun, therefore, graritates 
towards them by the same laws. 

527. By thus comparing the phenomena of the heavens we 
are conducted to this great principle of nature. Ml parU 0/ 
maiUr muttuzlhf attraci each oiker in the direct ratio ofiheir fna$m^ 
and in iha inverse rcUio of the squares <f tiuir distances. The dis- 
covery of this principle is due to Newton. 

538. In the study of natural phenomena there are, in general, 
two ways of proceeding, one consists in reasoning rigorously 
from exact data ; the other in retracing our steps for the purpose 
of ascertaining whether the phenomena observed can be deduced 
as consequences, from the results at which we have arrived* 
The law of universal gravitation has been derived directly from 
the first method ; the second is not less favourable to the sant 
law, for, by following out the consequences to be deduced by 
means of it, we find that all the celestial phenomena hence deriv« 
their origin. 

599. In the first place, the elliptical motion of bodies is tins 
completely explained. When a planet departs fironb its perihe- 
lion, the direction of its motidn, always indicated by the tangent 
of its orbit, is perpendicular to the radius vector. It is at tWi 
point of the orbit that its tendency towards the son is greatesi; 
but the velocity of revolution is also at its maxifuum ; the calof' 
lus shows that this second cause preponderates over the first; 
and consequently the planet diverges from the sun, and its radius 
vector increases more and more. 

At the same time its gravity tends to bring it back to the sun, 
and opposes its motion. This cause always acting, gradusHj 
diminishes the velocity, until the planet arrives at its apheUoiK 
Then the velocity of revolution is at its minimum ; and the solar 
attraction being weakened by the distance, is considerably dimin- 
ished ; but the calculus shows that in this state it prevails over 
the tendency of the planet to recede from the sun. It is, there- 
fore, brought back in an opposite direction, and from this pomt 
to the perihelion, its velocity increases, since the continnaliy in- 
creasing attraction of the sun conspires with the directwn of the 
motion. 
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Tbe p\BXi€t^ bttvtng returned to (bid point of its orbit, id found 
to^ have all the velocity whieb it bad at the preceding revolution ; 
k will then commence a new r<^volution with the same velo- 
city^ passing througb the same periods, and so on indefinitely. 

530. An elliptical motion is not the onty one which answers to 
the law that the force of gravity is reciprocally proportional to 
the square of the distance. It is shown by analysis that the orbit 
may also be a parabola, or a hyperbola, and in general, any 
conic section. These curves are the only ones which can be 
described by the force in question. In each particular case 
the kind of orbit is determined by the intensity of the initial 
itnpulse; and, what is exceedingly remarkable, the direction of 
this impulse does not influence the result ; it only modifies the 
dimensions of the orbit. 

It is probable that there are bodies in the heavens which thus 
describe parabolas or hyperbolas about the sun, but then these 
bodies can never be visible but once ; and when they disappear 
we h)se sight of them forever. 

531. To represent accurately the celestial motions, it is not 
sufficient to consider separately the bodies which compose our 
system* We must at the same time have regard to the mutual 
attractions which these bodies exert upon one another. On this 
account the motion will only approximate to the elliptical hy- 
jtethesis as we actually find. This deviation, therefore, is a proof 
in favour of universal gravitation. 

553. It is thus, for example, that the elliptical motion of the 
moon about the earth is disturbed by the action of the sun. If 
this actk>n were the same upon the moon and earth, both would 
yield to its influence at the same time, and while they were car- 
tied along the ecliptic wi^i an equal motion, the moon would 
regularly describe its ellipse about the earth. But as the moon 
is Sometimes nearer the sun than the earth is, and sometimes 
farther off*, and as the sun's action upon the moon has for the 
moAt part an oblique direction to that exerted upon the earthy 
variations lake place in the moon's gravity to the earth, and in 
the velocity with which it revolves about the earth ; hence the 
inequalities of its motion. 

For example, at the time of conjunction, the moon is between 
the earth and the sun, and consequently nearer the sun than the 
^ftrth is. In this position the sun attracts it more and increases 
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a little its distance from the earth. Od the ceotrary, at the time 
of opposition, the earth is most attracted by the sun and is thus 
withdrawn from the moon, so that with respect to us, a similar 
effect is produced. At the quadratures the action of the sun, 
decomposed in the direction of the radius vector of the moon, 
tends to diminish its distance ; but the calculus shows that this 
effect is less than the augmentation which takes place at the sy- 
zygies, so that, on the whole, the moon is maintained at a greater 
distance from the earth than it would be without the action of 
the sun. 

This action, being variable in the different points of the moon's 
orbit, must produce periodical inequalities in its motion, which 
recur at each revolution, but their intensity must be different 
according to the different distances of the sun from the earth ; 
it must be greatest, for instance, when the sun is at the perihe* 
lion, and least when at the aphelion ; hence result some inequali* 
ties of another sort which serve as corrections to the preceding, 
and which, depending on the position of the earth in its orbit, 
recur annually. 

633. The motion of the nodes of the moon's orbit and the 
change in its inclination to the ecliptic, are also necessary conse* 
quences of the action of the sun. When the moon, in its motioD 
about the earth, approaches the plane of the ecliptic, the sun 
attracts it towards this plane and tends to bring it down to it* 
By the effect of this attraction, the moon crosses the ecliptic a 
little sooner and comes to it more directly ; hence the retrograde 
motion of the nodes and the change of inclination of the orbit 

534. A similar action is exerted upon all the planetary bodies, 
by which their inequalities are produced. The motions of the 
nodes and perihelia, and the changes in the inclination of their 
orbits, are owing to thfsse reciprocal attractions. The law of 
universal gravitation affords at the same time an explanation and 
a measure of the inequalities in question. 

If it were necessary to consider simultaneously all the causes 
of perturbation, the calculations would become extremely compli* 
cated, and the diflScuUies would be insurmountable. Happily 
the constitution of the solar system permits us to diminish them. 
The bodies which compose this system are insulated in space, at 
considerable distances ; each planet with its satellites forms, as 
it were, a world in miniature, in which every thing is determinca 
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'by the particolar attractioDS of the bodies whicb make a part of 
it. The other bodies being placed at great distances, exert 
nearly an equal action upon all these bodies, which are com- 
paratively near together, and this common action does not disturb 
their relative motions. Thus, the laws of the planetary motions 
themselves apply to the motions of the satellites, and these bodies 
exhibit, in their revolutions, a rapid representation of the secular 
derangements which 'ftre to take place in the planetary system, 
and which time will develope. 

But, as we have remarked in speaking of the motions of the 
moon, it is not always sufficient to consider each system separ- 
ately ; if we would attain to the utmost accuracy, regard must 
be bad to the action of those bodies, which, by reason of their 
proximity or their mass, are capable of exerting a sensible influ- 
ence; and we must neglect those only whose action, calculated 
in a rigorous manner, would always be less than the errors un- 
avoidably incident to observation. 

In the case of the moon, for example, it is sufficient to have re- 
gard to the reciprocal actions of the earth, the moon, and the son. 
Those of the other heavenly bodies may be neglected, either 
because their mass b too small, or their distance too great, to 
produce a sensible etfect ; hence the theory of the moon has 
received the'name of the problem of the three bodiet. 

In the case of the earth, on the other hand, regard must be 
paid to the united actions of the Sun, Moon, Venus, Mars, Jupi- 
ter, and Saturn. Uranus is too distant to have a sensible influ- 
ence, and the other planets are so small that their actwn may be 
neglected. The effects of these mutual actions are particularly 
remarkable in the motions of Jupiter and Saturn. These two 
planets, the largest in our system, acting with great force upon 
each other, occasion in their respective orbits, very great in- 
equalities, extending through several centuries ; yet modern 
analysis has enabled us to discover their laws. 

535. It will be readily perceived that perturbations of this 
kind, when the bodies in question have so considerable an influ- 
ence upon each other, must be well adapted to the determina- 
tion of their masses. Accordingly this method has been.made 
use of, and we measure the mass of each of the heavenly bodies 
by the effects which it produces, its distance being taken into 
consideration. The bulks are ascertained, as we have seen 
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above, by means of the apparent diameters. . Compariag these 
with the masses, we deduce the densities of the different planets, 
and the laws of gravity at their surface. 

The followiog table, taken from the Exposition du SysUme du 
Monde^ 5th edition, published in 1824, presents the most exact 
values of the masses of the principal planets, that of the sun be* 
ing taken as unity. 

Mercury ivyirrT 

Venus ttAtt 

E^rth tttVtt 

Mars TTT^^TTT 

Jupiter T¥TT,T 

Saturn ••••«• ^ jVy 

Uramis ttItt 

Thus we see how small all these masses are when compared 
witb that of the sun. The earth which appears to us so great, 
becomes as it were a grain of sand by the side of this vast body, 
which is itself but a point in tbe immensity of space. 

The perturbations to which the satellites of Jupitpr are sub- 
ject, enable us to determine their masses in the same mamier. 
The values are as follows ; that of tbe prims^ry being taken for 
unity. 

First satellite . . . 0,00001 7S38 1 

Second ^ • . . • 0,0000333356 

Third **.... 0,0000884973 

Fourth « . . . . 0,0000426591 

Although these masses are very small, the influence which 
they exert in producing the inequalities of the satellites, afford 
reason for believing that the above values are very exact 

The comets hitherto observed have not produced any sensible 
perturbations in the bodies of the planetary system, and accord- 
ingly we have not yet been able to determine the mass of any of 
them. But we conclude for this very reason, that their masses 
are very small. 

536. The perturbations which take place in the heavenly 
bodies, nay sometimes be so great as to affect an entire change 
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in their orbits. This is probably the case with respect to com- 
ets which describe parabolas and hyperbolas. These bodies 
are supposed to wander from system to system, yielding continu- 
ally to new attractions, until they are destroyed, or their orbits 
become invariably fixed. 

537. It has been thought that the orbit of the comet of 1770 
was changed in this way. It has been presumed, with great 
probability, that this comet, moving towards its perihelion, was 
made to take an elliptical orbit by the action of Jupiter, near 
which it passed at this time ; but, that afterwards, having des- 
cribed one revolution in this orbit, it again passed near Jupiter, 
and by a contrary attraction, the effects of this first perturbation 
were destroyed, and its orbit again became infinitely elongated. 
Laplace has carefully considered the possibility of such a phe- 
nomenon, and given in the fourth volume of the M6caniq%u 
Cehste^ considerations which render it extremely probable. 

This comet approached nearer to the earth than any other 
hitherto observed, and the earth must consequently have expe- 
rienced a sensible action, if the mass of the comet bears any pro- 
portion to that of the terrestrial globe. On the supposition that 
the masses are equal the action of the comet would have in- 
creased the duration of the year more than six minutes. Now 
it is well ascertained from the comparison of numerous observa- 
tions, made by MM. Delambre and Burckhardt in constructing 
their solar tables, that since 1770, the sidereal year has not been 
increased one second ; the mass of the comet, therefore, is not 
ttVt V^^ ^f ^^^^ ^^ ^^^ earth. Moreover, if we consider that 
this comet in 1767 and 1779, traversed the system of Jupiter's 
satellites without producing the slightest disturbance, we shall 
perceive that it is still less. We may add that the smallness of 
the masses of the comets is indicated by the circumstance that 
they exert no sensible influence upon the planetary motions. 
These motions are represented by the action simply of the bodies 
of this system, with such a degree of precision that the small de- 
viations belonging to our best tables are attributable to errors of 
observation and calculation. 

538. From the mere circumstance that the planetary motions 
take place in the same direction and in ellipses of small eccen- 
tricity and little inclined to each other, it may be demonstrated 
that the present state of the system is stable ; that no one of the 
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planets was originally a comet ; and that the solar system only 
oscillates about a mean slate of ellipticity and inclination, from 
which the deviations are inconsiderable. 

539. We have seen in universal gravitation the general cause 
of the celestial motions. It is the same cause which determines 
the rounded figure of the planets, and which, combined with the 
centrifugal force derived from the rotatory motion, gives rise to 
the protuberance at the equator, and the flattening at the poles ; 
it is moreover the cause, which, in connexion with the oblateness, 
produces the balancing or nutation of these bodies about their 
centre of gravity. Let us take the earth as an example. Ff it 
were exactly spherical, the particles of matter situated on oppo- 
site sides of the centre would be equally attracted by the sun, 
and there would result no motion about this centre. But the 
protuberance at the equator disturbs this inequality. The par- 
ticles which compose it may be considered as so many small 
moons connected firmly with each other and with the terrestrial 
globe. Each of them must experience inequalities analogous to 
those of the real moon ; that is, its nodes must retrograde on the 
ecliptic by the action of the sun. Now these particles adhering 
to the body of the earth, cannot have any motion independent 
of the globe itself. They will tend, therefore, to draw the earth 
with them in a retrograde direction ; and although their motion, 
when transmitted to so large a mass, must be greatly weakened, 
yet it is not wholly insensible. The entire body of the earth 
gradually yields to it, and the terrestrial equator retrogrades 
slowly on the ecliptic, and hence the precession of the equinoxes. 

The moon acting upon the earth, like the sun, must produce 
analogous effects ; and the smallness of its mass is even more 
than compensated by its proximity. But as its position about 
the earth is continually changing, the eflSects are equally varia- 
ble. Accordingly the action of the moon is not confined, like 
that of the sun, to producing a motion in the equinoxes. It 
changes the obliquity of the ecliptic and produces the nutation 
of the earth's axis ; and these inequalities which are peculiar to 
it, have periods which depend upon its motions. 

The mean value of the precession being the result of the com- 
bined actions of the sun and moon, while nutation is produced 
by the moon alone, these phenomena are well calculated to 
make known the relative masses of these bodies ; accordingly 

Digitized by LjOOQ IC 



Unheraal Grovt/afton. S5S 

tbejr have been emplojed, if not in finding this ratio, at least in 
yerifjing the value assigned to it by means of other phenomena. 
The same remark is applicable to the oblateness of the earth, 
without which there would be neither precession nor nutation. 

540. Lastly, we perceive the effects of universal gravitation 
in the phenomena of the tides. The liquid particles which are 
situated on the side of the terrestrial spheroid, next to the sun are 
more attracted by it than the centre of the earth ; their weight 
is therefore somewhat diminished, as we observed with respect 
to the moon when in conjunction. Hence a greater mass of 
water will necessarily accumulate on this side to compensate for 
the diminution of gravity. The same effect is produced also in 
the panicles of water situated in the opposite hemisphere ; since 
these are less attracted than the centre of the earth, which is 
drawn away from them ; and thus their weight is diminished, as 
is the case with respect to the moon when in opposition* Ac* 
cordingly by the union of these circumstances, the ocean must 
be elevated under the body which attracts it, and form on the 
earth's surface two opposite protuberances, situated nearly in the 
straight line which joins the centre of the earth and that of the 
sun. The total mass of waters remaining the same, there must 
be a corresponding depression in the parts of the ocean which 
are 90® from the sun. 

The action of the moon must produce analogotis phenomena; 
this also raises the waters of the ocean ; and the oscillations 
which it occasions follow the periods of its motion. 

The total height of the tides depends, therefore, upon the com- 
bined action of these two bodies; it is the greatest possible 
when the moon is in the syzygies, at which time the two actions 
conspire, and the smallest at the quadratures where they are 
opposed to each other. 

The difference between the periods of the lunar and solar 
tides has furnished the means of estimating the separate effects 
of these two bodies and the measure of their action. That of 
the moon is the greatest, since the smallness of its mass is more 
Aan compensated by its proximity. In thi« way we have ob- 
tained the ratio of the masees of the moon aod sun. This result 
agreed with that obtained from other phenomena upon which the 
mass of the moon has a sensible influence. From all these 
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facts taken together, it appears that the mass of the moon is ^jt 
part of that of the earth. We know also that the diameter of 
the moon is expressed by 0,273, that of the earth being 1 ; 

whence it follows that its bulk is of that of the earth : and 

49,149 

as its mass is ionly y'j, it follows that its deqsity is less than that 

of the earth, as already remarked. 

According to the foregoing theory, each tide ought to take 
place at the instant when the body producing it passes the meri- 
dian. But this is not according to what we actually observe in 
our ports; owing to local circumstances, as the accumulation of 
water, friction at the bottom of the sea, and the configuration of 
the shores, the oscillations are impeded and retarded. This re- 
tardation does not take place in the open sea. But as the cir- 
cumstances which produce it in any place are nearly constant, 
so the effect is also constant, and can be predicted after having 
been once observed. 

541. Such is a brief account of the phenomena that are de- 
duced as natural consequences from universal gravitation. We 
have been able only to indicate their mutual connexion and 
dependence. With the aid of the calculus we might enter 
into the minutest details, and develope the most hidden relations 
of these phenomena ; we might even estimate them with more 
exactness than by actual observation. These profound re- 
searches form the subject of the Micaniqtu CiltsU. 

Being restricted by the plan we proposed to ourselves in 
this work, to a developement of the mere elements of the science, 
we are able to advance no further. But having reached this 
point, let us for a moment look back upon the course we have 
pursued. We set out with those fundamental ideas which the 
aspect of the earth and the heavens suggests to every man ; we 
were surrounded by all the false appearances which take place 
in the atmosphere and in the heavens. By degrees we detected 
our erroneous judgments, escaped from the illusion of the senses, 
and removed the veil from nature. We thus attained to more 

t This is the value given by Laplace in the last edition oi the 
Exposition du Systime du Monde. In the Micaniqtu Cikstt it is 

estimated at ^- — . 
08,4 
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correct ideas of the system of the world. Distrusting our first 
impressions, we resorted to actual measurement. We investigated 
the laws which govern the motions of the heavenly bodies, and 
by comparing these laws together we have been led to the dis- 
covery of a few general principles which completely embrace 
all the rest. Lastly, we have seen that these results may all be 
reduced to one, namely, universal gravitation. This is the fun- 
damental principle of all the celestial motions, all being derived 
from it as from a common source. We have thus, as it were, 
decomposed the system of the world, reduced it to its simple 
elements, and then recomposed it. In this view astronomy is, 
of all the sciences, the most complete, the most sublime, and that 
which most exalts the human mind. But the circumstance which 
gives it an inestimable value is its perfect certainty. Whatever 
may be the progress of science, the principle of universal gravi- 
tation is unalterably fixed, since it rests upon undeniable facts, 
and its duration will be eternal. It is certainly wonderful to see 
the human mind arriving at conclusions so bold and extensive ; 
but truths which are deduced from facts by rigorous reasoning, 
cannot be called in question. And here we may apply those 
noble words of Cicero, which seem as if intended expressly for 
our purpose. Haec mirabilia videri intelligo ; sed dm certe supt" 
riora /irma ac vera sint^ his autem ea consentanea et consequeniia ; 
nee de eorum quidem veriiaU est dubitandum* — De Fin. lib. 3, 
cap. 15. 
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549. We have been able to determine the distance of the earth 
from the sun, and thence the distances and dimensions of the 
other planets. All these determinations have for their basis the 
radius of the earth, that is, a line which, seen from the sun, would 
appear less than the diameter of a hair. Let us now endeavour 
to apply our measures to what is still more remote. 

543. It would be idle .to inquire whether the fixed stars have 
a sensible parallax when observed from different parts of the 
earth. We have already had abundant evidence that their dis* 
tance is almost infinite. It is only by taking the longest base 
accessible to us that we can hope to arrive at any satbfactory 
result. 

544. Accordingly we employ the major axis of the earth's 
orbit which is nearly 20|0000000 miles in extent. By observing 
a star from the two extremities of this axis, at intervals of six 
months, and applying a correction for all the small inequalities, 
the effect of which we have calculated, we shall know whether 
the longitude and latitude are the same or not at these two 
epochs. 

It is obvious, indeed, that the star must appear more elevated 
above the plane of the ecliptic when the earth is in the part of 
its orbit which is nearest to the star, and more depressed when 
the contrary takes place. The visual rays drawn from the earth 
to the star, in these two positions, differ from the straight line 
-drawn from the star to the centre of the earth^s orbit ; and the 
angle which either of them forms with this straight line, is called 
the OTmual parallax. 

As the earth does not pass suddenly from one point of its orbit 
to the opposite, but proceeds gradually, if we observe t(ie posi- 
tions of a star at the intermediate epochs, we ought, if the annual 
parallax is sensible, to see its effects developed in the-same gra* 
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dual manner. For example, if the star is placed at the pale of 
the ecliptic, the visual rays drawn from it to the earth, will form 
a conical surface, having its apex at the star, and for its base, 
the eartb^s orbit« This conical surface being produced beyond 
the star, ^iil form another opposite to the first, and the intersec- 
tion of this last with the celestial sphere, will constitute a small 
ellipse, in which the star will always appear diametrically oppo- 
site to the earth, and in the prolongation of the visual rays drawn 
to the apex of the cones. This result is very different from that of 
aberration, which causes the apparent position of the star to vary 
perpendicularly to the radius of the earth's orbit, and not in the 
direction of this radius. 

545. It is, therefore, very easy to distinguish the results which 
belong to the annual parallax from the other inequalities. But 
BOt withstanding all the pains that have been taken to multiply 
observations, and all the care that has been used to render them 
perfectly exact, we have been able to discover nothing which 
indicates with certainty even the existence of an annual parallax, 
to say nothing of its msignitude. Yet the precision of modern 
observations is such that if this parallax were only V'^ it is alto- 
gether probable that it would not have escaped the multiplied 
efforts of observers, and especially those of Dr Bradley, who 
made so many observations to discover it, and who, in this un* 
dertaking, fell unexpectedly upon the phenomena of aberration 
and nutation. These admirable discoveries have themselves 
served to show, by the perfect agreement whic^ is thus found to 
take place among observations, that it is hardly to be supposed 
that the annual parallax can amount to V. The numerous ob- 
servations of the pole star, recently employed in measuring an 
arc of the meiidian through France, have been attended with a 
similar result, as to the amount of the annual parallax. From 
all this we may conclude that as yet there are strong reasons for 
believing that the annual parallax is less than V^ at least with 
respect to the stars hitherto observed. 

Thus the semidiameter of the earth's orbit, seen from the 
aearest star, would not appear to subtend an angle of V* ; and 
to an observer placed at this distance, our sun, with the whole 
l^anetary system, wouljd occupy a space scarcely exceeding the 
tbickneet of a spider's thread. 
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546. If these results do not make known the distance of the 
stars from the earth, they at least teach us the limit beyond 
which the stars must necessarily be situated. If we conceive a 
right-angled triangle, having for its base half the major axis of 
the earth's orbit, and for its vertex an angle of T^, th^ distance 
of this vertex from the earth, or the length of the visual ray, 
will be expressed by 212207, the radius of the earth's orbit 
being unity ; and as this radius contains 23987 times the semi- 
diameter of the earth, it follows that if the annual parallax 
of a star were only V\ its distance from the earth would be 
equal to 5090209309 radii of the earth or 20086868036404 
miles, that is, more than 20 billions. But if the annual parallax 
is less than 1^', the stars are beyoid the limit which we have as- 
signed. 

547. We have already seen that light employs 8' 13'' in tra- 
versing the radius of the earth's orbit Hence it is easy to cal- 
culate the time it would require to travel a distance equal to 
that of the stars, if their parallax were sensible and equal to I" ; 
for this time would be 212207 X 8' 13''., or about 3^ years. 
Light employs then more than three years in passing from the 
stars to us. The stars whose light seems to break forth at 
once in the heavens, must have existed long before they are 
perceived ; and in some instances their light is still seen long 
after they have vanished from their places. Perhaps there are 
some stars so distant that their light has not yet reached us ; 
others perhaps ceased to be millions of ages ago, while their 
light is still seen in the places they once occupied in the ex- 
panse of the heavens. 

548. It is evident that the stars undergo considerable 
ehanges, since these changes are sensible even at the distance 
at which we are placed. There are some which gradually 
lose their light, as the star d of Ursa Major. Others, as fi of 
Cetus, become more brilliant. Finally, there are some which 
have been observed to assume suddenly a new splendor, and 
then gradually fade away. Such was the new star which ap- 
peared in 1572, in the constellation Cassiopeia. It became sJl 
at once so brilliant that it surpassed the brightest stars, and even 
Venus and Jupiter when nearest the earth. It could be seen at 
mid-day. Gradually this great brilliancy began to diminish, and 
the star disappeared in sixteen months from the time it was first 
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seen, without having changed its place in the heavens. Its col- 
our, during this time, suffered great variations. At first it was 
of a dazzling white, like Venus ; then of a reddish yellow, like 
Mars and Aldebaran ; and lastly, of a leaden white, like Sat- 
urn. Another star which appeared suddenly in 1604, in the 
constellation Scrpentarius, presented similar variations, and dis- 
appeared after several months. These phenomena seem to indi- 
cate vast flames which burst forth suddenly in these great bodies. 
Who knows that our sun may not be subject to similar changes, 
by which great revolutions have perhaps taken place in the slate 
of our globe, and are yet to take place. 

549. Some stars, without entirely disappearing, exhibit varia- 
tions not less remarkable. Their light increases and decreases 
alternately in regular periods. They arc called for this reason 
variable stars. Such is the star Algol in the head of Medusa, 
which has a period of about 3 days ; d of Cepheus, which has 
one of 5 days ; fi of Lyra, 6 ; ^ of Antinous, 7 ; o of Cctus, 
334 ; and many others. 

Several attempts have been made to explain these periodical 
variations. It is supposed that the stars which are subject to 
them, are, like all the others stars, self-luminous bodies, or true 
suns, turning on their axes, and having their surfaces partly 
covered with dark spots, which may be supposed to present 
themselves to us at certain times only, in consequence of their 
rotation. Other astronomers have attempted to account for the 
facts under consideration, by supposing these stars to have a 
form extremely oblate, by which a great difference would take 
place in the light emitted by them under different aspects. Last- 
ly, it has been supposed that the effect in question is owing to 
large opaque bodies, revolving about these stars, and occasion- 
ally intercepting a part of their light. Time and the multiplica- 
tion of observations may perhaps decide which of these hypoth- 
eses is the true one. 

550. One of the best methods of observing these phenomena 
is to compare the stars together, designating them by letters or 
numbers, and dis];)osing them in the order of their brilliancy. If 
we find, by observation, that this order changes, it is a proof 
that one of the stars thus compared, has likewise changed ; and 
a few trials of this kind will enable to ascertain which it is that 
has undergone a variation. In this manner, we can only com«> 
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pare each star with those which are in the neighbourhood and 
i^isible at the same time. But by afterwards comparing these 
with others, we can, by a series of intermediate terms, connect 
together the most distant extremes. This method, which is now- 
practised, is far preferable to that of the ancient astronomers 
who classed the stars after a very vague comparison, according 
to what they called the order of their magnitudes^ but which was 
in reality, nothing but that of their brightness, estimated in a 
very imperfect manner. 

551. By comparing the places of some of the fixed stars, as 
determined from ancient and modern observations, Dr Halley 
discovered that they had a proper motion, which could not arise 
from parallax, precession, or aberration. This remarkable 
circumstance was afterwards noticed by Cassini and Le Mon* 
nier, and was completely confirmed by Tobias Mayer, who com- 
pared the places of 80 stars, as determined by Roemer, with his 
own observations, and found that the greater part of them had a 
proper motion. He suggested that the change of place might 
arise from a progressive motion of the sun towards one quarter 
of the heavens ; but as the result of his observation did not ac- 
cord with his theory, he remarks that many centuries most 
elapse before the true cause of this motion could be explained. 

The probability of a progressive motion of the sun was sug- 
gested upon theoretical principles by the late Dr Wilson of 
Glasgow ; and Lalande deduced a similar opinion from the ro- 
tatory motion of the sun, by supposing, that the same mechani- 
cal force which gives it a motion round its axis, would also dis- 
place its centre, and give it a motion of translation in absolute 
space. 

If the sun has a motion in absolute space, directed towards 
any quarter of the heavens, it is obvious that the stars in that 
quarter must appear to recede from each other, while those in the 
opposite region would seem gradually to approach, in the same 
manner as when walking through a forest, the trees toward 
which we advance are constantly separating, while the distance 
of those which we leave behind is gradually contracting. The 
proper motion of the stars, therefore, in opposite regions, as 
ascertained by a comparison of ancient with modem observa- 
tions, ought to correspond with this hypothesis ; and Sir W. Her- 
schel found, that the greater part of them are nearly in the 

Digitized by LjOOQ IC 



T 



Proper Motion ^ftht Stars. 36S 

direction which would result from a motion of the san towards 
the constellation Hercules, or rather to a part of ihe heavens 
whose right ascension is 360^ 52' 3(y% and whose north polar 
distance is 40^ 22^ Klugel found the right ascension of this 
point to be 260^, and Prevot made it 230^, with S6^ of north 
polar distance. Sir W. Herschel supposes that the motion of 
the sun, and the solar system, is not slower than that of the 
earth in its orbit, and that it is performed round some distant 
centre. The attractive force capable of producing such an 
effect, he does not suppose to be lodged in one large body, but 
in the centre of gravity of a cluster of stars, or the common cen* 
tre of gravity of several clusters, 

552. There arc stars which, when viewed by the naked eye, 
and even by the help of a telescope of moderate power, have 
the appearance of only a single star, but being seen through a 
a good telescope they are found to be double, and in some cases 
a very marked difference is perceptible, both as to their brJI- 
liaiicy and the colour of their light. These Sir W. Herschel 
supposed to be so near each other as to obey reciprocally the 
power of each other's attraction, revolving about Hheir common 
centre of gravity, in certain determinate periods. 

The two stars, for example, which form the double star Cas- 
tor, have varied in their angular situation more than 45^ since 
they were observed by Dr Bradley in 1759, and appear to per* 
form a retrograde revolution in 342 years, in a plane pcrpendicu- 
br to the direction of the sun. Sir W. Herschel found them m 
intermediate angular positions, at ioAermediate times, but never 
could perceive any change in their distance. The retrograde 
revolution of y in Leo, ant>ther double star, is supposed to be in 
a plane considerably inclined to the line in which we view it, 
and to be completed in 1 200 years. The stars c of Bootes, per- 
form a direct revolution in 1681 years, in a plane oblique to the 
sun- The stars j of Serpens, perform a retrograde revolution in 
about 375 years ; and those of ;^ in Virgo in 708 years, without 
any change of their distance. In 1802, the large star i^ of Her- 
cules, eclipsed the smaller one, though they were separate in 
1782. Other stars are supposed to be united in triple, quad- 
ruple, and still more complicated systems. 

553. With respect to the determination of the real magnitude 
of the stars, and their respective distances, we have as yet made 
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but little progt^ss. Researches of this kind must be left to 
future astronomers* It appears, however, that the stars are not 
uniformly distributed through the heavens, but collected into 
groups, each containing many millions of stars. We can form 
some idea of them from those small whitish spots called nebuUs^ 
which appear in the heavens. By means of the telescope, we 
distinguish in these collections an almost infinite number of small 
stars so near each other, that their rays are ordmarily blended 
by irradiation, and thus present to the eye only a faint uniform 
sheet of light. That large, white, luminous track, which trav- 
erses the heavens from one pole to the other, under the name of 
the Milky Way^ is probably nothing but a nebula of this kind, 
which appears larger than the others, because it is nearer to us. 
With the aid of the telescope we discover in this zone of light 
such a prodigious number of stars that the imagination is bewil- 
dered in attempting to represent them. Yet from the angular 
distances of these stars, it is certain that the space which separ- 
ates those which seem nearest to each other, is at least a hun- 
dred thousand times as great as the radius of the earth's orbit. 
This will give us some idea of the immense extent of the group. 
To what distance then must we withdraw, m order that this 
whole collection may appear as small as the other nebuhe which 
we perceive, some of which cannot, by the assistance of the best 
telescopes, be made to present any thing but a bright speck or a 
pimple mass of light, of the nature of which we are able to form 
some idea only by analogy ? When we attempt, in imagination, to 
fathom this abyss, it is in vain to think of prescribing any limits 
to the universe, and the mind reverts mvoluntarily to the insig- 
nificant portion of it which we are destined to occupy. 
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h-^Note to Article 30, Page 16. 

The micrometer here referred to is different from either of the 
lastruments bearing this name, which are described in the treatise on 
optics. It consists of hairs, spiders' threads, or wires of extreme 
fineness, placed at the focus of the eye-glass so as to divide the field 
of view into several parallel portions of the same width. By this 
means the position of any heavenly bod}' at the instant of its transit 
is determined with great precision. In order that the wires may be 
kept well stretched and in their places, they are fastened to a metal- opt. 188. 
lie plate with a circular opening called a diaphragm^ which is attach- 
ed to the interior of the telescope by means of a lateral screw, the 
proper position being previously determined by trial, so that the 
object and the wires may be seen through the eye-glass with equal 
distinctness. The eye-glass and object^lass of the telescope, are 
usually attached to tubes capable of sliding in the principal tube of 
the instrument, in order that the observer may regulate the distance 
of the glasses from each other and from the wires of the micrometer, 
and adapt them to bis eye. In this way the eye-glass must be so 
adjusted, that the image of each wire may be perfectly distinct, sio- 
gle^ and well defined. 

There are several kinds of wire micrometers. The most simple 
and the one most in use, is represented by M, in figure 4. It is com- 
posed of five parallel wires, and a sixth which crosses them at right 
angles ; the plate which carries the wires, is moveable in a grove, 
by means of a screw. The micrometer is placed in an opening in 
the tube of the telescope, which allows the plate and the wires attach- 
ed to it, to be moved till the centre C of the wires is 'brought into 
the optic axis or line of collimation of the instrument, that is, the 
straight line drawn from the centre of the eye-glass to the centre of 
the object-glass. 

Sometimes the micrometer consists of two parallel wires, one fixed, 
the other moveable by means of a screw, which carries it nearer to 
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or farther from the first, and a third wire crossing the two first at 
right angles. This apparatus senres to measure the apparent diame- 
ters of the heavenly bodies. 

The astronomical quadrant, represented in fi^re 6, and other 
instruments for measuring angles, are provided with two cross hairs 
or wires, placed at the focus of the eye-glass, at right angles to each 
other, and whose intersection, like C in figure 4, is in the common 
axis of the object and eye-glass, a&d serves as a guide to the eye. 



11.— Note to Article 137, Page 71. 

P2^ ^ Let D be the distance of the heavenly body from the centre of 
the earth, a distance which we suppose constant while the body is 
rising to its greatest height. Let jR be the radius of the earth, COZ 
the vertical, Z the zenith distance or angle LOZ, and n the parafiax 
in altitude or angle OLC. This being supposed, in the triangle 
LOC the sines of the angles being proportional to the opposite sides, 
we have 

i^sinZ 



Trig. 21 sm a 



D 



Suppose now the heavenly body in the horizon, the zenith distance 
being 90^, we have sin Z =: 1 ; and, calling n the correspoadiag 
value of n^ that is, the horizontal parallax, we have, by the preceding 
formula, 

• rr ^ 

sin iz = ^ ; 

this is the ratio of the sines to the opposite sides, ia the triangle 
L'OCj in which OL' is horizontal, and a tangent to the earth at O* 
As the sine of an angle is always a fraction less than unity, the pro- 

duct -= into sin Z, or the parallax in altitude will always be less than 

-^, which is the horizontal parallax. The horizontal parallax is 

therefore a maximum. If we eliminate D by means of the two pre- 
ceding equations, we shall obtain 

sin 7r = sin 77 sin Z. 

The distance of the heavenly bodies is so great that H and n are 
always very small angles, even in the case of the moon, whose hori- 
zontal parallax never exceeds 1^. Now for such very small angles, 
the ratio of the arcs is very nearly equal to that of the sines ; accord- 
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iiigly, by substitutiog — for -: io the preceding ratio^ we have 

n=z iZsm Z; 

that IS, the parallax in altitude is equal to the horizontal parallax itiuZ- 
tiplied by the sine of the zenith distance. Strictly speaking,, this ratio 
takes place between the sines of the parallaxes, but in order to judge 
how nearly the arcs approach to the same ratio, it is sufficient to re- 
mark, that the sine of 1^ is equal to 0,01745240, and its tangent 
0,017455079 radius being unity. Now, as the arc is always less than Trig. 16. 
its tangent and greater than its sine, it is comprehended between the 
two preceding expressions, and diflers from either of these values 
less than they differ from each other. The error which we commit 
in substituting the arc for the sine in such a case, is less than 
0,00000267, which, divided by 0,01745240, gives about yj^r of the 
total value of the arc. 

From the preceding expression of the sine of tt, it will be seen 
that the parallax of a heavenly body may be calculated for all alti- 
tudes, when we know its distance from the centre of the earth in 

p 
parts of the terrestrial radius, or the ratio -rr. Reciprocally, we can 

calculate the distance, when we know the parallax by observation. 

Knowing the parallax in altitude by the preceding formula, if we 
call Z" the true zenith distance, as observed from the centre of the 
earthy we shall have 

sin » = sin JCr sin Z, Z" =. Z — n. 

These formulas suppose Z known. In astronomical tables, which 
are constructed for the true places, Z" is supposed to be known, and 
we must deduce Z from it in order to find the apparent place. For 
tUi purpose, we must express the parallax 9r in a function of Z* 
This is easily done ; for, as Z b equal to Z" -|- n^ by eliminating 
Z, we shall have 

sin « = sin il sin {Z' + «) = sin n (sin Z* cos ti + cos Z* sin tt); Trig. 11. 

whence we deduce 

sin 77 sin Z" m . « 

tang n = r--- ^. Trig. 8. 

^ 1 — sm/rcosZ' 

As the horizontal parallax JI is always a very small arc, this expres« 
sion may by be reduced to a converging series, arranged according 
to the powers of sin 77. It is, therefore, only necessary to perform 
the division indicated, and we shall have 
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• ^ • IT// I sin 'il sin* Z" , ^ 
tang 9r = 8in 17 sin Z" H r [- &c. 

But the two first terms will always be sufficient. 

If we would have rigorously the value of n, we can easily obtain 
it by means of an auxiliary angle q>y of such a value as to give 



cos if z= ^sin n cos Z", 

from which we deduce 

m^ ,« . sin n sin Z" 

Thg. 10, tang n = r— , 

^ sin « y * 

a formula adapted to calculation by logarithms. 



III.— JVbic to Article 138, Page 72. 

The process by which this result is obtained, is very simple. Let 
us consider the case of figure 25. Let n be the parallax in altitude, 
with respect to an observer at O, which is equal to thx* angle OLC ; 
in like manner, let nf be the angle OLC, or the parallax in altitude 
for an observer at O' ; lastly, let n be the horizontal parallax of the 
same body, which would be the same for the two observers, on the 
supposition that the earth is spherical. This being supposed, if we 
call Z and Z the two zenith distances, we shall have, according to 
the preceding note, 

51 = 71 sin Z, n' z=. n sin Z' ; 

which give, in case of figure 25, 

n'\"n! = n (sin Z + sin 2?), 

Now, 71 -|- 71^ is simply the angle OhCy^ under which is seen fram 
the centre of the heavenly body the chord of the terrestrial arc, 
which joins the two observers. l*his angle being the fourth in 
the quadrilateral COLO', is easily calculated ; indeed the angle at 
O is equal to 180^ — Z, and the angle at O equal to 180^ — Z'. 
Let 9 be the angle at the centre of the earth comprehended be- 
tween the verticals of the two observers, which is known by means 
of their latitude ; the sum of the four angles of the quadrilateral 
being equal to four right angles, we shall have 

Geo. 80; 9 + 180? — ^ + 180« — Z' + OLO = 360**, 

consequently, 

OLO' = Z + Z' — tp, 
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and, since this angle OLO* is eqaal Xon-\- n', we shall have, putting 
these two values equal to each other, 

Z + Z' — q> 
Sin Z -j- sm Z' 

on the supposition that the heaveuly body is on the same side of the 
senith with respect to the two observers, as in figure 26, the reason* 
ing will be altogether similar, only the angle OltO' will no longer 
be 3f' + jr, but n — n, or n sin (Z' — sin Z), n' being the greatest 
of the two parallaxes ; we should have moreover in the triangle OKO'* 

Z + OLO' + 180*' — Z' + 9) = ISO**, 

which gives 

OLCy znZ' —Z^q>. 

The whole is reduced, therefore, io making Z negative, as well as 
sin Z in the preceding value of n. This fi>rraula, in which every 
thing is known, will give the value of the horizontal parallax of the 
heaveuly body. We shall then have the distance by the formula 

R 
«n ^ = 5> 

which gives 

sm n 

The angle OLCy or Z + Z' — 9), may also be deduced immedi- 
ately from the difference of the observed declinations between the 
heavenly body and a fixed star, as remarked in the text. ^^ 

It will be seen in the same article, that the parallax of Mars is 
found, by this method, to be 24^^,64 ; we have, therefore, for Mars 

sin /7 = 0,000119458 = t3Ti,T5T> 
and, consequently, 

D = -: = JR 8371,15, 

sin 17 

diat is, the distance of Mars from the earth was then equal to 8371,15 
terrestrial radii. 

We can even calculate the value of D without the aid of the table 
of sines, for the angle n being very small, we can substitute it for 
its sine without any material error ; but then radius, which is here 
considered as unity, must be converted into parts of the same nature 
with /7, that is, into seconds. Now the value of the radias, thus re- Top.148. 
duce i, IS 206264'',8 ; accordingly, we have 

Astron. 47 
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IT ' 

and in the present case 

D= 8371,15 J?. 

This conversion of the radius is often resorted to in astrononiTV 
and it will be seen, that it is necessary whenever we substitute a 
small arc for its sine. It is on this account^ that 1 have made use of 
the present occasion to excni|>lify it. 



IV — Ndie to Article 143, Page 74. 

Tig. 28. Let C be the centre of the earth, C^ that of the heavenly body, 
II the horizontal parallax of the heavenly body, or the angle OOC, 
D its distance CC from the centre of the earth ; according to what 
precedes, we shall have 

H 
sin 17=—. 

2 77 is the apparent diameter of the earth, with respect to an observer 
at the heavenly body ; reciprocally, the apparent diameter of t&e 
heavenly body, seen from the earth, is simply 0"CCy^', that is, 
double the horizontal parallax of the earth with respect to the same 
observer. Let ii', therefore, be ihe radius of the heavenly body, sup- 
posed to be spherical, and J its observed apparent diameter, w« 
shall have, in like manner, 

sm J J = p ; 
By dividing these two equations the one by the other, we deduce 

sin jJ _R\ 
sin jcr "^ S^ ' 

substituting for the ratio of the arcs, that of their »nes, a» we may 
do, since the arcs are very small, we have 

2 /r "~ R ' 

which IS the theorem enunciated in the text. We shall thus have 
the ratio of the radius of the heavenly body to that of the earth, an^ 

by cubing this ratio we obtain ^p^ — as the ratio of their bulltf* 
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v.— Note to Article 144, Page 75. 

To find these corrections, let us consider successively our two 
spherical triangles ; let Z be the apparent zenith distance or ZS ; Fig. ^. 
J the apparent polar distance, or PS ; P the apparent horary angle, 
or the angle ZPS ; A the azimuth of the heavenly body or the an- 
gle PZSj PZ, the third side of the triangle, will be the zenith dis- 
tance of the pole, or the complement of the latitude ; let us represent 
it by D. This being supposed, by the formulas of spherical trig- 
onometry, the angle P mny be enpressod in a function of the azi- 
muth and the sides of the triangle ; for we have 

-_ cos Z sin D — cos A sin Z cos D m^ r, 

cot P = : 7—: r? 5 ^"** ^'* 

sm A sm Z 
whence 

cot Z sin D — cos A cos D 



cot P = 



sin A 



Let us call Z% J', P', the corresponding quantities in the triangle 
T^PS', referred to the true places ; we shall have, in like manner, 

cot Z' sin D — cos A cos D 



cot P' = 



sin A 



for the azimuth and the zenith distance of the pole remain the same 
for both triangles ; subtracting one of these equations from the other, 
we find 

•n T»/ (cot Z — cot ZO sin D •,,. ,, 

cot P — cot P' = ^ : — —■ Trig. 11. 

sin A 

cos 
Substituting for the cotangents their trigonometrical expression -:— , 

sm 

and reducing to a common denominator, we obtain 

. /» ™n sin (^ — ^') sin D sin P sin P* 

sin (P — PM = ^ ; — 7^-: — 77—' — 57 ; 

^ ^ sm ^ sin Z sm Z' ' 

Z — Z' precisely the parallax in altitude tt, the sine of which is equal 
to sin JI sin Z, n being the horizontal parallax ; substituting this 137. 
value, we have 

. / « n,\ s>n -ff SJO ^ sin P sin P' 

Bin (P — P') = : 7-: — y. 

^ '' sin A sin Z' 

We can facilitate the use of this formula, by eliminating the azi- 
math A which is not commonly observed, and which only serves to 
connect our two triangles. The process is simple^ for 11 every spherl- 
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cal triangle the sines of the angles are proportional to the sines of 

the opposite sides. Thus, in our triangle ZPS referred to the true 

, , . sin P' . - sin Z' , ^ . , , i- 

places, the ratio -: — ^ is equal to -: , J\ being the true polar dis- 

tance ; we have then, by substituting this value, 

• /n n.y sill 77 SIH D SIH P 

sin (P — P') = . — . 

^ ^ sin J' 

F — P' is the difference between the true horary angle and the ap- 
parent horary angle. It is indeed what is called the parallax in right 
ascension ; if we represent it by a, we shall have P = P' -|- «> ^^^ ^7 
eliminating P, it will become 

sin 77 sin D sin (P' 4- a) 

sin a = ; — —^ ' — ' 2 

sin J' 

and developing sin (P' -|- a), we obtain 

sin 77 sin D sin P' 



tang a = 



sin J' 



sin 77siu D _, 

COS P'. 



sin J* 

This formula corresoonds exactly to that for the parallax in alti- 
tude. See note 11. It can be developed in a series by the same 
method, and confining ourselves to the two first terms, which will 
always be sufficient, we shall have 

sin 77 sin Dsin P' , sin » 77 sin " D . ^ -. , - 

tang a = : — j. rr-, -. — sin » F -f- &c 

° siu J' 2 sill -' J' ' 

We may very often neglect even the second term, and then substi- 
tuting the ratio — for — : , we shall have, by approximatioD, 

«„..,, . 77 sin D sin P' 

rarailax id right ascension = ; -, , 

^ sin ^ 

Lastly, we can still find the value of tang a rigorously by a transfor- 
mation analogous to that in the note above referred to, by means of 
an auxiliary angle <p, of saqh a value as to give 



J sin 71 sin D cos P' 
sin J' ' 

we then obtain 

sin asm D sin P^ 



tang a =: 



sin J' sin ^ 9 
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All these formiilas, giviBg the parallax by neaos of the true places, 
are adapted to astronomical tables ; they agree in showing that the 
parallax in right ascension is nothing at the meridian where P' is 
nothing. 

The parallax in declination is found in a similar way, by compar- 
ing the polar distances in our two triangles ; indeed, if we call A the 
asirauth SZP^ reckoned from the pole, we can express the polar 
distances J, J'^ in a function of A, of D the zenith distance of the 
pole, and of the true or apparent horary angle, thus, 

cos i^ sin P -f" ^Q^ ^ cos P sin j4 

"^ "■ sin D sin A ' Trig. 51. 

whence 

cot A sin P -^ cos D cos P 



also 



cot J: .^^^ 

sm D 



cot A 9\n P^ 4- cos D cos P' 

cot J' = r~s , 

sm D ' 



subtracting one of these equations from the other, we obtain 

sin {J — J):=z — "°^^"^^Y cot A (sin F— linP')+ cos D cos P — cosP)) 

Since the azimuth has been employed as constant, we eliminate it by 
substituting its value in the true triangle, derived from the formula 

^ cot A' sin D — cos P cos D 

cot A = -. - n, , 

sm P' ' 

which is perfectly similar to those above obtained, and belongs 
to a spherical triangle in which we know two sides /f and D, and 
their included angle P' ; by means of this expression, the preced* 
ing formula becomes 

' f^ ^ . Vsini^cosftinrP—P) 2cos^'cos|(P+P')siDj(P— P)^ 

We have called a the parallax in right ascension P — P' ; let us 
now call d the parallax in declination J — /t* ; we shall have 
J:=z J^ + d 9Bwe had P =z F* -\- a; and hence the formula be- 
comes 

. ^ /sin A' cos D sin a 2 cos // cos (P' + J«) sin § tf\ . . . 

\ sin D sin P' sin P^ y v t^ / » 

substituting, in the first term, for sin o its value 
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sio n sin D sin (P* -f* ») 
sin ii/ ' 

which will simplify it a little^ we shall have 

•«* /sin//cosDsin(P'-f-a) — 2co8^cos(P -|-§a)sin Ja\ . . ^, , ». 
8,nd= (^ -j-p, ^^ ) "° (^ + «)• 

The coefficient contained within the parentheses, depends simply on 
the true places, and will be entirely known as soon as we shall have 
Calculated the parallax in right ascension ; representing it by Q, the 
preceding formula will become 

sin d =: Q sin {/f -|- d)» 

It is then still analogous to that which gave us the parallax in alti- 
tude, as well as the parallax in right ascension ; it may be resolved 
in the same manner, eitlier exactly, by means of an auxiliary angle, or 
approximately, by means of the series 

tang 5 =: Q sin J' + sin 2 ^/ + &c. 

In practice we can always, without any sensible error, substitute the 

ratios uf the arcs a, d, and /7, for those of their sines and tangents ; 

which amounts to neglecting the cubes of the parallaxes. We can 

t 1 /. , .L 1 , /7sin D sin (P -4- a) _ , .. 
then take for i a, the value J :— ^ ■' — i-. Lastly, if we 

take only the first power of the parallax, which will always be 8uffi.« 
clent, we can make a and d nothing in the terms of the second mem* 
ber, which have been already multipled by /7, and then it becomes 

Parallax in declination = XT (sin J' cos D — cos J' sin D cos P'}. 



yi.—NoU to ^rtick 146, Page 76. 

Ik general, let ll' be the horizontal parallax of a heavenly body at 
the equator, n its horizontal parallax in latitude L ; calling D the 
distance of the heavenly body, A the radius of the equator, and R 
the terrestrial radius at the latitude £, we shall have 



. , A R 

sm 2Z = -g, sin ir= -jT, 



from which we obtain 



cm /r = --T sin n ; 
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or, substitotiog the ratio of the angles ir and B for that of their sinet 

By means of this formula^ we see that the equatorial parallax la the 
greatest of all, and the polar the smallest. In general, whoD we 
know ify we can calculate 77 by means of the values K.t It will be 
seen, moreover, that it is sufficient to know 77, by observation, with 
respect to any single Intitude, in order to deduce from it the value 
ef TT^, or the equatorial parallax. 



VII.— iVbte to Article 149, Page 77- 

Let Z be the apparent observed zenith distance, Z' that distance f^.j 
reduced to the true zenith, and Z" the distance Z' reduced to the cen- 
tre of the earth. Let us call <» the angle ZOZ formed by the radius 
with the vertical, and n the parallax in altitude for the distance Z\ 
This being supposed^ if the heavenly body is in the meridian of the 
place on the equator, we shall have 

Z =1 Z — «i ; Z' =z Z' — 7t; sin ^ = sin 77 sin Z, 

n is here the horizontal parallax for the radius OC, These formulae, 
supposg Z to be known ; but if it was the true distance Z" which 
was ^ven, we could easily obtain Z in the manner already describe 
ed ; for the two last equations would give tt, in a function of Z"^ 
by thse series referred to, and .hen we should hence deduce 

Z = Z' '\-n\ Z=Z'-\-t^=iZ' -\-t>^n. 

•» must have been taken negative, if the heavenly body had been 
observed on the side toward the pole. It must not be forgotten that 
these formulas are applicable only in the plane of the meridian. 

The calculation of the parallax, by two observations made on the 
meridian at great distances, is just as easy in the case of the spheroid 
as in that of the sphere ; for, denoting always the { ositions of the two 

t On the supposition that the terrestrial meridian is an ellipse, and 

that the oblateness is rTr^-^, the length of a degree, ih any latitude 

metre. metre. 

Ir, according toDelambre, is equal to 11111,111, — 540,848 cos 2L, 

and log R = 6,8038861 4- 0,0007150 cos 2 L. But the above metre 

tt to the legal metre as 1 is to 1,0000723 ; and the legal metre b 

^Qal to S99371 E^oglish inches. 
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obserTers by O^ (Yy figore 31, analogous to figure 25, the quadri* 
lateral COLC/ will present the same relations. Qnly as the observed 
zenith distances are LOZy hO'Z'y about the verticals ON, ON^ we 
must, in order to obtain the distances LOZ, , LOZ, , relative to the 
true zenith, subtract the angles formed by the radii CO, CC, with 
the corresponding verticals, angles which we shall call o), u\ and 
which can be calculated by the formula given below.t Thus, calling 
always tt, tt , the angles CLOy CLO^y or the parallaxes in altitude ; 
Ry R* the two terrestrial radii at O and O' ; i7, //, the two horizon- 
tal parallaxes, and D the distance CL of the heavenly body from the 
centre of the earth, we shall have, as before, 

R R' 

sin /z = -=r ; sin/7' = -rr-; 3t=:zr8in {Z — w); n =: /z' sin (-ZT — w'). 

We understand here by harizantal parallaxy that which takes 
place when the visaal ray is perpendicular to the terrestrial radius. 
The visual ray is not then a tangent to the spheroid ; so that it would 
bB more proper to call the angle in question the greatest parailax, or 
4be inaximum parcMax ; but custom has prevailed. The ratio of the 
sines of these parallaxes being very nearly the same as that of the 

arcs, we have — == ^, that is, they are proportional to the terres- 
trial radii, and availing ourselves of this ratio to eliminate Ify'il^ 
«dd together the expressions for n and n'y we shall have « 

, , _/ilsin (Z — oi> + JR' sin (Z* — ai'\ 
^+ " = ^ V R ■ } 

£ut the sum of the parallaxes n -f* ?r'y is equal to the angle OLO ; 
moreover, the sum of the four angles of the quadrilateral COLGff 
must always be equal to four right angles ; hence we shall have as 
before 

OLO' = 3r4-w=Z— w + Z' — w— y; 

<p being the angle OCO'^ formed by the two terrestrial radii. Let as 
produce the normals ONy ON^y till they meet the straight line OE 
which represents the plane of the equator ; the angles ENOy ElfOj 
formed by the normals with this plane^ will be the latitudes of the 
two observers ; we shall call them it, I' ; now these angles being the 
exterior angles of the triangles NOCy NO'CyWe shall evidently have 

f L being the latitude, and ' ■ v the oblateness, 
w. •1=11' 9"^9 sin 2 JL — 1",086 tin 4 JL 
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whence we obtain 

NCO + iV'CCy = 9 = i + r — « — «' ; 

a value, which, being substituted for 9 in the expression for OL(y^ 
gives 

OL(y=zZ+Z — l — X'; 

a result altogether analogous to that which takes place on the sphere. 
This value of OLO or of ti ^ n, being equal to the first which we 
obtained, we deduce from it the value of the mazimum parallax for 
the observer O, which will be 

R sin (Z — w) + R' sin (Z' — «'/ 

For the observer (y, we should have 

R- f Z + Z -> X — r) 
R sin (Z— w) + jR' sin (Z — «')' 

These expressions are altogether analogous to those before obtained, 
and they are not more difficult to calculate. We have supposed, in 
the calculation, that the two observers were situated on opposite 
aides of the equator ; if they were on the same ^ide, we should have 
to regard the least latitude as negative in the preceding formula, and 
also make the corresponding value of a or of »' negative. In thi« 
case, if the heavenly body, instead of being situated between the 
two zeniths, were situated on the same side of the zenith, with re- 
spect to the two observers, we should be obliged, moreover, to re- 
gard as negative the least of the two zenith distances. 



yah— Note to ArHch 150, Page 78. 

Let a be the apparent azimuth of the heavenly body, reckoned pjg, ^ 
from the pole. This will be the supplement of the angle Z'ZS ; let 
Z be the observed distance from the apparent zenith, Z the appar- 
ent distance from the true zenith, to the angle formed by the 
radius with the vertical. This being supposed, if we observe that 
cos (180^ — -^) = — cos Ay the spherical triangle ZZS will give 

cos Z* = — sin Z sin « cos ^ -f- cos » cos Z ; ^ Trig. 47. 

taking an auxiliary angle 9, such as to give 

tang <pz=: cos A tang », 
Astran. 48 r^ T 
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we shall have 

-., cos 01 /rr , \ 

COS z' = COS (Z + q)' 

cos (p 

If we would determine the azimuth by means of the observed 
horary angle, which is easier than to observe it, nothing is more sim* 
pie. For, if we imagine a new spherical triangle ZPS^ figure 34, 
referred to the three visual rays drawn from the observer to the pole, 
to the apparent zenith, and to the heavenly body, we shall know, 
in this triangle, the observed apparent distance or Z^ the distance 
from the pole to the apparent zenith or D ; lastly, the apparent ho- 
rary angle or F. The angle SZP^ comprehended between the two 
sides Z and D of this triangle, is exactly equal to the azimuth A. 
We can then calculate this azimuth by combining the following for- 
mulas deduced from spherical trigonometry, 

rx. » ' f A I \ sin v/ tang D 

tang ^ = cos D tang F, sm (^ 4. y/) = ^„ z ' 

in which y^ is an auxiliary angle. When we know A by these formulas, 
the two first equations will make known Zy or the apparent distance 
of the true zenith. The parallax for this distance, or JI sin Zy will 
thus be known. Subtracting it from Z^, we shall have the true 
zenith distance Z^ =1 Z' — n sin Z. 

If, on the contrary, Z' were given, we might hence deduce Z by 
means of the formulas of note 11 1, in which 71 would represent the par- 
allax in altitude Z — Z'^ referred to the true zenith. Then we might 
obtain Z, by resolving the spherical triangle SZZ in which the an- 
gle Z', the true azimuth of the heavenly body, might be easily calcu- 
lated by the elements of its true place. But there is another method 
much more simple for finding Z directly. It will be seen in the fol- 
lowing note. 

When Z is very considerable with respect to w, we can easily ob- 
tain the value of Z' — Z in a converging series arranged according 
to the powers of sin 01. But, generally speaking, this reduction is 
not possible, since the arcs Z, Zj «», can be compared together, 
when the body L is observed very near the true or apparent zenith. 



IX.— ]Vb<c to Article 151, Page 78. 

According to what we have said, calling always » the angle 
formed by the terrestrial radius with the vertical, and denoting by a 
the parallax in right ascension, and by d the parallax in declination, 
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the formulas investigated in note v, the earth being supposed to be 
spherical, wiU give, on the supposition that it is spheroidal, 

sin n sin (D + m) sin (F+ a) 

sin a = ^ — i i « — ^ 

sin J 

. ^ /8inl7co8(D + «)sin(P'-|-«) — 2cos2/cos(P'+*a)sin Ja\ . 
•na = ^^ -^-^p ^«n(^ + d) 

or, with an approximation almost always sufficient, 

"- ii^TT ' 

d = n (sin ^ COS (D + w) — cos zf sin (D + o») cos P*). 
^ is the true polar distance, and F' the true horary angle as seen 
from the centre of the earth, a and 8 being calculated by these for- 
mulas, if we call ^ the apparent polar distance, and P the apparent 
horary angle, seen from the surface of the terrestrial spheroid, we 
shall have 

P = P' + «, j=iJ + d', 

with P, Jf and D, we can calculate directly the apparent distance Z^ 
For, if we suppose the spherical triangle SZFf figure 34, referred to 
the three visual rays, drawn from the observer to the apparent zenith, 
to the heavenly body, and to the pole, we shall know in this triangle 
the side PS =z J^ PZ = D, and the angle SPZ = P. We can 
then easily determine the third side, or the apparent zenith distance 
ZS = Z, We can likewise calculate the angle SZP or the appar- 
ent azimuth of the heavenly body. We shall thus have all the ele- 
ments of the apparent place of the heavenly body, in the most sim- 
ple manner, by means of the elements of its true place. In like 
manner, if we suppose the spherical triangle SZP referred to the 
three visual rays, drawn from the centre of the earth to the true 
zenith, to the heavenly body, and to the pole, we shall know, in this 
triangle, the sides SP = JfyZP=:D + m, and the angle S:PZ'= P\ 
We can then calculate the third side SZ' = Z'y from which we 
shall be able to determine Z or ZSj by the formulas given in 
note II. We can also calculate the angle S'Z'P which is the true 
azimuth of the heavenly body. It will be seen that the circumstance 
of the earth's oblateness does not render these results at all more 
complicated. 
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X.—Not€ to Article 152, Page 78. 

Fig. 31. Let us call r the semidiametcr OC of the earth, R the radius CL, 
or CZ, drawn from its centre to that of the moon. The line OLj 
the side of the right-angled triangle COLy will have for its length 
y/R* — H ; the line OZ will have for its length R — r; and the 
difference of these two lines, or the excess of OL above OZ, will be 
expressed by 



j^R2^r^ _(R_r); 

if we suppose, as is the fact, that r is a very small fraction compared 
with R, it will be sufficient to extract, by approximation, the indicat- 
ed square root, employing for this purpose, the bidomial formula of 
Newton ; and, rejecting all but the first powers of i2, we shall have 

for the root in question R — --^, The above expression, which re- 

2 li 

presents the difference of the lines OZ and OL, will then be express- 

ed by r — 7-^, that is, it is nearly equal to r, for the term — — ^ is 

very small, in comparison with r, since it is equal to the product 

of r by ---3, which is a very small fraction, and differs but little from 
2 Jti 



XI.— ]Vb<€ to Article 173, Page 98. 

Let D be the sun's declination, observed near the time of the sol- 
stice, 01 the obliquity of the ecliptic, and L the longitude of the sua 
corresponding to the declination D ; then the right-angled spheri- 
cal triangle, formed by the longitude, the declination, and right as- 
cension, gives 

Top. 82. sin D = sin m sin L. 

If the observation were made at the moment of the solstice, the 
declination of the sun would be exactly equal to the obliquity of the 
ecliptic, and the longitude equal to 90^. We should then have 
D = i», and L = 90^ ; but since, by supposition, the observation is 
made near the time of the solstice, we shall have 

D = « — Zy, L = 90« — L', 

ly and L' being very small quantities. But substituting these values 
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in the preceding equation, it becomes 

sJD 01 cos D' — cos 0) sin ly = sin to cq3 L'. Trig. 11. 

By putting for cos i^ and cos L their values 1 — 2sin^iD'y 
and 1 — 2 sin *i L', changing all the signs of the equation, and Trig* 21, 
dividing by cos q>, we have ^' 

2 tang « sin 2 J iy + sin IK = 2 tang u sin ^ j L\ 

It is evident from inspection that sin D' is a very small fraction of 
the order of sin' J L'; consequently, sin^J D' is a fraction much 
smaller. And by neglecting it, we have very nearly 

sin ZX = 2 tang w sin ^ J L\ 

But if we would obtain a nearer approximation, which is sometimes ne- 
cessary when the observed declination is djstant eight or nine degrees 
from the solstice ; we have only to consider that the exact value of 
sin D' is 

sin D' = 2 tang co sin 'J L' — 2 tang w sin«§ If. 

If the value of sin D' given by the first term only, is not perfectly 
exact, it will at least be near enough to be substituted in the last 
term 2 tang w sin ' i D', which is very much smaller than the first. 
We can even, in this substitution, take for sin j D' the value J sin D'y 
the arcs, when very small, differing but little from their sines ; we shall 
then have with respect to the last term, sin J D^ = tang cd sin ^ i L' ; 
md this value being substituted in the preceding equation, we shall 
have, by this second approximation, 

sin Zy = 2 tang a sin^ j L' — 2 tang? cd sin* J L'. 

This value of sin D' will be sufficiently exact, even when L' = 18**. 

By means of this formula, an observation of the meridian altitude 
of the sun, made before or after the solstice, may be readily reduced 
to this epoch ; the observation, however, should be near the sol- 
stice. In order to this we calculate, by means of the astronomical 
tables already formed, the sun's longitude at the time of the observa- 
vation ; this will be the value of L; substracting this from 90^, 
the remainder will be L', or the sun's distance from the solstice at 
the time of the observation. Knowing L', we have i> by the pre- 
ceding formula ; and ly added to the observed declination will give 
the solsticial declination D -j* D'y precisely as if it had been ob- 
served at the moment of the solstice. 

It is evident, by proceeding in this way, that the only uncertainty 
will be in the value of Uy given by the tables, which we suppose 
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imperfect. Suppose then, that this value, instead of being L'y were 
X' -|- c = L'S e being the error arising from the imperfection of the 
tables ; in order to know what will be the effect upon the value of 
Dy let us limit ourselves to the first term of the value of sin XX, which 
gives 

sin D' = 2 tang ta sin' j L'. 

Now, if we suppose that the substitution of L" for L', changes I> 
into D'f we shall also have 

sin jy =2 tang » sin') U. 

Subtracting the first of these equations from the second, and putting 
for the difference of the sines, its value in a function of the difference 
of the arcs, we shall have 

,in J ( D' — iX) cos J (ly + ly) = tang « sin i (L' — L'O sin J(L + L'> 

ty — i> is the error' in the soisticial declination corresponding 
to the error L" — L' in the longitude. If we limit ourselves to the 
first powers of these small arcs, we may substitute their ratio for that 
of their sines. We may then put L*' = U and !>' = I>, in the other 
terras of the equation ; we shall thus have 

_ e tang w sin L " 
^ -^ - cosD" ' 

This expression may be somewhat simplified by substituting unity 
for the denominator cos D" ; since, in the calculation, we confine our- 
selves to the first power of sin D", and as cos D" = 1 — 2 sin « i D", 
it will be seen that the difference between cos D^' and unity is of the 
order of terms which we propose to neglect We shall then have, 
by an approximation sufiiciently exact, 

D" —ly = e tang 10 sin L". 

It will be seen by this formula that the eirror in the declination is 
much less than the error e of the longitude, since this is multiplied 
by the factor sin L", which is very small in observations made near 
the solstice, and which becomes nothing at the solstice itself. To ap- 
preciate the influence of this, suppose that we have only imperfect 
tables for determining the value of L"y which are liable to an error of 
half a day in the time of the solstice, and consequently an error of 
0<>,495 or 29' 42'', in the longitude ; so that e = 29' 42'' ; it will then 
be necessary to make the observation as near as possible to the sol- 
stice, for instance, on the very day it takes place. In thb case the dis- 
tance from the solstice being near half a day, it is clear that L" will 
be nearly equal to 29' 42", by supposing the daily motion of the sua 
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equal to 59' 24'^, as we have done in the text. By these supposi- 
tions we have 

!>' — ry = 0^ 29' 42" sin 29' 42'' tang 23** 27' 53", 

taking 23^ 27' 53" for the obliquity of the ecliptic. The numerical 
value of this formula derived from the trigonometrical tables is 

ly' — ry =z 6",7. 

But if instead of making use of such tables in calculating the value 
of L"f we were to employ others less imperfect and liable to an 
error only jl^ part as great or 0^^00495, the error in the solsticial 
declination, resulting from an observation made on the day of the 
solstice, would become less in the same proportion ; it will thus be 
reduced to 0"fl67y a quantity nearly insensible. 

An error of 0^,00495, in the sun's longitude, answers to 7j min- 
utes, or 432 seconds in time. With respect to the astronomical tables 
in actual use the error in time rarely amounts to 4 seconds ; the 
error e, in the longitude, is accordingly reduced in the same propor- 
tion ; so that the distance firom the solstice being the same, it be- 
comes only yIt of the above ; and the corresponding error in the 
solsticial declination would amount only to 0" ,00067* 



XU.—Note to ArHcIe 187, Page 107. 

Wk have referred in the text to article 105 of Topography for the 
method of finding the latitude and longitude of a heavenly body,, 
when the declination and right ascension are known. We shall here 
give general formulas adapted to the same purpose that will often be 
found more convenient* 

Through the centre of the celestial sphere draw the two visual 
rays CFy CP'y the first to the pole of the equator, the second to the Fig, 3f- 
pole of the ecliptic. The angle P'CP will be equal to the obliquity 
of the ecliptic to the equator. Produce indefinitely the circle of i69. 
declination ASy and the circle of latitude Sh. The first will pass 
through the pole P, and the second through the pole P' ; so that in 
the spherical triangle P'FS, F'P will be the obliquity of the ecliptic, 
PiSi the complement of the declination, and P'S the complement of 
the latitude ; since the arcs PA^ P'Ly are each 90^. Let us now attend 
to the angles at P and P\ If we draw through the pole P the cir- 
cle of declination PT, which passes through the equinox, the angle 
^PP* will be a right angle ; for the plane of the circle P'P or 
GP'Py being perpendicnlar to the line of the equinoxes, all the 
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plknes which pass through this line will be perpendicular to that of 
P'P. Moreover, the arcs PT, FA^ being each 90°, the angle "TPA 
will have for its measure the arc ^Ay and will consequently be 
equal to the right ascension of the heavenly Cody S ; thus the whole 
angle P'PS will be equal to 90^ -|- ^A. In like manner, if through 
the pole F we draw the circle of latitude P'T,the angle ^P'P will 
be a right angle, and the arcs P'T, PLy will be each 90o. The an- 
gle ^P'L willy therefore, have for its measure the arc TL reckoned 
on the ecliptic, and will be equal to the longitude of the heavenly 
body. Consequently, the angle SP'P will be equal to 90 — Ti, 
that is, it will be equal to the complement of the longitude. 

Let fu be the obliquity of the ecliptic, d the declination of the 
heavenly body, a its right ascension, r its latitude, / its longitude. 
Then, if the right ascension and declination are known, we have 
the longitude and latitude by the following formulas 

Trig. 47. cos PS = sin P'P sin SP cos PPS + cos PP cos 5P, 

«!,. o cot SP sin F'P— cos F FS cos V'P 

Trig. 61. cot PPS = ^F75 ■ • 

By adopting the denominations stated above, and observing that 
cos PPS = cos (90* -f- a) z= — sin a, we have 

sin it = — sin to cos <^ sin a -|- cos oi sin dy 

tan? r/ sin (0 4- sin a cos oi 

tang / = — i . 

° cos a 

These two formulas may be adapted to calculation by logarithms, if 
we take aa auxiliary angle 9, such that 

/• X sin a 

for, by eliminating sin a from the first, and tang d from the second^ 
they become 

(2.) sm Xz=i%\nd li-i—^ 

^ '' cos 9 ' 

y V • sin f o) -4- 01) 
(3.) tang I = tang a ^^~-^ \ 

on the contrary, if ^he latitude and longitude are given, we have the 
declination and right ascension by these formulas. 

Trig. 48. cos PS = sin PP sin PS cos PP'S + cos PP cos P'S^ 

cot PS sin PP^ cos PPS cos PP 



cot PPS = 



sin PP'S 
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Or, by putting for these quantities their values, and observing that 
cot P'PS =, — tang Oy we have 

sin d = sin » cos 1 sin / -|- cos m sin 1, 

— tang Z sin « -|- sin / cos m 

tang a = 2 J . 

cos/ 

These equations are similar to those which we gave at first for the 
latitude and longitude. Tile latitude answers to the declination, and 
the longitude to the right ascension ; the only difference is in the 
obliquity o>, which has here a negative value. Following this anal- 
ogy, we can resolve these new equations by means of an auxiliary 
angle 9', such that 

/-i \ * / 8in / 

(1.) tang9)' = — — 5 

tang X 

for, by eliminating sin I from the first, and tang X from the second, we 
have 

,_ . . , sin i cos (©' — w) 

(2.) sin d = ^ L 

^ ^ cos 9' ' 

/« \ X I sin (q>' — fo) 

(3.) tang« = taDg/-4^^. 

If we would obtain the angle of position PSP*, or <Si, we can easily 
find it by recollecting that in every spherical triangle thf sines of the 
sides are as the sines of the opposite angles, which gives 

. „ sin » cos a , ci sin a» cos I 

sm S =1 ; — * or sin S = -= — .. 

cos X cos a 

These formulas are calculated on the supposition that the body in |^. 4^,- 
question is in the first quadrant of the ecliptic, reckoning from the 
vernal equinox ; but to extend them to all other positions, it will be 
sufficient to observe carefully the use of the signs plus and minus, 
making the sines, cosines, and tangents, positive or negative, accord- 
ing to the value of the arcs to which they correspond. There is no 
difficulty with respect to the right ascension and longitude, which are 
both reckoned from the same point, and always in the same direction 
from 0^ to 360^ ; but with respect to the declination and latitude, 
which are reckoned from a plane, since they are considered as posi- 
tive on one side, they should be regarded as negative on the other. 
That is, since we have considered the northern declinations as posi- 
tive, we must consider the southern declinations as negative. 
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XWh—Note to Article 188, Page 108. 

Fig. 40. Let L be the longitude of the zenith, A its latitude referred to the 
plane of the ecliptic; let / and X represent the corresponding qoanti' 
ties for any observed heavenly body, these quantities being taken at 
the surface of the earth. If it be supposed, in the figure, that the 
heavenly body is west of the zenith, beyond the plane EZP*, and 
that the equinoctial point T is also beyond this plane to the west of 
die heavenly body, the difference of longitude L — l^ will represent 
the angle S'P'Zj reckoned from the apparent meridian and from east 
to west, like the horary angles. This angle is analogous to the ap- 
parent horary angle P in the case in which the right ascension and 
declination were considered. To complete the analogy, let D' be the 
distance of the zenith from the pole of the ecliptic, P the difference 
of the apparent longitades L — /, and J the apparent distance of the 
heavenly body from the same pole, which gives D^ = 90^ — A, and 
A = 90^ — h It will be sufficient to substitute these quantities for 
the corresponding ones in the formulas of pp. 372, 374, and mark 
with an accent the elements of the trae place, as we have done there ; 
we shall then have, by approximation, 

n II • 1 •. J n D/ /Z sin ly sin P' 

Parallax in longitude P — P' :=z n : — - — , 

^ sin zf ' 

ParaHax in latitude J — J' ^=i n (sin A' cos W — cos A' sin D* cos P') ; 

and, as P — F' = L— /— (L — /') = /'— /, we shaU have the 
apparent longitude /, and the apparent distance of the heavenly body 
from the pole of the ecliptic, or J, by the following formulas, 

^__ ., /ystn/^^sinfL — /Q 

sin // ' 

A :=:ij •}- n (sin ^ cos Z> — cos J sin /> cos (L — /'))• 

* 1718 the horizontal parallax at the place of observation. For the 

sake of simplicity in the calculation, we have retained the polar dis- 
tances in these formulas, which, as they may be reckoned from 0^ to 
90^, require, in the difl^rent cases, no particular care, except with 
regard to the algebraic signs in the trigonometrical expressions. In 
this respect they are much more convenient than the declinations 
and latitudes, which, being reckoned from a plane, require to be 
made positive on one side and negative on the other. As to the dif- 
ference of longitude /' — L, the use of it occasions no difficulty and 
requires no particular construction, provided we always reckon the 
longitudes V and L from west to east, referring to the same equinoc- 
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tial point from which we reckon the right ascension on the equator. 
Finally the distance D from the zenith to the pole of the ecliptic, 
must not be reckoned from the vertical, but from the true zenith, de* 
termined by prolonging the radius of the earth as we did for the par- 
allax in right ascension and declination* 

A careful attention to these general rules will suffice for any par- 
ticular case. It will also be ^en from the above expressions, that 
the parallax must be added to the elements of the true place with 
the sign which the formula gives, to obtain the elements of the ap- 
parent place. It should not be forgotten that the preceding formulas 
are only approximate, and that recourse must be had to a series in 
order to obtain exact ones. 



Xiy.—Note to Article 192, Page 113. 

To express the secular variation of the obliquity of the ecliptic, 
we begin from the commencement of the year 17^0, which was ren- 
dered memorable by the labors of Lacaille, and has become the origin 
of almost all astronomical determinations. The mean obliquity of 
the ecliptic; that is, the obliquity corrected for the small oscillations 
comprehended in short periods, was, at that time, 23^,4698. Let 
V express the value after a number t of Julian years, reckoned 
from that epoch, t being considered as negative for any previous pe- 
riod ; this being supposed, by having regard only to the secular change 
of the obliquity, we shall have, by the formulas of the Mecanique 
CShste, tom. iii. p. 158, 
r=23<>,4r31— (0«,93l54)sin 1 32",1 157— (Oo,66l79) sin^ ^ 6^,9732. 

At the epoch of 1750, we have < z= 0. All the terms vanish except 
the first, and there remains P =: 23o,4698 ; as is evident, since 
this epoch is taken for the origin. At the time of Hipparchus^ 128 
years before the Christian era, we have 

t = — (1750 + 128) = — 1878. 

By employing this value we find 

F = 23^,4731 + 00,26534. 

The mean obliquity, therefore, at that time, exceeded that of 1750 
by 0^,26534 or 15' 55',2. 

Making t vary by unity in the expression for P, we shall have 
the annual change of the mean obliquity in different centuries, which 
will be 

— 0",0805 sin 1 13",9465 — 0",5211 cos t 32",1158, 
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This expression being negative when t is positive, indicates a diminu- 
tion of the obliquity. At the commencement of 1750, we have t = 0. 
The preceding formula gives, for the annual diminution, C,52 10892, 
or 52^,10892 for a century. 

We come now to the periodical inequalities. Let P be the value 
of the obliquity at the commencement of any year, and D' the annual 
diminution for the same year, P avif D' being calculated from the 
preceding formulas. This being premised, after the lapse of a num- 
ber n of days the apparent obliquity £' will be 

E=V'- ^~~^ + 0",434,'> cos 2 L + 9",63 cos N, 

L being the longitude of the sun, and N the longitude of the moon^s 
ascending node^ that is, the point of its orbit where it crosses the 
ecliptic, as it passes from the south towards the north. This node 
moves upon the ecliptic, and makes an entire revolution in eighteen 
years ; which constitutes the period of what is called the lunar wUa^ 
tion. The obliquity is found to have another small oscillation de- 
pending upon the position of the sun in the ecliptic. The period of 
this is evidently a half year, since, after this interval of time, the 
longitude of the sun having increased to 180^, the arc 2 L will have 
increased to S60^ ; whence it follows that cos 2 L resumes periodically 
the same value. This second inequality is occasioned by the action 
of the sun producing upon the equator a libration analogous to that 
which the action of the moon produces; it is called, by analogy, the 
solar nutation^ as the other is called the lunar nutation. We have 
given these explanations and formulas, that we might leave nothing 
vague in relation to the inequalities of which we have spoken ; and 
also that, in future when we shall have developed their laws by ob- 
servaUon, the expression for them may be found for the places to 
which they are natorally referred. 

XV — Note to Article 196, Page 115. 

Let T be the tropical revolution which is given, S the sidereal 
revolution which is unknown. Since the equinoxef retrograde 
dO'',l in a tropical year, their motion in a sidereal year will be 

30",1 ^. Such then is the arc which the sun will have to describe 

over and above S&)P to complete a sidereal year. The time em- 
ployed for this, in virtue of the sun's mean motion, will be express- 

S T 50" 1 

ed by 50",1 X ^ X gg^, or simply ^^ X S. The sidereal year 
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S will therefore be eqoal to a tropical year plas this quantity, that 
isy we shall have 

50" 1 T 



5=T+~yi-X S; thereforeS = 



50",1 



By reducing the second member to a series, it becomes 

The two first terms express the value given in the text. The third 
term will be but asm all fraction of a second. 

XVL-^Note to Article 201, Page 121. 

To obtain the motion of the equinoxes upon the ecliptic, it is neces- 
sary to refer them to some fixed line in this plane. We take for the 
origin the position of the equinoctial point T, at the commencement 
of the year 17^0, and call -}" V^' ^^^ quantity which the equinox will 
have retrograded upon the ecliptic from this point, aAcr a number t 
of years; t must be taken negatively for any ptevious period. This 
being supposed, by regarding only the secular part of the precession, 
we shall have, from the formulas of the Mecantque Celeste^ tom. iii, 
p. 158, 

y =<50",412— l^,28548inn3",94645+5o,59834sin^« l6'',05r88. 

By making < = 0, ^' becomes asero as it ought. By making f = --* 1878, 
which carries it back to the time of Plipparchns, 128 years before 
the Christian era, we have 

y/=i — 260,29829 + 0^,16278 + 0^,1 1882 = — 26o,0l669. 

This result being negative, indicates that the equinoctial point was 
then to the east of the equinox of 1750, and shows that the equi- 
noxes retrograded 26^ 1' 0'', from this ancient epoch down to 1750. 
The annual value of the mean precession for difierent centuries is, 
from the same formulas, 

== 60",899 + 1",4973 sin f 82",1158 + 0",62578in* r 6",9732. 

This is the value by which y/ varies when t is increased by unity. 
In 1750, we have / = 0, the precession was then 50'',0942128. The 
change of the annual precession since 1750, is expressed by the 
other terms of the formula. It is, therefore, equal to 

1",5693 sin t 32",1168 + ©^',6257 sin" <6",973. 
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Both terms of this expression are positive when t is positive. The 
annual precession, therefore, increases continually from century to 
century ; whence it follows that the tropical year is diminished. To 
estimate this diminution, it is necessary to reduce the preceding 
expression to time, according to the ratio of the entire circumfer- 
ence to the tropical year ; that is, it is necessary to multiply it by 

— -~3 ; when it will be expressed in days, and jts value will be 

0* ,000442 sin t 32'',115r5 + 0* ,00017632 sin « t 6",9r323. 

fox periods preceding 1750, t changing its sign, the value of this ex- 
pression becomes negative, and then it shows the increase of the 
year. By thus making ^ == — 1878, which answers to the time of 
Hipparchus, we shall find 4",15368 for the excess of the tropical 
year at that time, over that of 1750, that is, ll'^,076 in time. By 
making the same supposition in the formula which expresses the 
change of the annual precession in parts of a degree, we shall find 
0'',4549, for the corresponding arc ; this is the quantity by which the 
annual precession, in 1750, exceeded that at the time of Hipparchus. 
This last, therefore, was 49'S6443. 

As we have said that the extent of the oscillations of the ecliptic 
is not very exactly determined, it will be perceived that the preced- 
ing formulas can only be approximations. But the approximation 
extends to 2000 years before and after the epoch of 1750, which is 
employed as the origin. 

We come now to the periodical inequalities. Let v" be the mean 
retrogradation of the equinoctial point Y, from 1750 to the com- 
mencement of any year whatever, and M the value of the annual 
precession at that time ; ^ and M being calculated by the pre- 
ceding formulas. This being premised, after the lapse of a number 
n of days, the retrogradation of the equinoctial point will be 

^ , Mn 0V345 _ . ^, 19",26 . .. 

V + r^T-TL 7-2 Xsin2L \ Xsin W; 

' 365,25 tang <o tang 2 w ' 

01 being the obliquity of the ecliptic, L the longitude of the sun, N 

the ascending node of the moon^s orbit. The two last inequalities 

proceed from the phenomena of the solar and lunar nutation. We 

have already shown their influence upon the obliquity of the ecliptic ; 

only they were then expressed by the cosine of 2 L and that of iV, 

whereas they are here expressed by the sines of the same arcs. As 

to their numerical coefficients, the first is that of cos 2 L divided by 

2 
tang ta ; the second is that of cos N multiplied by — ; we 

tang 2 09 
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can easily verify this by the preceding expressions. These results 
depend upon the laws according to which the phenomena of nutation, 
take place. They can be demonstrated only by the theory of attrac* 
tion which makes known their cause. We state them here as simpUi 
facts derived from observation. If, in these expressions, we put for «fr 
its value relative to the actual obliquity, for the purpose of reducing 
all the coefficients to numbers, we shall have, for the retrogradatioQ 
of the equin-octial point after the lapse of ft days from the com- 
mencement of any given year, 

ir|r 

^ + 3gr^ — 1",0001 X sin 2 L + 18",0032 X sin N. 

When this expression becomes negative it indicates that the equi- 
noctial point, instead of being farther west than at the commence- 
ment of the year, is, on the contrary, farther east ; so that it will 
have been carried back in a direction contrary to that of its mean 
motion, by the effect of periodical perturbations which it undergoes. 
In reducing the coefficients to numbers, we employ for » the value 
230/I659 or 23° 27' 57", which was that of the obliquity at the be- 
ginning of the year 1800. But as the coefficients are very small, 
this same value will answer for their reduction during several centu- 
ries, without the necessity of regarding the secular variation of th^ 
obliquity. Thus in all the calculations of modern observations, we 
can always employ the numerical formula which we have just deter- 
mined. 



X\U.^Note to Article 202, Page 121. 

The precession in declination and right ascension is easily de> 
duced from the equations which we have given in the note to page 
107. By calling 6» the obliquity of the ecliptic, / the longitude, X the 
latitude, a the right ascension, and d the declination, we found 

sin d = sin (a cos it sin / -(" ^^^ ^ sin k^ 

and 

— tang X sin (0 -4- sin I cos a 

tang a = ° j . 

^ cos / 

We shall begin with the first of these equations. By the effect of 
the precession, the longitude / changes and becomes /', for example. 
Let us suppose that the latitude and the obliquity of the ecliptic do 
not change, and let d' represent the value of the declination corres-^ 
ponding to the longitude I* ; we shall then have 
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sin df = sin 00 cos I sin /' + cos m sin i. 
By subtracting the first of these equations from the second, we obtain 

sin d' — sin 11^ = sin cd cos it (sin /' — sin I); 
or, 
sin i {df — d) con i {d' + d) = sin «• cos A sin §(/'—/) cos j (/' + 1). 

The difference of longitude V — /, is equal to the precession in lon- 
gitude ; we call this p ; the difference of declination d' — </, is the 
precession in declination ; this we call d ; and we shall then have 

sin \ d cos (J -|> i ^) = sin « cos X sin ip cos (/ -f" ip)* 

This formula is rigorous, and we can deduce d from it, in a manner 
analogous to that pointed out in the note to article 149, for the cal- 
culation of parallaxes. But, on account of the smallness of the arcs 
p and dy we may confine ourselves to the first power ; and, by substi- 
tuting their ratio for that of their sines, we have, by approximation, 

sin w cos I cos / 

^ cos d 

This formula may still be simplified ; for, if we recur again to the 

spherical triangle SPP'j figure 39, which we have considered page 

383, and the vertices of which are referred to the pole of the ecb'ptic, 

Uie pole of the equator, and the heavenly body, we have evidently ia 

this triangle, the side P'jS>, the complement of the latitude, opposite to 

the angle P*PS, or 90 -|- a ; and the side PS, the complement of the 

declination, opposite to the angle PP'Sy or 90 — / ; and as, in every 

spherical triangle, the sines of the angles are proportional to the sines 

of tKe opposite sides, this proportionality will give, in the case be^ 

fore us, 

cos it cos / 

cos a = T — ; 

cos a 

so that, by substitutiug this value, we shall have simply 

(1.) Precession in declination d =:p sin w cos a. 

This is a very simple expression, but only an approximation to the 
value of d ; and as we have supposed d = d' — d^we obtain 

d' r=: d -^ p sin <a cos a. 

By introducing, instead of the declinations of the heavenly body, 
the north polar distances J, J', which is always more simple, on ac- 
count of the signs, we shall have z/ = 90^ — d, J' =2 90^ — d^ ; 
whence we obtain df — d:=z J — J% and consequently, 
J* =1 J — 21 sin 00 cos a. 
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The effect of the precession in declination changes, therefore, its 
sign at the same time with cos a. By following the variations of 
this term, it will be seen that if we suppose the plane of a great cir- 
cle to pass through the poles of the equator and the ecliptic and 
which is called the solsticial colurty the precession causes those stars 
to approach the north pole of the equator, which are situated with 
respect to this colure on the same side with the vernal equinox ; and, 
on the contrary, causes those to depart from the same pole, that 
are on the same side with the autumnal equinox ; which is evidently 
conformable to what ought to take place from a motion parallel to 
the ecliptic, like that of the precession. 

We shall now investigate the precession in right ascension ; and 
for this purpose, we resume the second formula, 

— tang 1 sin 01 -4- sin / cos «» 

tang a = 2 ^ . 

cos / 

By calling a! the right ascension, changed by the precession^ we shall 
have 

— tang A sin (» -4- sin /' cos oi 

tang a! = 2 :t_ 

^ cos I' ' 

and, by subtracting the first of these equations from the last, we have 

— tang 1 sin a) Ccos / — cos /') + sin (/' — /) cos « 
tang al - tang a = cos / cos /' '" ' 

or, by putting for cos / — coi /' its value, 

sin (af—a) _ —2 tang I sin « sin \ (I'+l) sin j(/^-^r)-f sin (/^— Qcos w Trig.^, 
cos a cos a! cos / cos /' 

al — a is the precession in right ascension. From the preceding 
expression it will be seen that its value is small compared with 
f — I or p. Thus, by restricting ourselves to the first powers of 
these quantities, we may substitute the ratio of the small arcs a' — a 
and I' — / for that of their sines. We can moreover suppose / = /', 
and a = af^ in all the other terms which already have these small 
arcs for factors ; and the expression becomes 

p cos? a ( — tang X sin ^ sin / -j- cos to) 

cos* / 

It is now necessary to eliminate from this expression X and /, so as 

to have a' — a expressed in a function of the declination and right 

ascension. In order to this, put in the denominator of the second 

- 1. , . 1 cos a cos d . . .„ . 

member, instead of cos I its value ; — ; the equation will thea 

' cos A ^ 

Astrcrn. 50 
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become 

p ( — SID X cos X sio 0} siu / + cos X' cos to) 

a' — a = ^— i r-j ! ^. 

cos* d 

Now the fundamental equation which expresses the value of sin dj 
page 391, will give 

sin cj cos X sin f = sin d — cos w sin A ; 

and, by substituting this value in the expression for a' — a, we have 

P ( — sin A sin rf + cos tt) 
cos' d 

It only remains to substitute for sin X its value in a function of the 
declination and right ascension which, from the fundamental formulas, 
page 384, is 

sin X = cos CD sin c^ — sin <» cos d sin a, 
and we shall have, after reduction, 

(2.) Precession in right ascension d — a =:p (cos <» -(-sin u sin a tang d) ; 
consequently, by introducing instead of c/, the polar distance 

J = 90? — rf, 
we shall have 

a! :=z a -^ p (cos e» -|- sin <» sin a cot J)* 

In this century the annual precession in longitude is equal to 
50'',0992. This is the value of j», which must be employed in 
transferring the right ascensions and declinations from one year to 
the next. 

But if we wish to calculate the variation of the declination and 
right ascension for several years, it will be necessary to take, instead 
of p = 5C,0992, the value 2|i, 3p, &c., we should then have 
for d' — dy J — J', and a' — a, values double, triple, &c. 5 but by 
continuing to extend this proportionality it finally becomes inaccu- 
rate, particularly for stars in the neighbourhood of the pole of the equa- 
tor, with respect to which <f differs little from 90^. In fact, for these 
stars, a small change in the declination d produces a very consider- 
able effect upon the value of tang d, because tang d becoming infin- 
ite when d is equal 90^, increases rapidly as it approaches that limit; 
so that the small variations produced in d by the precession, would 
become sensible with respect to a' — a. Thus, for the circumpolar 
stars, it is necessary to have recourse to the rigorous method which 
we have explained in article 204 of the text, or if we would make 
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use of the preceding formulas, it is necessary to calculate the varia- 
tions in right ascension only for short intervals of time. 

It must be recollected, that in these formulas we have supposed 
the obliquity oi constant, while it in fact varies, as we have shown 
above. Besides, the equinoctial point is by no means fixed upon the 
ei|uator, as we shall soon prove ; the change of ptace of the ecliptic 
causes it to advance from west to east. The formulas which we 
have now obtained are not therefore altogether complete. We shall 
presently see what must be added to them. 



XVlL^Note to Article 204, Page 123. 

We take always for the origin the equinox of 1750, and call -\- w 
the retrogradation of the equinoctial point upon the fixed ecliptic, 
after any number t of years, reckoned from this epoch ; t must be 
supposed negative for previous years. We also designate by V 
the. obliquity of the equator to the fixed ecliptic, and we shall have, 
by the formulas of the Mecaniqne Celeste^ 

W— f 50",4120 + 20,79917 + 3^,83006 sin (t 50",41 20+85^,56597) 
— ^^'fiim cos t 32",! 158 — 10,58148 sin 1 13",9465, 

V= 230,47308 — 00,33089 — lo,63688 cos(^ 50",4120 -f 85056597) 
+ 0V5744 cos 1 13",9465 — 2o,56l72 sin t 32'',1158. 

It has already been shown that, by calling 4^ the corresponding re- 
trogradation of the equinoxes upon the moveable ecliptic, and desig- 
nating by V the apparent obliquity of the equator to the moveable 
ecliptic, we shall have for any year since 1750, 

^= f50",4120— 10,28541 sin n3",9465+ 50,59834 sin« n6",0579, 

r = 230,47308 — 00,93154 sin 1 3r,l 158 — Oo,66l79 sin*^ 6",9732. 

ys — - q/ 

When we have calculated »p, vf^ and F, we shall have =7- for 

' ' ' cos V 

the motion of the equinoctial point in right ascension Y' ^'\ and by 
following the course indicated in the text, we shall have, from these 
values, all the changes necessary for reducing the apparent positions 
of the stars from the epoch of 1750 to any other epoch whatever, 
whether before or after, even for two thousand years, which is suffi- 
cient for the purposes of astronomy. 

From the preceding value of tfr, by making t vary a unit, we find 
the annual motion of the equinoxes upon the fixed ecliptic equal to 
50",4120 + 3%3696 cos {t 50",4120 -f 850,56597) 
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+ 3",7094 sin 1 32",1 158 — 0",3849 cos / 18"^465 f 

for 1750 we have t =z 0; this expression then becomes 

50%4120 + 0",2603 — 0",3849 = 50 '^874. 

In like manner, by making t vary by unity in the value of Vy we 
find the annual clMnge of the obliquity of the equator to the fixed 
ecliptic of 1750 equal to 

l'',4400 sin {t 50V 120 + 850,56597) — 0",1114 sin t 13"^465 

— l'',4359 cos t 31"a438. 

By devel^ ping the first term, this expression takes the following form ; 

0",ni4(sin<50Vl20 — sinM3'',9465)+ 1^359 (cos f 50",4120 
— cos t32"yll5B.) : 

Under this form we see that it is nothing w)ien f = 0, positive when 
t is positive, and negative when t is negative. The annual variation 
of the equator to the fixed ecliptic does not then begin by being con- 
stant. It is at first nothing, and afterwards is accelerated in propor- 
tion to the time ; for if we develope the preceding expression ac- 
cording to the powtrs of the times, by confining ourselves to the 
first, the terms affected by the cosines destroy each other, and the 
rest is reduced to 

«0'',1114 (sin 50^,4120 — sin 13",9465), 

a result; which, being estimated numerically, will become 

+ 1 0'',00001968. 

According to the theory of uniformly accelerated motions, it follows 
that the total change of obliquity for the time t will be equal to the 
product of the annual acceleration by half of t^ that is, for the time 
t the obliquity V will become 

F + «» 0'',00000984. 

iSo in the descent of heavy bodies, the acceleration being propor- 
tional to the time, the spaces passed through are proportional to the 
squares of the times. 

These results difier much from those which we obtained for the 
annual change of the obliquity of the equator to the moveable eclip- 
tic ; the expression for this change was 

— O'',0605 sin t 13",9465 — 0'',5211 cos f 32'',1158, 

or> by transforming the last term to make evident the constant part, 

r-0",5211 — 0'',0605 sin 1 1S",9465 + 1",0422 sin« 1 16",0579 ; 
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thus, besides the terms proportional to the times, and to the different 
powers of the times, it contains the constant term — 0",5211, to 
which we shall not find any thing analogous in the variations of the 
obliquity of the equator to the fixed ecliptic. 

The reason of this difference belongs to the causes which produce 
the two phenomena. The attraction of the sun and moon, if that 
were the only cause, would produce a constant precession equal to 
50^',4120, and it would not change the obliquity of the equator to 
the ecliptic, which in this case would be filed. But by the attraction 
of the planets, the true ecliptic is displaced in the heavens, and 
draws these two bodies with it. Then their action changes and pro- 
duces a small variation in the obliquity of the equator to the fixed 
ecliptic. This variation, at first insensible, is accelerated propor- 
tionally to the time, and the absolute change of obliquity which hence 
results, is proportional to the square of the time. But still, the attrac- 
tion of the planets which displaces the true ecliptic, inclines it likewise 
to the fixed ecliptic. This other annual variation is at first constant, 
and its effect is proportional to the time. Now, the apparent obliquity 
which we observe is the difference of the two inclinations of the equa- 
tor and the true ecliptic to the fixed ecliptic. It is the excess of the 
first over the second ; it is then the difference of the two preceding 
results, and this is the reason why ihe expression, which we have de- 
veloped, contains the two kinds of variations which characterize them. 



XVIII.— ]Vbfe to Article 205, Page 124. 

As the point ^ , which is here used as the origin on the moveable Fig. 41. 
ecliptic, leaves no trace on this ecliptic, we may perhaps be asked how 
it happens that the arc ^ ^^" is the apparent precession which we 
observe. In order to conceive of this, let us recollect what this ap- 
parent precession is ; it is the difference of longitude of any point 
in the heavens, for example, of a star, on the moveable ecliptic at 
two different epochs. Let us suppose that in the first position of the 
ecliptic, a star is found precisely at the equinoctial point Y* The 
longitude and declination of this star would be nothing at this epoch. 
But the ecliptic being displaced, the equinoctial point is displaced, 
and passes to ^". Then the coordinates of the star Y, referred to 
the true equinox, are no longer nothing. If from this star we draw 
the arc YF' perpendicular to the new ecliptic, this arc will be the 
apparent latitude of the star Y, and the arc ^"P' will be the appar- 
ent longitude. Now, in the spherical triangle N^P' which is right- 
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aDgled at P'y if we call iV¥ = h NP' =:: e, and the aagie Nzzin^we 
shall have 



or 



taog c = tang h cos n, 
tang h — tang c = 2 tang ^ sin^i n, 



or, lastly, 

sin (A — tf) z=: 2 cos c sin A sin' i n. 

We thus see that if the angle n, formed by the two ecliptics, is very 
small, the sine of A — c, and Consequently the difference k — c of 
the two sides IVV and JVP', will be still smaller, because sin '§ it is 
a fraction much smaller than sin n. We may then, by neglecting the 
quantities of this order, suppose these sides equal ; and as by con- 
struction iVT = iVV, , we shall hare NP' = iVV, , that is, the 
point P' will coincide with the point T, ; consequently *¥* V/ will 
be the difference of the apparent longitude of the star T at the two 
epochs under consideration. This then will be the apparent preces- 
sion for the interral. 



XIX.— iVo/€ to Article 206, Page 125. 

We have already by construction 2VT = N^, ; it will be seen 
that in the spherical triangle 2V*Y*''P, right-angled at P, the side 
NP differs very little from the hypothenuse jy*Y*", and may be 
considered as equal to it when we neglect quantities of the order 
sin ' J n. Now, if from the equal arcs iV*Y*, N^,j we take the equal 
arcs NPy iVT", the remainders will also be equal, that is, we shall 
have VP = T,T". This is the proposition stated in the text. 



XX. — Note to Article 206, Page 125. 

As in the reductions which we shall soon make known, it is Dece9- 
sary to have regard to the variation of obliquity which is produced by 
the displacement of the equator and the ecliptic ; it will now be im* 
portant to calculate the variations which such changes produce in 
the angular coordinates, by which the place of a heavenly body is 
determined. 

Let us first suppose the ecliptic fixed ; let us give to the equator a 
small motion of rotation about the tine of the equinoxes, so as to in- 
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crease the obliquity by a smaH quantity cd' ; there would hence rAnilt 
no change in the longitude aad latitude, since the plane of the eclip- 
tic and the line of the equinoxes, from which the arcs are reckoned, 
are not displaced ; but the declinations and right ascensions would 
be affected by a small quantity. In order to estimate the effect thus . 
produced, let us resume the formulas of page 384, which give their 
values in a function of the longitude and latitude. We shall have, 
by preserving the same denominations, 

, sin X cos (a — a) , sin (cp — «) 
sm a = ^-7 \ tang a = tang / ~ — -, — -. 

in which 9' is an auxiliary angle of such a value as to give 

sin / 

Now, if the obliquity increases by the small quantity oi', / and. I 

remaining the same, the angle 9' will not vary, but d and a will 

change, and by representing their new values by d and a', we shall 

have 

. -, sin X cos (m — a» — »') . # . .sin (q>' — la — w) 

sm a = '-^ — ; — -J tang a == tang / — ^^ — . ^, 

cosy - ? o o sm<p ' 

the angle qt' being the same as before. The preceding equations be- 
ing subtracted from these, we have 

. J/ . J . , v^ / <^os (y' — «* — «0 — cos ((p — w)\ 

sin d' — smd=zsinXX I -^ -^ ^ I, 

\ cos 9 / 

_ /sin (flp' — Ai — (a) — sin (q> — (o)\ 
tang «' — tang a = tan / x ( — — — . , ^ -) t 

or, by employing our usual transformations, 
sin i (rf' — d) cos j {d' + d)=z ^~^^' ' 

, , . X — 2 tang / cos a cos a' sin \ a cos [w — ia — 4 «') 

sm (of — a) = -2 : — 7 -^ ' — • 

^ ^ sin <p 

These formulas are rigorous, and we might deduce from them 
d' — J, by series analogous to those which we used for the paral- 
laxes ; but since we suppose m to be very small, it will be perceived 
that the variations d* — rf, a' — a, of the declination and right as- 
cension, are small quantities of the same order. If we confine ourselves 
to the first powers of these variations, we may substitute their ratio 
for that of their sines ; we can, moreover, suppose d:=.d'y az=z af^ 
and »' = 0, in the other terms of the equation. We shall thus have, 
by approximation. 
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- w' SID I sin (y — w) , --w' tang f cos aco8(y-»w) 

COS a cos 9> sm 9 

We can eliminate from the first sin {<p — u), and from the second 
cos {<p — a>), by means of their values deduced from the first equa* 
tions with which we set out ; we shall then have 

,, J to tan 0) sin I tang <jp' , w' cos *a sin d tang I 

cos d tang / ' sin X tang <p 

or, by substituting for sin X tang 9)' its value sin / cos X, 

a tang a ^^ , . , — «' cos* a sin d 

d' — d= K X cos X cos /, d — aT=L ; = — . 

cos a ' cos X cos I 

Now it only remains to observe that, in the spherical triangle r^ 
ferred to the pole of the ecliptic, the pole of the equator, and the 
heavenly body, we shall have as before, 

cos a cos X 

cos / cos d* 
which gives 

cos a cos d = cos X cos h 

Eliminating, therefore, cos X cos /, by this value, there remains 

df — <f = « sin a, d — a = — m' cm a tang d\ 

whence we deduce 

if = d H" w' sin a, a :=i a-^ m cos a tang d 

It will be seen that the variation of the declination is nothing at the 
equinoctial point, and that it is the greatest possible when the right 
ascension is 90^ ; then we have cf = 1/ -^ »', and the whole effect of 
the variation in the obliquity belongs to the declination. 

Let us now suppose the equator fixed, the ecliptic being made 
to turn about the line of the equinoxes, so as to increase the obliqui- 
ty by a small quantity m" ; the right ascension and declination 
will continue the same, but the latitudes and longitudes will change. 
We might calculate these variations by the preceding method, but 
we can immediately obtain their values according to a remark which 
we have already frequently made, which is, that the latitude is entirely 
analogous to the declination, and the longitude to the right ascen- 
sion ; so that these quantities are expressed the one by the other in 
the same manner, merely by changing the sign of the obliquity «. 
Since then we here suppose an increase of the obliquity as in tfaa 
preceding case, we shall have, by analogy, 

X' = X — «" sin /, ^ = / + «" cos ; tang X, 
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irbkh giren the new Tiilaes for the latitude and the longitude. We 
have supposed an increase of the obliquity ; in the case of a diminu^ 
tion, we have only to make ^ and »'^ negative in the results. 



XXh-^Note to Article 207, Page 126. 

In order to obtain the approximate formulas, let us call / and X the 
longitudes and latitudes of the heavenly body at the first of the two 
et'ochs which we are considering, and propose to calculate them for 
another epoch later by the number of years t. According to what 
has ^een said in the text, and agreea^ily to figure 41, we must first add 
to / (he motion of the equinoctial point upon the fixed ecliptic dur- 
ing the interval under consideration. We shall thus have the longi* 
tudes I -\- ^t and the latitudes it, referred to the new equinoctial 
point Y' on the fixed ecliptic. In this new position, the obliquity of 
the equator to the fixed ecliptic ^will become «-{-«',» being this 
obliquity for the first epoch. With these data, we calculate the de- 
clinations d and the right ascensions a, referred to the equinoctial 
point Y', and according to the general formulas of note xi, page 
384, their values will be 

sin (f = sin (a» -f ^') <^08 l sin (/ + V^) + cos (en + w ) sin A, 

, — tang t sin (« + ^') "t^ *'" (^ + y) ^^ ^^ + ^') 

an^^ a — ^^^ (/ + V') 

But it will be seen that according to these formulas, the problem 
amounts to increasing the longitudes by the quantity y;, and the oi»li- 
quity by the quantity oi', this increase being the effect of the displace- 
ment of the equator. Since these variations are supposed to be very 
small, we can obtain them separately, and add them together. We 
have then only to npply here the approximate formulas before found 
for the effect of the precession and the change of the obliquity ; we 
shall thus have immediately 

d* z=i d -^ ^ fXn m cos a -|- oi' sin a, 
of — a -J~ ^ (^^^ « -|- sin « sin a tang d) — «' cos a tang d. 
The coordinates o' and <f have their origin in the equinoctial point 
Y' on the fixed erliptie ; in order to reduce them to the true 
equinox ^" it is sufficient to subtract from a the motion of the 
equinoctial point in right ascension, which we shall call fi ; conse- 
quently, if we call ^ and d' the declination and right ascension de- 
AstTtm. 51 
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duced for tlie new position of the equator ahd for the true equinox 
Vy we shall then have 

d — /u=:<f-(-^sin«i cos a + «' sin a, 
a' z=L a — ju -f" V^ C^^^ o> -J- sin 01 sin a tang d) — ti' cos a tang cL 
We call Y" the true equinox, since we leave out of consideration 
the periodical changes produced by nutation. 

It may be well here to make a suggestion calculated to render 
these formulas more exact. When we found, by approximation, the 
different terms which compose the values of d and a', we supposed 
a =z df d =z d\ in all the terms which were already multiplied by 
the small quantities ^ and a. This amounts to neglecting the pow- 
ers of iff and oi' above the first. But in reality, the terms in question 

would contain — '— , g" ~> 2 ' ®^ agree, therefore, with 

the mean value of these quantities ; we shall thus be able to secure 
to them this exactness by taking for a, dy and w, the values corre- 
sponding to the mean epoch between those^under consideration. But, 
as we do not know these mean values, we shall begin with deducing, 
by approximation, a* and d' from the values of a and d^ by means of 
the preceding formulas, after which, when we know them, we put 

3^ in the place of a, and -^ — in the place of dy in these same 

formulas, and by recommencing the calculation with these new ele- 
ments, we shall obtain the values of a" and d' more exactly. The 
advantage of this process consists in adapting the approximation to 
the smallest interval of time. 

Knowing the right ascension and declination for the new epoch, 
with the apparent obliquity of the equator to the moveable ecliptic, 
an obliquity which we shall in general express by « -|- f»\ it is very 
easy hence to deduce the longitude T and the latitude 1", for this 
same epoch; for, according to thq formulas of note xii, page 384, we 
shall evidently have 

_ sin(f^cos(y + M+ft>") _ tangfl^^sin(y + w+0 

sin A ^— ' ' ■■ , wuig • — "j 

cos 9 7 o sm 9 ' 

tp being an auxiliary angle of such a value as to give 

sin a" 

\ tang g> = =^ 

^ ^ tang d 

As for the variations y^, ft, oi', a"y which enter as data iflto the for- 
mulas, their values are here deduced by rigorous formulas given 
above. 
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I represents the number of years reckoned from 1750. 

Retrogradation of the equinoctial point on 
the fixed ecliptic of 1750, after t years . . yf=zt 50",2874. 

Retrogradation of the equinoctial point on 
the true ecliptic yt* 2::zt50"fi99% 

Difference of these values, or direct motion 
of the equinoctial point in longitude, occa- 
sioned by the displacement of the ecliptic ip — yj' =:i 0^^,1882. 

Thence by employing the mean obliquity 
r = 230,473080, as it was in 1750, we de- 
duce the retrogradation from the equinoctial 
point in right ascension, which has for its ex- 

pression p- ; and designating it by fi^ 

we find p=ztO''fi052. 

The motion of the equinoctial point in lati- 
tude, in a direction towards the south pole of 
the ecliptic of 1750, will be {yt — yf') tang V. 
Designating it by v, we find p =i 1 0'',0817. 

Change in the obliquity of the equator to 
the fixed ecliptic of 1750 w' = + ^2o''j00000984. 

Change of the apparent obliquity of the 
equator to the moveable ecliptic • . • at'^ z=i — ^0^^,51 11. 

We shall take the differences of these values for the two epochs 
which we wish to consider, and substitute these differences in the 
formulas which express the corresponding reductions of the coordi- 
nates. As all these quantities except »', are proportional to the 
time, we shall immediately form their differences, by multiplying the 
numerical coefficient which expresses their annual variation, by the 
number of years comprised between the epochs under consideration. 
But for 40^^ which is proportional to the square of the time, it will be 
necessary to multiply its numerical coefficient by the difference of 
the squares of the times elapsed since 1750. Lastly, the varia- 
tion «' is so small, that it will be 0^',0984 only in a century, and con- 
sequently it may generally be neglected, when we compare intervals 
which are not distant. This is done by astronomers ; but as the 
introduction of this correction does not render the formulas more 
complicated, we have preserved it, in order to leave to the reasoning 
all its generality. 
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XXIL— JVofe to ArHch 209, Page 129. 

The question here is precisely the same as in the note to page 
125. It is to calculate the efiect produced on the mean declination 
d^ and the mean right ascension 0, by a small increase «' in the obli- 
quity of the ecliptic, and by a small increase ^ in the longitude ; thus^ 
by calling df and d the values of the declination and right ascension 
af^er these changes^ we shall have, 

sin d' = sin (« + «') cos I sin (/ + v) H" ^^^ (" 4" *"') **° ^> 
♦o«« ^/ — — tang i sin (oi + oiQ + sin (/ + ^) cos (« + oiQ 

A) being the obliquity of the ecliptic, it the latitude of the heavenly 
body, / its longitude. These formulas are rigorous, and express only 
a simple transformation of coordinates ; but if we would consider 
the variations ^' and ^ as very small, and confine ourselves to their 
first power, we shall have, the following approximate values of if 
and a'^ 

d' zzid -|- V ^^^ a> cos a -|- ta' sin a, 

a! z=ia-\-iif (cos q> -J- sin lo sin a tang d) — ta' cos a tang dl 

d and a are the coordinates referred to the mean equinoctial point ; 
^ and al are the coordinates referred to the equinoctial point as it 
varies by the efiect of nutation. If the first are given, we shall im* 
mediately find the second by these formulas ; but if the apparent 
coordinates df and of were given, and we wished to deduce the mean 
coordinates, we should obtain from the equations the values of d and 
a, namely, 

d^=. d' — y; sin ftf cos a — «' sin a, 

a^=z al — ^ (cos la-^-sin vi sin a tang (2) -|- «»' cos a taqg d. 

Id truth, the second member still contains the quantities a and d 
which we are seeking ; but by reason of the snail difference of these 
coordinates with respect d aqd <f , we may substitute these last l<^ Hie 
others in the second member, all of whose terms are already multi- 
plied by the small quantities m' and y/ ; we shall have, in this way, 

d=i d' — ^ sin en cos a' — «' sin a', 

a=i €^ — ip (cos en -|- sin 01 sin a' tang d') -|- a' cos of tang if. 

These formulas will give the mean place of the heavenly body when 
we know its true place. 
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It only remainf to substitute, in these expressions (at m' and ^ 
their values such as result from observation and theory ; now these 
values are 

«' = Sl",63 cos iV, v/ = — ^^ ^"f^ sin N, 
' ' ^ tang 2 <ki ' 

N being the longitude of the ascending node of the moon. The 
opposition of the sign of ^ and a»' is easily imagined from the con- 
struction which we have given in the text; for when the node iVis 
in the first quarter of the ecliptic from the first of Aries to the 
first of Cancer, the true pole is in the following quadrant of its 
ellipse, that is, between Cancer and Libra. In this position, .the ap- 
parent obliquity is greater than the mean obliquity, and the equi* 
BOX is carried back toward the sign Taurus, that is, the longitudes 
which are reckoned from this equinox, in the order of the signs, are 
diminished ; this is indicated by the values oi m' and ^ ; for sin ^ 
and cos 2V being both positive in this part of the ecliptic, these values 
indicate an increase of the obliquity and a diminution of the lon<» 
gitude. We may, in like manner, observe in the other quadrants, the 
use of the algebraic signs of sin jVaud cos N\ we shall always find it 
to conform to the kind of oscillation which we have ascribed to the 
pole ; it only remains then to substitute these numerical values of 
^' and \p in the preceding values of ^^^ or d. In making these substi- 
tutions, it is necessary to take for tu the mean obliquity of the eclip^ 
tic at the epoch for which we arc calculating ; but by reason of the 
extreme smallness of ip and tt'y the secular variations of w have here 
very little influence, and the results calculated with the obliquity of 
one year, are still sufficiently exact, for many years before and after ; 
for this reason, we shall adopt, in our numerical calculation, the 
mean obliquity as it was in 1810, that is, 230,4644 (23° 27' 5l",84), 
and with these values we shall find 

«' = 9'',63 cos iV, V' = — 18">00 sin iV. 

SoNtituting these values in the general expressions for d'y and for a', 
and performing numerically the multiplications by sin m and cos c», 
we shall have 

d' = d— 7",169 sin IV cos a — 9"fiS cos N sin a, 
of :^a^ 1(5",515 sin N— (7^169 sin JYsin a 
+ 9"fiS cos N cos a) tang d^ 

values which for calculation by logarithms, may be more convenientif 
juken i9 this form, 
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<r z= d + 8'',S99 sin (a — N) + 1",231 sin (a + TV), 

a! = a— 16",515 sin iV— (8",399 cos (a— JV) + 1^31 ^^ (« + ^'))• 

These variations of d and a are called the lunar nutation in decUnO' 
tion and the lunar nutation in right ascension. It is clear that the 
solar nutation will give analogous values, for the variations which it 
produces in the obliquity and in the longitude, are of the same form 
as the preceding, and their values are 

«' = 0",4345 cos 2 L, 

^3^ 2 Sin 2 r 

^ tang A) ' 

L being the longitude of the sun. By always taking la = 23^,4644, 
which is the value of the obliquity for 1810, and making in the same 
way the substitutions of w' and ^ in our general formulas, we find 
that they produce the following terms^ analogous to those which we 
have calculated ; 
For the true declination, 

+ 0",417 sin (a — 2 L) -f 0",018 sin (a + 2 L) ; 
For the true right ascension, 
— 0",918 sin 2L — (0",417 cos (a— 2L) + 0",018 cos (a+2L)) tang d. 

These terms which compose the solar nutation in deelinoHon and 
right ascensionj are added to those which compose the lunar nutation, 
and together form what is called the lunisolar nutation. We may re- 
mark that the values w' and tp have not among themselves the same 
relation in the two nutations, as well on account of the coefficient de- 
pending on the angle 2 L, as on account of the denominator, which 
is tang 2 Q> in the first, and simply tang cii in the second. This differ- 
ence is a result of the theory which we content ourselves with point- 
ing out, lest, being guided by the analogy of the formulas, we should 
be tempted to regard it as an error. 

When we make use of these formulas, it will be sufficient to put 
in diem for a and d the values of the mean rif^t ascension and de- 
clination the point which we are considering, and we shall know 
the variations which these two elements undergo in consequence of 
the efiect of the luni-solar nutation. 

For example, if we suppose a = 0, (f = 0, which are the coordi- 
nates of the mean vernal equinox, the formula will give the motions 
of this equinox about the true equinox ; we shall then find 
d' = — r',l69 sin N — 0",S97 sin 2 L, 
a' z=z^ 16",514 sin JV— 0",918 sin 2 L. 
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if and of are the coordinates of the mean vernal equinoz, referred 
to the true equinox, by having regard only to the periodical derange- 
ments caused by the luni-solar nutation. In order to have the com- 
plete values of d' and a'^ we must also add their secular variations^ 
whose values we have given in a preceding note. These results are 
of constant use in astronomy. 

It only remains for us to deduce from our general formulas the ge- 
ometrical constmction which we have made use of in the text, and ac- 
cording to which the apparent pole of the equator describes a small 
ellipse about the mean pole. This is extremely easy. We may 
even generalize the problem, and determine the apparent orbit which 
each point of the celestial sphere thus describes about its mean place 
in consequence of nutation. 

This inquiry will be much simplified, if we observe that the curve 
in question having a very small extent, may be projected on the 
concave surface of the heavei^^ as on a plane surface ; and, more- 
over, the oscillation being made about the mean place, as a cen- 
tre, it is proper to take this point for the origin of the coordi- 
nates. Then the most simple method is to draw through the mean 
place an arc of a great circle perpendicular to the meridian, and to 
take these two circles, or rather their tangents, for the axes of the 
rectangular coordinates ; for, by reason of the smallness of the orbit, 
the arc and tangent are confounded. Our two coordinates will then 
be the difference of declination d' — dy reckoned on the meridian, 
and the difference of right ascension of — a, referred to the declina- 
tion of the mean place, on the great circle perpendicular to the meri- 
dian, that is, multiplied by the cosine of the declination of the mean 
place ; in this manner, by making 

X = rf' — d, F= (a' — a) cos d, 

the coordinates X and Fwill depart from the same point, will be 

rectangular to one another, and, considering the smallness of the 

orbit, may be regarded as rectilinear. Now, if we substitute these 

values in our general formulas, we shall find, by multiplying a' -^a 

by cos d^ 

X = — r ',17 sin JV cos a + 9"fi3 cos N sin a, 

F=— 16'',51 sin IVcos d — (r',17 sin iVsin a+9",63 cos iVcos a) sin d. 

If, from these two equations, we eliminate the angle iV, we shall have 
the equation of the orbit described by the apparent place about the 
mean place. 

' If we wish this apparent place to be the north pole of the equator, 
we have only to suppose <^ = -f- 90^, which gives 
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cos J r= Oy and sin </ =i -f* ^ 9 
then, the values of X and Y will become 

X = — T'ylT sin IV cos a + 9",63 cos iVsin a, 
F = — 7",17 ain IV sin a — 9",63 cos 2V cos a ; 

the right ascension a remains still undetermined, because all the 
meridians pass through the pole of the equator. The value of a will 
depend on the choice which we make of a particular meridian for 
the axis of the Ys. The preceding equations give 

X cos a 4- ^ 81D a = — 7",17 sin iV, 
X sin a — F cos a = -f 9"fiS cos iV; 
consequently, 

( X cos a -}- F sin g \ ^ . / X sin a — Fcos a \» __ 
r',17 >/ "*"V 9",63 / ~ 

This equation is that of an ellipse referred to its centre, but not to 
its axes. In order to reduce it to this system of coordinates, we 
must make a = 90^, that is, take for the central meridian that which 
passes through the poles of the equator and the ecliptic ; then, in 
fact, we shall have sin a =: 1, and the preceding equation will be- 
come 

F» (9",63)^ + X» (7",17)« = (7",17)* (9",63)S 

which is that of an ellipse whose greater axis is directed according to 
the coordinates X tangentially to the central meridian, and the 
smaller axis according to the coordinates F, perpendicularly to the 
first; the first has for its length 19"»26, the second !4'',d4. These 
lengths are both expressed in parts of a great circle of the celestial 
sphere. If we wish to reckon the second on the parallel to the 
ecliptic which passes through the mean pole of the equator, and to 
which the smaller axis of our ellipse will be a tangent, we must di- 
vide 14'',34 by the cosine of the distance of this parallel from the 
pole of the ecliptic, that is, by the sine of the obliquity m. The 
smaller axis, thus expressed, will have for its value 36",01 of the 
parallel to the ecliptic upon which it is found. 

It will be seen, then, by the calculation which we have made, 
that the ellipse of nutation has it greater axis situated in the plane of 
a great circle passing through the mean poles of the equator and 
ecliptic ; for we found that, in order to refer the Ys to this axis, we 
must make a = 90^. Here we might dispose of a at pleasure^ 
since, all the meridians passing through the pole of the equator, we 
might choose at pleasure that which we wish to take for the origin of 
the Y9. 
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Let us DOW determine the position of the true pole on this ellipse 
for any instant. It will be given by the simultaneous values of X 
and Yf which, by making cos a = 0, sin a = 1, become 

X = + 9"fi3 cos JV, F = — r ',17 sin N. 

When the moon's node coincides with the vernal equinox, its longi- 
tude is nothing ; we have, therefore, sin 2\r=: 0, cos iV= 1 ; conse- 
quently, 

x = y',6s, r=o. 

The apparent pule is then found io the central meridian, on the axis 

of the Xs, and at the summit of the nearest ellipse to the equator, ^* S 

that is, at the point 7^. 

As the longitude N increases, Y increases remaining negative 5 
at the same time X diminishes and remains positive $ the appa- 
rent pole is then found to be comprised in the first quadrant of 
its ellipse, on the side of the autumnal equinox, for example, at n". 

Io general, it may be easily seen that X and F perform the peri- 
ods of their values in the same time that the angle N performs an 
entire circumference, that is, the pole will turn on iu ellipse in the 
same time that the moon's node turns on the ecliptic. 

About the mean pole as a centre, and with a radius equal to half 
the major axis of the ellipse^ let us describe the circumference of the 
circle n K jk". Upon this circumference, let us conceive a point K ^^ ^* 
moving uniformly and completing a revolution in the same time in 
which the node completes its revolution on the ecliptic, and which 
also Bioves like it, from east to west, that is, in the direction nnl iif\ 
If from the centre of the circle, which is also that of the ellipse, we 
draw a radius PX to the moveable point at any instant, the angle 
XPir, formed by this radius with the axis of the positive Xs, P^ 
will always be equal to the angle 2V, that is, to the longitude of the 
moon's node on the ecliptic ; so that if we call X' the abscissa TR 
Qi the moveable point K at any instant, we shall have 

X' = 9",63 cos 2V, F = — 9^^fi$ sin iV; 

the abscissa of this point will then be the same as that of the true 
pole. Consequently, this pole will be found on the ellipse at the 
point V where this curve is cut by the ordinate XP'. This is the 
construction enun^ated in the text. 

Asiron. 52 
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XXIIL— JVb/fi to Article 371, Page 225. 

The heights of the lunar niouotains have been differently estimated 
by different observers. Sir W. Herschel supposed, that with the ex* 
teption of a few, they did not exceed half a mile. Scbroeter seems 
to have made the most careful and exact observations both as to 
their perpendicular elevation and the length of their bases ; from 
which it would appear, that there are three whose height a little ex- 
ceeds five miles, and ten that are between four and five miles. The 
bases of these vary from twenty to sixty miles. A long catalogue is 
given of others of inferior dimensions. Scbroeter measured also the 
depths and lengths of the lunar cavities. The depression in one in- 
stance exceeded three miles, and in four others amounted to more 
than two, the breadth or horizont&l extent, being from ten to forty 
miles. 

The excavations here referred to are the dark spots. They have 
the appearance of bodies of water, and they have received names 
accordingly. But it is found, that when the boundary between the 
illuminated and dark parts of the moon, passes over one of these 
spots, it is rough and serrated, and not a regular, even curve, as it 
ought to be on the supposition of an extended, smooth, convex sur- 
face. It is hence inferred that there is nothing in the moon analo- 
gous to our seas and lakes. 

There has been much dispute respecting a lunar atmosphere. The 
question seems at length to be decided, by the circumstance of a real 
twilight, which has been detected, and which can be explained only 
on the supposition of such a medium. 

By observing the moon when her phases were extremely falcated, 
Scbroeter discovered a faint glimmering light of a pyramidal form, 
extending from both cusps into the dark hemisphere. The greatest 
breadth of this crepuscular light was 1" and its length 1' 20" ; from 
which Scbroeter computed, that the breadth of the lunar twilight, 
from the boundary of light and darkness to where it loses itself in 
the light reflected from our earth, measures in a direction perpen- 
dicular to the boundary 2^ 34' 25'' ; and, therefore, that the inferior 
or more dense part of the moon's atmosphere is not more than 1500 
English fe^t high, and that the height t)f the atmosphere, where it 
could affect the brightness of a fixed star, or inflect the solar rays, 
does not exceed 5742 English feet. This space subtends, at our 
earth, an angle of only 0^',94, which will be passed over by the star 
in less than 2" of time. The occultation of Jupiter on the 7th of 
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April 1792, was observed by Schroeter for the purpose of confirming 
the preceding discovery. Some of the satellites became indistinct 
at the limb of the moon, while others did not suffer any change of 
colour. The belts and spots of Jupiter appeared perfectly distinct 
when close to the limb of the moon, and a small luminous spot^ 
though by no means very perceptible^ could be plainly distinguished 
when close to the moon's limb. 

By means of a similar twilight, observed in Venus, Schroeter con- 
cluded that this planet has an atmosphere. Its height is computed 
to be 16020 feet, or a little more than three miles. 



XXIV,— iVa^c to Article 3T7y Page 228. 

Let us draw TF parallel to CB, and let TCB = STF = C. We Fig. 87. 
shall have sin C = =p — = sin -— — sin p, D being the appa- 
rent diameter of the sun, and p its horizontal paraUax ; whence it will 
be seen that by substituting the arcs for the sines, which may be done 

in the case of such small angles, we shall have C = -r- — p» 



XXy.^NoU to Artidt STT9 Page 228. 

Let D be the apparent diameter of the sun, p its horizontal par- 
aUax, R the radius of the earth. From what has been demonstrated 
in the text, we have 

R 



CT=2 



sm 



(?-) 



With respect to the perigee, mean, and apogee distances, the values 
of D and p are as follows ; 





D. 


P- 


-2-^- 


Perigee distance . 


. 32' 85",56 


8",92 


16' 08",86 


Mean distance 


. 32' 02",71 


8",78 


15' 52",57 


Apogee distance . 


. 31' 30",96 


8",62 


15' 36",86. 



By calculating CT with these values we shall find the results given in 
the text. 
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XXYL—Note to Article 879, Page 229. 

With respect to the moon, let us designate by Ry D*y and p'^ the 

quantities which with reference to the earth were designated by R^ 

Dy and p, that is, the radius at its suHace, the apparent diameter of 

the sun, and its horizontal parallax. From the formula, found in the 

preceding note, the length of the perfect shadow, projected behind 

R! 
the moon, would have for its value, — yjr: ^ ; but this result, 



sm 



^^' 



thus presented, is expressed in parts of the radius of the moon R'* 
In order to have it in parts of the earth's radius, we must put it under 
the form 






sm 

Now, if we call J and d the distances of the sun and moon from 
the earth, we shall have 

D X /^ „, _ _ JR' .. ^ 

J' 



'' = 'ie:f>P'=Pw^j±9^ 



consequently, 

now, since p is the sun's horizontal parallax with respect to the 

JR JR 

earth, we have sin » = — ; consequently, J = -: — ; in like man- 
"^ J ^ ^' sinp 

ner, by calling P the horizontal parallax of the moon, we shall 

have S =s -7 — 5 ; whence we deduce z = -r--5 : — , or slm- 

sin i" J — d sinP — smp* 

A P 

ply . ^ = p , since, without a sensible error, we may substi- 
tute the ratios of these small arcs instead of those of their sines. 

With these reductions the length of the conical shadow, projected 
behind the moon, will have for its expression, 



»© 






. . (1.) 
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We have seen tliat ^ = 0^7293 ; and we have in the extreme 8U. 
cases considered in the text, 

D. p. P. 

San in the apogee, maxim. paraHax 31' 3(y'^6 8'%62 1^ 01' 29'',82 
Sun in the perigee, minim, parallax 82' 85''y56 8'',92 53' 50",98 

By substituting these data in formula (1) we shall have the values 
given in the text As to the corresponding distances of the moon, 
expressed in terrestrial radU, we deduce them from the formula 

^-sTTp- 

XXVBL— iVb/e to ArHcte 380, Page 229* 

Bt calling j» the parallax of the sun, P that of the moon, and D 
the apparent diameter of the son, we shall have 

Semidiameter of the perfect shadow =: P -^ jp ~. 

XXVm.— iVbfe to ArtUh 881, Pagt 231. 

Ths same denominations being preserved which we have made 

use of in the preceding note, the sun's parallax at the moon will be 

R P 
p-g" X p ' The apparent diameter of the sua, as seen from 

P 

the same position, will be D X k ^ ^^h ^7 calling ^' the 

apparent diameter of the moon, seen from the earth, we shall have, 

Semidiameter of the lunar shadow, as seen from the moon, 
_D;' .p^ P DP 

This expression will be rendered more simple if we recollect that, by 
dividing the apparent semidiameter of a heavenly body by its hori- 
zontal parallax, we shall have the ratio of its radius to the radius of 
the earth, a proportion which has been demonstrated. By applying 143. 

this result to the moon, we shall have -^ = ^-5-* I^ ▼« sdbstitute 

R* 

this value of ^ in the preceding formula, we shall find, after reduc- 
tion. 
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Semidiameter of the lunar shadow; as seen from the moon, 

- 2 ^ P—p 
Following the data which we have made use of, we have 

^ = 16' 45",69, ^ = 15' 45",48, P = 1^ 01' 29", f = 8",62, 
which "gives, 

?^— = 1' 00",21, and r~- = 1,002336 ; 
consequently, 

This is the value which we have given in the text. The apparent 
semidiameter — is found by multiplying the parallax P by the con- 
stant ratio 0,2762, which is nearly equal to yy. It will be perceived 
that the semidiameter of the shadow becomes negative when D ex- 
ceeds D" ; whence it follows that a total eclipse is impossible, ex- 
cept when the apparent diameter of the moon exceeds that of the 
sun. 

XXIX.— JVbtc to ArticU 382, Page 232. 

Calling P the parallax of the moon,p that of the sun, D the appar- 
ent diameter of the sun at the moment of the eclipse, we shall have 

Distance of the centre of perfect shadow from the extreme part of 

the penumbra = P + P + -^ ; 

we have had already 

Semidiameter of the perfect shadow . . . . =:P-f*p — -. 

Difference of these values, or magnitude of the penumbra . = D. 



XXX.— IVb/c to Artick 383, Page 233. 

Makiko use of the same denominations as in the preceding note, 
the diameter of the lunar penumbra, as seen from the moon, will be 

D" pR' P D X P . R _!>' 

T + "R" X P~^ + 2(F=>y andas g- _ ^, 
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the two first terms are reduced to --. ^ . , so that we shall have 

2(P— p)' 

the semidiameter of the lunar penumbra, as seen from the moon, 

- 2 ^ P—p' 

we have found above 

Semidiameter of tbe lunar shadow, as seen from the moon, 

(D" - D) P 

- 2 ^{P-pV 

subtracting the first of these expressions from tbe second^ we shall 

j> X P 

have the magnitude of the lunar penumbra = -^ . 

/' — p 

In the case where the sun is in apogee and the moon in perigee, at 

its least distance, we obtain, as we have seen above, 

^ = 16' 45",69, ^ = 15' 45",48, p == 8",62, P = lo 01' 29", 

whence we deduce 

The apparent semidiameter of the earth, as seen from the moon, 
under the same circumstances, is 1^ 1' 29", since it is represent- 
ed by the horisontal parallax of the moon, so that under the most 
favourable circumstances the lunar penumbra covers a little more 
than half the disc of the earth. 



XXXL—Note to ArHcU 386, Page 285. 

If we designate by r the horizontal refraction, preserving also 
the other denominations which we have made use of, we shall have. 

Distance of the summit of the shadow from the centre of the earth 

R 



sin(| + 2r-p) 



This is the formula of note 25, in which we have substituted 

-~ + 2 r instead of—. Furthermore, we shall have 
2 ' 2 ' 
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D 
Extreme radius of the peDombra . . . . •P+l' + '?+2''» 

Semidiameter of the perfect shadow at the dis- 

taoce of the moon P+p 2r. 

If we would understand by -- the distance of any point whatever 

of the sun's disc from its centre, we shall find^ by the first formula, 
the distance at which thb point begins to be visible. So that by 

making -- = 0, we shall hare the dbtance at which the centre of the 

sun begins to i^pear by refraotiony at the soriace of the earth ; we 

then make -- negative for the opposite points of the disc On the 

opposite edge we make 

-- = — I apparent diameter of the sun ; 

and then, by always leaving -^ negative, we shall obtain it greater 

than this semidiameter. We shall thus have the distance at which the 
points on the other side of the disc become visible by rays touching 
the surface of the earth. It is by this method that we have calcu- 
lated the table given in the text. It is taken from a work of Dionis 
du S6jour upon the Celestial Motions, page 661. 

If we wish to know what part of the disc of the sun is thus vMhWy 
by refraction, to an observer situated at the moon, at a given diataice 
from the earth, it is only necessary to calculate the value of the par> 
allax P for this distance, and then to make the semidiameter of the 
shadow equal to zero, that is, to make 



which gives 



P+p_^-.2r = 0, 



§ = P+|,-2r. 



This value of -^ being subtracted from the apparent semidiameter of 
the sun, the remainder will be the portion visible. 



Digitized by LjOOQ IC 



Appendix. 417 



XXXlh—Note to Article 423, Page 269. 

The notation employed in the text being preserved, the triangle 
TPS will give the equation Fig. 9V 

R rin (P — /S) = r sin (iV— P). 

For the second passage through the same node, we shall, in like 
manner, have 

R sin (F — 50 = r (iV— F). 

I use R and not jR, because the radius vector of the sun may not 
be of the same length in the two observations ; but it is easy to cal- 
culate it by the tables ; whereas r, as it answers to the same node, 
and consequently to the same point of the orbit of the planet, may 
be supposed to be constant* 

These two equations are sufficient for determining N and r. 

Dividing them, member by member, we shall have 

R sin (F — S') __ sin {N— P') 
R sin {P — S) "^sin(]V— P/ 

or 
K' sin (P' — 50 sin {N— P) = R sin (P — Sf) sin {N— F). 

Developing the terms which contain iV, we deduce 

i^^ sin P sin (F — SQ — JR sin F sin jP—S) 
tang iV — ^; ^^g p gjjj ^p, _ ^,j _ u cpg p/ gjn ^p _ ^ry 

N being known, r will be so by one of the two fundamental equa- 
tions. 

If one of the two passages, the first, for example, happens exactly 
at the opposition or conjunction of the planet, P -» 5 will be noth- 
ing or equal to two right angles ; in either case, we shall have 
tang N = tang P, consequently iVr= P, that is, the longitude of the 
node will be equal to the geocentric longitude of the planet, as must 
evidently be the case under the circumstances supposed. But then 
we could no longer make use of the first equation for determining r. 
Id general, it will be seen that the value of r will have little influ- 
ence on that of N, when N — P is very small, that is, when the ob- 
servation is made near the node. Such observations will then be 
proper for determining the node, and not the distance of the planet 
from the sun. The most favourable for the last determination are 
those in which N — P diflers but little from a right angle. 

Jlstron^ 63 /^ T 
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We shall also give the formula for the case in which it is proposed 
to combioe two passages through the opposite nodes ; which, as we 
have remarked, can be admitted only by supposing a circular orbit, 
or at least by supposing it such that the distances of the planet from 
the sun are equal at its two nodes. Then calling these nodes N and 
N^f we shall have 

for the first, JR sin (P — S) = r sin (N — P), 

for the second, R sin (F — 5') = r sin (IV' — P'). 

But since these nodes are opposite, If' = JY-j- 180^. Eliminating 
N by means of this relation, our two equations become 

jRsin(P-.iSf) = rsin(iV— P) (l), 
JR' sin {P'—S') = — r sin (N— P') ; 

and, proceeding as we have done just now, we deduce 



tangiV: 



R' sin P sin (F — S') + R sin P' sin (P — S) 
■ ft' cos P sin (F — S') + R cos P' sin (P — S)' 



As the planetary orbits differ but little from circles, this formula 
may be employed without occasioning any considerable error. Let us 
apply it to the following observations made by Lacaille on the pas- 
sage of Mars through its two nodes, and given in his valuable work 
entitled AstronamitB Fundamenta, 



Years. 



1747 
175S 



Solar Time at Parts reck- 
ooed from Noon. 



14 May 10>» 50' 43" 
3 Nov. 9 31' 46" 



GeoceDtric Longi- 
tude of > . 



2l6o 15' 20" 
590 29'38",5 



Geocentric Lati- 
tude of > . 



OO 0' 25",5 N. 
OO 0' 27",5 S. 



Nodes. 



Descend. 
Ascend. 



It will be seen that the latitude of Mars was not exactly zero. If 
we had the series of Lacaille's observations, we should easily find by 
interpolation, the instant when this phenomenon must have happened. 
Bnt in the want of such aids, we will remark that these latitudes, 
which are extremely small, must correspond to points not far from 
the node, and consequently have but little influence on the result. 
Now if we calculate, by the astronomical tables, the longitudes of the 
sun and the logarithms of its radius vector, which correspond te 
these two observations, we find 

for 1747, 530 38' 20" log ft = 10,0050864, 
for 1753, 221^ 39' 16" log ft' = 9,9961542. 

I subtract from this last 6' 16", in order to carry back the equi- 
nox to the month of May, 1747; at the rate of 50",1 a year. I also 
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subtract the same quantity from the second observed longitude of the 
planet) and in this way I have the following elements ; 

P = 2160 15' 20", P' = 590 23' 23", 
S = 530 38' 20", S' = 2210 S3' 1", 

which gives 

P — 5^ = 2520 37' 0", F' — S' = 1970 50' 22". 
Substituting these numbers in the formula, we find 

iV = I8OO -f 47^ 47' 45", or iV= 470 47' 45", 

for the same tangent may correspond to the two arcs iVand 180^ ^ JY. 
The first value is that which must be adopted in the present case, be- 
cause it is the only one which, substituted in the equations (l), gives 
r positive, as we have supposed it The longitude of the node in 
which the planet was at the first observation, was then equal to this 
value of N, or 227^ 47' 45". 

The direction of the motion of the planet showed that this was its 
descending node, for it was then departing from the north pole of 
the ecliptic ; consequently, the other root, opposite to the preceding, 
is the longitude of the ascending node, which is found to be 47^ 47' 
45", at the epoch of these observations. Taking account, by calcu- 
lation, of the small latitude of the planet at its two passages, Lacaille 
arrived at a result 10' 34" less ; from which he determined its distance 
from the node. But we might avoid this correction, which already 
supposes an approximate knowledge of the motion of the planet, if 
we had the series of observations made by Lacaille ; for we could, 
by means of them, deduce the exact geocentric longitude of the planet 
at its passage through the node. Finally, the small difierence which 
exists between our two results is of no importance to our present 
purpose, and we may always conclude from thb example, that the 
position of the nodes of the orbits are capable of being very exactly 
determined by geocentric observations without the aid of any antici- 
pated supposition. 

If from the value of JV= 227^ 47' 45", we take that of Pj^we 
shall have iV— < P = 11^ 32' 25" ; and by substituting this value in 
the first of the equations (l), it will make known r, that is, the dis- 
tance of Mars from the sun> at the epoch of its passage through the 
node. This distance will be expressed in the same kind of units as 
R and A', that is, in parts of half the transverse axis of the solar 
orbit. Making the calculation, we find 

r = 1,510986. 
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The error of this result is less than 0^02. We may, however, eoir- 
sider it as an approximation, since we have supposed the two values 
of r equal at the two nodes of Mars, which is not strictly true. We 
should not be liable to this inconvenience if we could have employ- 
ed two passages of Mars through the same node. But the above 
example will be sufficient at least to show the use of the method. 



( 






Digitized by LjOOQ IC 




Digitized by VjOOQ IC 



XvN-- 






^ 



Digitized by VjOOQ IC 



"o» 



.iSniA^ 



p:^^^ 



rr 



Digitized by VjOOQ IC 




Digitized by VjOOQ IC 




Digitized by LjOOQ IC" 



,4 USR/i^ 



Digitized by VjOOQ IC 



-^vO 









^ ^ 



Digitized by 



Google 



J 




Digitized by LjOOQ IC 



Digitized by VjOOQ IC 



Digitized by LjOOQ IC 



UNrVKRSlTY OF CALIFORNIA LlBRABY 



I 



14 DAY T'*^F 

RFTURN TO DESK FROM WHICH BORROWED 

LOAN DEPT. 

This book is due on the last date stamped below, or 

on the date to which renewed. 

Renewed books are subject to immediate recalL 




^j>g^'^^ 



^ 



^ 






5^ 



„<P .^ 



^ 



F 



^ 



O 
-V- 



LD 21A-45m-9.'67 
(H5067sl0)476B 



General Librmry 

Vairtnitf of California 

Berkeley 



Digitized by VjOOQ IC 



